The matrix package

Here are the routines deőned in the őle matrix.inc. Roughly speaking, the entire package is concerned with matrix and vector manipulation. Arguments are put onto the stack before the routine is called, and return values are left on the stack at exit. Side effects are described, too.

Vectors in this scheme are simple arrays of numbers. Matrices are arrays of vectors, which are interpreted as the rows of the matrix.

ROUTINE: vectortranslate ARGUMENTS: Two vectors u and v of any length RETURNS: The vector sum u + v The vectors u and v must have the same length. ROUTINE: dotproduct ARGUMENTS: Two vectors u and v of any length RETURNS: The dot product u ffl v The vectors u and v must have the same length. ROUTINE: matrixvector ARGUMENTS: A matrix M and a vector v, of any compatible sizes RETURNS: The product Mv If M is m � n then v must have length n. ROUTINE: identitymatrix ARGUMENTS: An integer n RETURNS: The n � n identity matrix I

ROUTINE: afőnemap ARGUMENTS: [M u] v where M is an n � n matrix, u and v of dimension n RETURNS: Mv + u

ROUTINE: transpose ARGUMENTS: A matrix A RETURNS:^tA

ROUTINE: matrixmul ARGUMENTS: Two matrices A, B RETURNS: AB

ROUTINE: vectorlength ARGUMENTS: A vector v RETURNS: kvk

ROUTINE: normalized ARGUMENTS: A vector v RETURNS: v/kvk

ROUTINE: crossproduct ARGUMENTS: Two 3-vectors u and v RETURNS: u � v

ROUTINE: 3rotate ARGUMENTS: A 3-vector α, an angle θ, and a 3-vector v RETURNS: rotation of v by θ around α

The matrix package 2

ROUTINE: rotation-matrix ARGUMENTS: A 3-vector α and an angle θ RETURNS: The matrix of the rotation by θ around α

ROUTINE: vectorscale ARGUMENTS: A vector v and a scalar c RETURNS: cv

ROUTINE: afőneconcat ARGUMENTS: Two afőne transformations [M1 v1] and [M2 v2] RETURNS: The composition of these, in the same format

v and a scalar c

RETURNS: cv ROUTINE: afőneconcat ARGUMENTS: Two afőne transformations [M1

The mkpath package

Here are the routines deőned in the őle mkpath.inc. Roughly speaking, the entire package is concerned with building paths in 2D.

ROUTINE: mkgraph ARGUMENTS: a f x0 xf N RETURNS: Adds a sequence of Bezier curves to the current path

The path added has N Bezier curves, along the graph of y = f (x) from x0 to xf . The initial array contains parameters passed to the routine f. It is the name of the routine f which is passed as an argument (ŕagged by / in PostScript). The routine f has a őxed interface: it has two arguments, an array of parameters and a single number x, and returns an array [f (x) f^0(x)]. The array can be empty, but it must be used in the call to mkgraph, and it must be removed from the stack in the routine f even if it is not used.

To draw the graph of y = 2x4 from x = �1 to x = 1 we might have (among other things)

/quartic –
3 dict begin
/x exch def
/pars exch def
/c pars 0 def
[
c x mul x mul x mul x mul
2 c mul x mul x mul x mul
]
end
˝ def

newpath
[2] /quartic -1 1 8 mkgraph
stroke

The number N is to be chosen by experience.

ROUTINE: mkpath ARGUMENTS: a f t0 tf N RETURNS: Adds a sequence of Bezier curves to the current path

Here the routine f amounts to a parametrization of a path. It has arguments [ ... ] t as for mkgraph, and it is to return data of the form [[x(t) y(t)][x^0(t) y^0(t)]]

This routine has a feature the graphing routine does not: it adds the path constructed to the current path by drawing a line from the current point if it exists to the start of the path being built. In this it acts like the command

arc in PostScript.

/lissajous –
4 dict begin
/t exch 180 mul 3.1416 div def
/pars exch def
/m pars 0 get
/n pars 1 get
[
[t m mul cos t n mul cos]
[t m mul sin neg t n mul sin neg]

The mkpath package 2

]
end
˝ def

newpath
[2 3] /lissajous 0 6.28 8 mkpath
stroke

ROUTINE: mkpolypath ARGUMENTS: a f t0 tf N RETURNS: Adds a sequence of line segments to the current path This has exactly the same calling setup as mkpath, but ignores the derivative in order to build a sequence of straight segments from one position to the next. Its purpose is to help you debug your parametrization routine, to separate the derivative calculation from the position calculation.

