Mathematics 307—September 25, 1995

Symmetric matrices

A symmetric matrix is one which is identical to its own transpose.

Proposition. The cigenvalues of a symmetric matrix are all real. If uw and v are eigenvectors for distinct
eigenvalues then wev = 0.

The basic property from which these results follow is this: if M 1s any matrix and u and v are arbitrary

vectors then
Muev=ues'Muv.

This 1s because the dot product can be described in terms of a matrix product and transposition: if v and
v are column vectors then
uev =‘uv

where the product on the right is the matrix product of the row vector I/ and the column vector v. Therefore

Muov:t(Mu)v:tutMv:uotMv.

Lemma. If M is symmetric then
Muev=ueMuv.

Suppose now that M is symmetric, A an eigenvalue, u a (possibly complex) eigenvector. Then

Mu = Au
Mu = Xu
Mueu=2Aueu
=ueMu
= ue AU
= Aud

Here 7 means the complex conjugate of z. Since
UeU = U1y + -+ UpUp

and 27 > 0 unless z = 0, we see that A = A, which means that X is real.

If Mu=Au, Mv = pv then
Muev=2A(usv)=ueMv=yp(uev)

so that if A # p, uev = 0. Q.E.D.

Corollary. IfT is a linear transformation with a symmetric matrix then we can find an orthonormal basis of
eigenvectors for T'.

Since we can always change the sign of an eigenvector if necessary:

Corollary. If M is a symmetric matrix then we can find a special orthogonal matrix X such that X" 'MX
is diagonal.

In other words, the linear transformations associated to symmetric matrices amount to scale changes in
perpendicular directions—perhaps the simplest of all linear transformations to visualize.