path

This has exactly the same calling setup as mkpath, but ignores the derivative in order to build a sequence of straightmkpath3d.ps`````````````````````````````````````````````````````````````````````````````````````````000644 `002126 `000024 `00000042007 06234750311 013101` 0````````````````````````````````````````````````````````````````````````````````````````````````````ustar`00cass````````````````````````````user````````````````````````````000000 `000000 ````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````%!PS-Adobe-2.0˙%%Creator: dvipsk 5.58f Copyright 1986, 1994 Radical Eye Software˙%%Title: mkpath3d.dvi˙%%Pages: 1˙%%PageOrder: Ascend˙%%BoundingBox: 0 0 612 792˙%%DocumentFonts: Helvetica-Bold Palatino-Roman Courier-Bold˙%%EndComments˙%DVIPSCommandLine: dvips mkpath3d.dvi -o mkpath3d.ps˙%DVIPSParameters: dpi=400, comments removed˙%DVIPSSource: TeX output 1996.10.27:1312˙%%BeginProcSet: tex.pro˙/TeXDict 250 dict def TeXDict begin /N{def}def /B{bind def}N /S{exch}N˙/X{S N}B /TR{translate}N /isls false N /vsize 11 72 mul N /hsize 8.5 72˙mul N /landplus90{false}def /@rigin{isls{[0 landplus90{1 -1}{-1 1}˙ifelse 0 0 0]concat}if 72 Resolution div 72 VResolution div neg scale˙isls{landplus90{VResolution 72 div vsize mul 0 exch}{Resolution -72 div˙hsize mul 0}ifelse TR}if Resolution VResolution vsize -72 div 1 add mul˙TR[matrix currentmatrix{dup dup round sub abs 0.00001 lt{round}if}˙forall round exch round exch]setmatrix}N /@landscape{/isls true N}B˙/@manualfeed{statusdict /manualfeed true put}B /@copies{/#copies X}B˙/FMat[1 0 0 -1 0 0]N /FBB[0 0 0 0]N /nn 0 N /IE 0 N /ctr 0 N /df-tail{˙/nn 8 dict N nn begin /FontType 3 N /FontMatrix fntrx N /FontBBox FBB N˙string /base X array /BitMaps X /BuildChar{CharBuilder}N /Encoding IE N˙end dup{/foo setfont}2 array copy cvx N load 0 nn put /ctr 0 N[}B /df{˙/sf 1 N /fntrx FMat N df-tail}B /dfs{div /sf X /fntrx[sf 0 0 sf neg 0 0]˙N df-tail}B /E{pop nn dup definefont setfont}B /ch-width{ch-data dup˙length 5 sub get}B /ch-height{ch-data dup length 4 sub get}B /ch-xoff{˙128 ch-data dup length 3 sub get sub}B /ch-yoff{ch-data dup length 2 sub˙get 127 sub}B /ch-dx{ch-data dup length 1 sub get}B /ch-image{ch-data˙dup type /stringtype ne{ctr get /ctr ctr 1 add N}if}B /id 0 N /rw 0 N˙/rc 0 N /gp 0 N /cp 0 N /G 0 N /sf 0 N /CharBuilder{save 3 1 roll S dup˙/base get 2 index get S /BitMaps get S get /ch-data X pop /ctr 0 N ch-dx˙0 ch-xoff ch-yoff ch-height sub ch-xoff ch-width add ch-yoff˙setcachedevice ch-width ch-height true[1 0 0 -1 -.1 ch-xoff sub ch-yoff˙.1 sub]{ch-image}imagemask restore}B /D{/cc X dup type /stringtype ne{]}˙if nn /base get cc ctr put nn /BitMaps get S ctr S sf 1 ne{dup dup˙length 1 sub dup 2 index S get sf div put}if put /ctr ctr 1 add N}B /I{˙cc 1 add D}B /bop{userdict /bop-hook known{bop-hook}if /SI save N @rigin˙0 0 moveto /V matrix currentmatrix dup 1 get dup mul exch 0 get dup mul˙add .99 lt{/QV}{/RV}ifelse load def pop pop}N /eop{SI restore userdict˙/eop-hook known{eop-hook}if showpage}N /@start{userdict /start-hook˙known{start-hook}if pop /VResolution X /Resolution X 1000 div /DVImag X˙/IE 256 array N 0 1 255{IE S 1 string dup 0 3 index put cvn put}for˙65781.76 div /vsize X 65781.76 div /hsize X}N /p{show}N /RMat[1 0 0 -1 0˙0]N /BDot 260 string N /rulex 0 N /ruley 0 N /v{/ruley X /rulex X V}B /V˙{}B /RV statusdict begin /product where{pop product dup length 7 ge{0 7˙getinterval dup(Display)eq exch 0 4 getinterval(NeXT)eq or}{pop false}˙ifelse}{false}ifelse end{{gsave TR -.1 .1 TR 1 1 scale rulex ruley false˙RMat{BDot}imagemask grestore}}{{gsave TR -.1 .1 TR rulex ruley scale 1 1˙false RMat{BDot}imagemask grestore}}ifelse B /QV{gsave newpath transform˙round exch round exch itransform moveto rulex 0 rlineto 0 ruley neg˙rlineto rulex neg 0 rlineto fill grestore}B /a{moveto}B /delta 0 N /tail˙{dup /delta X 0 rmoveto}B /M{S p delta add tail}B /b{S p tail}B /c{-4 M}˙B /d{-3 M}B /e{-2 M}B /f{-1 M}B /g{0 M}B /h{1 M}B /i{2 M}B /j{3 M}B /k{˙4 M}B /w{0 rmoveto}B /l{p -4 w}B /m{p -3 w}B /n{p -2 w}B /o{p -1 w}B /q{˙p 1 w}B /r{p 2 w}B /s{p 3 w}B /t{p 4 w}B /x{0 S rmoveto}B /y{3 2 roll p˙a}B /bos{/SS save N}B /eos{SS restore}B end˙%%EndProcSet˙%%BeginProcSet: texps.pro˙TeXDict begin /rf{findfont dup length 1 add dict begin{1 index /FID ne 2˙index /UniqueID ne and{def}{pop pop}ifelse}forall[1 index 0 6 -1 roll˙exec 0 exch 5 -1 roll VResolution Resolution div mul neg 0 0]/Metrics˙exch def dict begin Encoding{exch dup type /integertype ne{pop pop 1 sub˙dup 0 le{pop}{[}ifelse}{FontMatrix 0 get div Metrics 0 get div def}˙ifelse}forall Metrics /Metrics currentdict end def[2 index currentdict˙end definefont 3 -1 roll makefont /setfont load]cvx def}def˙/ObliqueSlant{dup sin S cos div neg}B /SlantFont{4 index mul add}def˙/ExtendFont{3 -1 roll mul exch}def /ReEncodeFont{/Encoding exch def}def˙end˙%%EndProcSet˙TeXDict begin 40258437 52099154 1000 400 400 (mkpath3d.dvi)˙@start /Fa 1 49 df<07000F800F800F801F001F001F001E001E003E003C003C003C00˙7800780078007000F000E000E00009147E950D>48 D E /Fb 1 3˙df<600000C0E00001C0F00003C0780007803C000F001E001E000F003C000780780003C0˙F00001E1E00000F3C000007F8000003F0000001E0000003F0000007F800000F3C00001E1˙E00003C0F000078078000F003C001E001E003C000F0078000780F00003C0E00001C06000˙00C01A1B789A2B>2 D E /Fc 2 111 df<0003C0000FE0000FF0001DF0003DE0003CC000˙3C00003C00003C0000780007FFE00FFFC000780000780000F00000F00000F00000F00000˙F00000F00001E00001E00001E00001E00001E00003C00003C00003C00003C000738000FF˙8000FF0000F60000FE000078000014237D9A16>102 D<1E0F803F1FE067F0F067E0F0C7˙C0F0C780F00780F00F01E00F01E00F01E00F03C01E03C61E03C61E078E1E079C3C03F818˙01E017117E901B>110 D E /Fd 2 50 df<07E00FF01C38381C781E781E781EF81FF81F˙F81FF81FF81FF81FF81FF81FF81FF81FF81F781E781E781E3C3C3C3C0FF007E010197E98˙16>48 D<01800380FF80FF80078007800780078007800780078007800780078007800780˙07800780078007800780078007807FFC7FFC0E197D9816>I E /Fe˙134[26 26 1[26 29 16 26 19 1[29 29 29 42 13 26 13 13˙29 29 1[26 29 26 1[26 45[26 5[16 45[{}23 47.777809 /Helvetica-Bold˙rf /Ff 12 86 df<78FCFCFCFC780000000000000078FCFCFCFC7806137C920F>58˙D<000180000003C0000003C0000003C0000007E0000007E000000FF000000DF000000DF0˙000018F8000018F8000038FC0000307C0000307C0000607E0000603E0000603E0000C01F˙0000C01F0001C01F8001FFFF8001FFFF80030007C0030007C0070007E0060003E0060003˙E00E0001F01E0001F0FFC01FFFFFC01FFF201F7E9E26>65 D<FFFFFFC0FFFFFFC00F8007˙C00F8001C00F8001C00F8000C00F8000E00F8000600F8060600F8060600F8060600F80E0˙000F81E0000FFFE0000FFFE0000F81E0000F80E0000F8060000F8060180F8060180F8000˙180F8000300F8000300F8000300F8000700F8000700F8001F00F8007E0FFFFFFE0FFFFFF˙E01D1E7D9D23>69 D<0007F008003FFC1800FC073803F003F807C000F80F8000F81F0000˙781F0000383E0000383E0000387E0000187C000018FC000018FC000000FC000000FC0000˙00FC000000FC000000FC003FFFFC003FFF7C0000F87E0000F83E0000F83E0000F81F0000˙F81F0000F80F8000F807C000F803F001F800FC0738003FFE080007F00020207D9E28>71˙D<FFFEFFFE07C007C007C007C007C007C007C007C007C007C007C007C007C007C007C007˙C007C007C007C007C007C007C007C007C007C007C0FFFEFFFE0F1E7F9D13>73˙D<FF80000FFCFFC0001FFC0FC0001FC00FC0001FC00DE00037C00DE00037C00DE00037C0˙0CF00067C00CF00067C00C7800C7C00C7800C7C00C7800C7C00C3C0187C00C3C0187C00C˙1E0307C00C1E0307C00C1E0307C00C0F0607C00C0F0607C00C0F0607C00C078C07C00C07˙8C07C00C03D807C00C03D807C00C03D807C00C01F007C00C01F007C01E00E007C0FFC0E0˙7FFCFFC0E07FFC261E7D9D2E>77 D<FF800FFCFFC00FFC0FE001E00FE000C00DF000C00D˙F800C00CF800C00C7C00C00C3E00C00C3F00C00C1F00C00C0F80C00C0FC0C00C07C0C00C˙03E0C00C03F0C00C01F0C00C00F8C00C00FCC00C007CC00C003EC00C003FC00C001FC00C˙000FC00C0007C00C0007C00C0003C01E0001C0FFC001C0FFC000C01E1E7D9D26>I<000F˙F000007FFE0001F81F8003E007C007C003E00F8001F01F0000F83F0000FC3E00007C7E00˙007E7C00003E7C00003EFC00003FFC00003FFC00003FFC00003FFC00003FFC00003FFC00˙003FFC00003F7C00003E7E00007E7E00007E3E00007C3F0000FC1F0000F80F8001F007C0˙03E003E007C001F81F80007FFE00000FF00020207D9E28>I<FFFFC000FFFFF8000F807E˙000F801F000F801F800F800F800F800FC00F800FC00F800FC00F800FC00F800F800F801F˙800F801F000F807E000FFFF8000FFFE0000F80F0000F8078000F803C000F803E000F803E˙000F803E000F803E000F803F000F803F000F803F030F803F830F801F83FFF80FC6FFF807˙FE000001F8201F7D9D25>82 D<03F0200FFC601E0FE03803E07801E07000E0F000E0F000˙60F00060F00060F80000FC00007F80007FF8003FFF001FFF8007FFC000FFE0000FE00003˙E00001F00000F0C000F0C000F0C000F0E000F0E000E0F001E0F801C0FE0780C7FF0081FC˙0014207D9E1C>I<7FFFFFFC7FFFFFFC7C07C07C7007C01C6007C00C6007C00CE007C00E˙C007C006C007C006C007C006C007C0060007C0000007C0000007C0000007C0000007C000˙0007C0000007C0000007C0000007C0000007C0000007C0000007C0000007C0000007C000˙0007C0000007C0000007C00001FFFF0001FFFF001F1E7E9D25>I<FFF80FFCFFF80FFC0F˙8001E00F8000C00F8000C00F8000C00F8000C00F8000C00F8000C00F8000C00F8000C00F˙8000C00F8000C00F8000C00F8000C00F8000C00F8000C00F8000C00F8000C00F8000C00F˙8000C00F8000C00F8000C0078001800780018003C0018003C0030001E0060000F81C0000˙3FF800000FE0001E1F7D9D26>I E /Fg 13 123 df<387CFEFEFE7C3807077C860F>58˙D<003FFFFFC000007FFFFFF000007FFFFFFC000001F801FE000003F0007F000003F0001F˙000003F0000F800003F0000F800007E0000FC00007E00007C00007E00007C00007E00007˙C0000FC00007C0000FC00007C0000FC00007C0000FC00007C0001F80000FC0001F80000F˙C0001F80000FC0001F80000FC0003F00000F80003F00001F80003F00001F80003F00001F˙00007E00003F00007E00003E00007E00007E00007E00007C0000FC0000F80000FC0001F8˙0000FC0001F00000FC0007E00001F8000FC00001F8003F000001F800FE00007FFFFFF800˙007FFFFFF00000FFFFFF8000002A267FA52E>68 D<003FFC00000FFF80007FFC00000FFF˙80007FFC00001FFF800001FC000037E00000037C00003FC00000037C00006FC00000037C˙0000CFC00000037C0000CFC00000063E00019F800000063E00019F800000063E00031F80˙0000063E00061F8000000C3E00063F0000000C3E000C3F0000000C3E000C3F0000000C3E˙00183F000000183E00307E000000181F00307E000000181F00607E000000181F00C07E00˙0000301F00C0FC000000301F0180FC000000301F0180FC000000301F0300FC000000601F˙0601F8000000600F8601F8000000600F8C01F8000000600F9801F8000000C00F9803F000˙0000C00FB003F0000000C00FB003F0000000C00FE003F0000001800FC007E0000001800F˙C007E0000007C0078007E000007FFC0781FFFF00007FFC0701FFFF0000FFFC0603FFFF00˙0039267FA536>77 D<003FFC001FFF007FFC003FFF007FFE003FFF0001FE0003E000037F˙00018000033F00018000033F00018000033F80018000061F80030000061FC0030000060F˙C0030000060FE00300000C0FE00600000C07E00600000C07F00600000C03F00600001803˙F80C00001801F80C00001801FC0C00001801FC0C00003000FC1800003000FE1800003000˙7E18000030007F18000060003F30000060003F30000060003FB0000060001FB00000C000˙1FE00000C0000FE00000C0000FE00000C00007E00001800007C00001800007C00007C000˙03C0007FFC0003C0007FFC00018000FFFC0001800030267FA52C>I<0001C00003E00007˙60000E60000E60001C60003C60003C600078C00078C00078C000F98000F18001F38001F3˙0001F70003E60003EC0003EC0003F80007F00007F00007E00007C0000780000780000F80˙000F80000F80001F0000370000670000C700008700600701C003838003FE0001FC001326˙7FA517>96 D<003E1C0000FF3C0003E1FC000780FC000F00FC001E007C001E00F8003C00˙F8007C00F8007C00F800F801F000F801F000F801F000F801F000F003E000F003E180F003˙E180F003E180F007C300F007C300781FC2003C3BC6001FE1FC000FC0780019187E971D>˙I<00001F0000003F80000073C00000F7C00001EFC00001EFC00003EF800003E7000003E0˙000003E0000007E0000007C0000007C0000007C00001FFFF8001FFFF0003FFFF00000F80˙00000F8000000F8000000F8000001F0000001F0000001F0000001F0000001F0000003F00˙00003E0000003E0000003E0000003E0000003E0000007C0000007C0000007C0000007C00˙00007C000000F8000000F8000000F8000000F000003CF000007DF000007FE00000FDE000˙00FDC000007B8000007F0000001E0000001A317DA51B>102 D<00F01F8001FC3FC0031E˙E1E0021FC0F0061F0078061F00780C3E00780C3E0078003E0078003E0078007C00F8007C˙00F8007C00F8007C00F800F801F000F801F000F801E000F803C001F003C001F8078001F8˙0F0001FC3E0003E7F80003E3E00003E0000003E0000007C0000007C0000007C0000007C0˙00000F8000000F800000FFF80000FFF80000FFF800001D2383971C>112˙D<003800007C00007C00007C0000F80000F80000F80000F80001F00001F0007FFF807FFF˙80FFFF0003E00003E00003E00007C00007C00007C00007C0000F80000F80000F80000F80˙001F00001F03001F03001F06003E06003E0C001E0C001E38000FF00003C00011227FA114˙>116 D<07C00E0FE01E18F03F30F03F60F81F61F00EC1F00EC1F00603E00603E00603E0˙0C07C00C07C00C07C0080F80180F80180F80300F80300F80600F80600780C003C18001FF˙00007C0018187F971B>118 D<01F01E0007FC7F000E1EE3801C0FC7C0180F8FC0300F8F˙C0701F1F80601F0F80001F0F00001F0000003E0000003E0000003E0000003E0000007C00˙003C7C01807C7C01807E7C0300FCF80300FCF80600F9FC0E0061BC3C003F1FF0001E07C0˙001A187E9720>120 D<07C003800FE0078018F00F8030F00F8060F80F8061F00F80C1F0˙1F00C1F01F0003E01F0003E01F0003E03E0007C03E0007C03E0007C03E000F807C000F80˙7C000F807C000F807C000F80F8000F80F8000781F80007C3F80003FFF00000FDF0000001˙F0000001F0000003E0003C03E0007E07C0007E078000FC0F0000781E0000707C00003FF0˙00000FC0000019237F971B>I<00780600FE0C03FF0C03FFF807FFF00600600000C00001˙80000300000600000C0000180000300000600000C00001800003000C0600180C00781FFF˙F03FFFF0707FE0603F80C01F0017187E971A>I E /Fh 6 94 df<00180030006000E001˙C003800380070007000E000E001E001C003C003C003C0078007800780078007800F800F0˙00F000F000F000F000F000F000F000F000F000F000F000F000F800780078007800780078˙003C003C003C001C001E000E000E00070007000380038001C000E00060003000180D397B˙A916>40 D<C0006000300038001C000E000E00070007000380038003C001C001E001E001˙E000F000F000F000F000F000F80078007800780078007800780078007800780078007800˙78007800F800F000F000F000F000F001E001E001E001C003C003800380070007000E000E˙001C00380030006000C0000D397DA916>I<01F80007FF001FFF803C1FC0300FE06007F0˙7803F0FC03F0FE03F8FE01F8FE01F87C01F83801F80003F80003F00003F00007E00007E0˙000FC0000F80001F00003E00003C0000780000E00001C0000180000300180600180C0030˙1C00303800303FFFF07FFFF0FFFFE0FFFFE0FFFFE015257DA41C>50˙D<00FC0003FF8007FFC00F07E01C03F03E03F03F03F83F01F83F01F83F01F81E03F80003˙F00003F00003E00007E00007C0001F0001FE0001FE000007C00003E00001F00001F80000˙FC0000FC0000FE3800FE7C00FEFE00FEFE00FEFE00FCFC00FC7C01F87003F83E07F01FFF˙C007FF8001FE0017267EA41C>I<FFFFFFE0E0E0E0E0E0E0E0E0E0E0E0E0E0E0E0E0E0E0˙E0E0E0E0E0E0E0E0E0E0E0E0E0E0E0E0E0E0E0E0E0E0E0E0E0E0E0E0E0E0E0FFFFFF0838˙7BA90F>91 D<FFFFFF070707070707070707070707070707070707070707070707070707˙0707070707070707070707070707070707070707070707FFFFFF08387FA90F>93˙D E /Fi 134[32 2[32 1[32 1[32 1[32 32 32 32 32 32 1[32˙32 2[32 32 32 1[32 45[32 3[32 32 46[{}19 52.777779 /Courier-Bold˙rf /Fj 81[32 51[26 29 27 44 30 32 17 22 21 29 32 29 31˙46 15 29 12 15 31 29 18 25 32 23 29 26 12[32 28 35 2[41˙44 4[18 44 2[32 2[32 41 18[13 18 13 2[18 18 15 39[{}43˙52.777779 /Palatino-Roman rf /Fk 139[20 34 24 1[37 37˙37 54 17 34 1[17 37 37 1[34 37 34 1[34 12[37 38[20 45[{}18˙61.111111 /Helvetica-Bold rf end˙%%EndProlog˙%%BeginSetup˙%%Feature: *Resolution 400dpi˙TeXDict begin˙˙%%EndSetup˙%%Page: 1 1˙1 0 bop 0 127 a Fk(The)17 b(three-dimensional)g(mkpath)h(pac)o(ka)o(g)q˙(e)0 293 y Fj(Her)o(e)11 b(ar)o(e)h(the)f(r)o(outines)g(deőned)g(in)˙g(the)g(őle)h Fi(mkpath3d.i)o(nc)o Fj(.)j(Roughly)c(speaking,)h(the)˙f(entir)o(e)h(package)g(is)g(concerned)f(with)0 360 y(building)j(paths)˙f(in)g Fh(3)p Fg(D)r Fj(.)0 459 y Ff(R)o(OUTINE:)162˙b Fe(mkpath3d)0 526 y Ff(AR)o(GUMENTS:)69 b Fg(‘)13 b(a)h(f)19˙b(t)565 534 y Fd(0)603 526 y Fg(t)623 534 y Fc(f)665˙526 y Fg(N)0 592 y Ff(RETURNS:)155 b Fj(Adds)14 b(a)f(sequence)h(of)f˙(Bezier)h(curves)f(to)g(the)g(curr)o(ent)g(path)0 692˙y(Her)o(e)e Fg(‘)g Fj(is)g(the)g Fe(location)i(matrix)p˙Fj(,)f(of)f(the)g(form)f Fh([)p Fg(M)21 b(v)r Fh(])12˙b Fj(wher)o(e)e Fg(M)17 b Fj(is)11 b(a)h Fh(3)7 b Fb(^)g˙Fh(3)j Fj(matrix)i(and)f Fg(v)i Fj(a)e Fh(3)p Fj(-vector)l(.)18˙b(This)11 b(is)h(to)f(be)g(interpr)o(eted)0 758 y(as)20˙b(a)f(rigid)h(af)o(őne)f(transformation,)i(describing)f(the)f˙(shifted)h(position)f(of)f(the)h(path)g(to)g(be)h(drawn.)37˙b(The)19 b(pr)o(ocedur)o(e)g Fg(f)25 b Fj(is)0 825 y(called)20˙b(by)e(name)h((with)e Fi(/)p Fj().)34 b(It)18 b(has)g(two)g(ar)o˙(guments,)i(an)e(array)h(of)e(parameters)i(and)f(a)h(value)f(of)f˙Fg(t)p Fj(.)34 b(Output)18 b(fr)o(om)g Fg(f)24 b Fj(is)19˙b(a)0 891 y(thr)o(ee-dimensional)14 b(parametrization)g(in)f(the)g˙(format)930 1024 y Fh([[)p Fg(x)p Fh(()p Fg(t)p Fh())h˙Fg(y)r Fh(()p Fg(t)p Fh())h Fg(z)r Fh(()p Fg(t)p Fh()][)p˙Fg(x)1332 1001 y Fa(0)1347 1024 y Fh(()p Fg(t)p Fh())f˙Fg(y)1454 1001 y Fa(0)1470 1024 y Fh(()p Fg(t)p Fh())g˙Fg(z)r Fh(()p Fg(t)p Fh()]])0 1157 y Ff(R)o(OUTINE:)162˙b Fe(mkpol)o(ypath3d)0 1223 y Ff(AR)o(GUMENTS:)69 b Fg(‘)13˙b(a)h(f)19 b(t)565 1231 y Fd(0)603 1223 y Fg(t)623 1231˙y Fc(f)665 1223 y Fg(N)0 1290 y Ff(RETURNS:)155 b Fj(Adds)14˙b(a)f(sequence)h(of)f(line)g(segments)i(to)e(the)g(curr)o(ent)f(path)0˙1389 y(Is)h(to)g Fi(mkpath3d)d Fj(as)j Fi(mkpolypath)c˙Fj(is)14 b(to)f Fi(mkpath)p Fj(.)0 1489 y Ff(R)o(OUTINE:)162˙b Fe(mkpol)o(ygon3d)0 1555 y Ff(AR)o(GUMENTS:)69 b Fj(A)13˙b(location)h(matrix)g Fg(‘)p Fj(,)f(an)g(array)h(of)e˙Fh(3)p Fg(D)i Fj(points)f Fg(p)0 1622 y Ff(RETURNS:)155˙b Fj(Adds)14 b(a)f(sequence)h(of)f(line)g(segments)i(to)e(the)g(curr)o˙(ent)f(path)0 1721 y(The)h(array)h(looks)f(like)904 1788˙y Fh([[)p Fg(x)966 1796 y Fd(0)1007 1788 y Fg(y)1034˙1796 y Fd(0)1074 1788 y Fg(z)1100 1796 y Fd(0)1125 1788˙y Fh(][)p Fg(x)1187 1796 y Fd(1)1228 1788 y Fg(y)1255˙1796 y Fd(1)1295 1788 y Fg(z)1321 1796 y Fd(1)1345 1788˙y Fh(])c Fg(:)g(:)g(:)j Fh([)p Fg(x)1491 1796 y Fc(n)1536˙1788 y Fg(y)1563 1796 y Fc(n)1609 1788 y Fg(z)1635 1796˙y Fc(n)1665 1788 y Fh(]])0 1893 y Fj(This)i(can)f(be)g(used)h(to)f˙(draw)g(a)g(cube)h(or)f(faces)g(of)g(some)g(other)g(polyhedr)o(on,)f˙(for)g(example.)0 1993 y Ff(R)o(OUTINE:)162 b Fe(use-per)o(spective)0˙2059 y Ff(AR)o(GUMENTS:)69 b Fj(None)0 2125 y Ff(RETURNS:)155˙b Fj(Sets)13 b(up)g(use)g(of)g(perspective)g(for)f(r)o(endering)h˙Fh(3)p Fg(D)h Fj(to)f Fh(2)p Fg(D)0 2225 y Ff(R)o(OUTINE:)162˙b Fe(use-pr)o(ojection)0 2291 y Ff(AR)o(GUMENTS:)69 b˙Fj(None)0 2358 y Ff(RETURNS:)155 b Fj(Sets)13 b(up)g(use)g(of)g(pr)o˙(ojection)0 2457 y(Exactly)j(one)e(of)g(these)h(must)h(be)e(used)h˙(befor)o(e)g(any)f(thr)o(ee-dimensional)i(drawing)e(is)i(done.)23˙b(If)14 b(you)g(don’t)g(do)g(this,)i(you)e(will)0 2524˙y(get)g(an)f(err)o(or)f(message)j(about)e Fi(convert)d˙Fj(being)k(undeőned.)p eop˙%%Trailer˙end˙userdict /end-hook known{end-hook}if˙%%EOF˙3D to 2D

ROUTINE: use-projection ARGUMENTS: None RETURNS: Sets up use of projection

Exactly one of these must be used before any three-dimensional drawing is done. If you don’t do this, you will
get an error message about convert being unde�ned.

get an error message about convert being unde�ned.

Mathematics 308�Fall 1996

Review for the mid-term

1. Every line in the plane gives rise to a re�ection in that line. If the line goes through the origin, it is a linear transformation, otherwise just af�ne.

a. Suppose the line goes through the origin, at angle ` with respect to the x-axis. What is the matrix of the linear transformation re�ecting through this line? How does your answer �t in with the fact that angle ` and ` + 180^ffi give rise to the same re�ection?

b. Same situation as in (a). Write a PostScript procedure reflect which changes the CTM by a re�ection in line at angle `.

c. Write down the af�ne transformation corresponding to re�ection in the line Ax + By + C = 0.

2. Use calculus to construct a few control points for some graphs or parametrized curves.

3. Find a parametrization for some simple plane curve and then show how to use mkpath to draw it.

4. Draw the chess-board, with squares 1 cm square.

5. Write a program to draw the following picture

Mathematics 308ÐFall 1996

Area on a sphere

These notes are concerned with two results about area on spheres. The őrst calculates the area of a triangle on the sphere in terms of the sum of its internal angles. The second uses this to show why the angles around a vertex on a convex polyhedron sum to less than 2π.

1. The area of spherical triangles

Suppose we are given a spherical triangle with interior angles α, β, γ. A few examples will suggest that the sum α + β + γ is always greater than π, which is what it would be if the triangle were in a plane.

In other words, if we call the defect of the triangle the quantity

D = α + β + γ � π

then we expect that D is greater than 0 for a spherical triangle. There is in fact a simple interpretation of D which explains this phenomenon. Suppose that the sphere we are looking at has radius 1.

ffl The defect of a spherical triangle on the unit sphere is equal to its area.

This is a simple fact, and the proof is simple, too. The starting point, and in fact the only really tricky item, is that the area of the whole sphere is 4π. This step usually involves a limit processÐi.e. calculusÐand is in fact much more complicated than the rest of the argument.

The next step is to deduce from this a simple formula for the area of a sector, which is the region on the sphere made up of two great half-circles meeting in two antipodal pointsÐfor example the region on the Earth bounded by two longitudes and the two poles. The shape of a sector is completely determined by the interior angle at one end. If this angle is α, then the ratio of the area of the sector to that of the whole sphere is the same as the ratio of α to 2π. In other words, the area of a sector with interior angle α is 4π α 2π = 2α . For example, a hemisphere is a sector with angle π, and has area 2π.

Let the triangle be Δ. Each corner of Δ is the interior angle of a sector, which is the union of Δ and a second region. Say the sector for angle α is Δ together with A, etc. Then as far as areas are concerned

A + Δ = 2α B + Δ = 2β C + Δ = 2γ

On the sphere, every region Ω has an antipodal region Ω^0. This region has exactly the same shape as the original, and in particular the same area. The whole sphere is partitioned into the 8 regions

A, B, C, Δ, A^0, B^0, C^0, Δ^0

so that in terms of areas A + B + C + Δ + A^0 + B^0 + C^0 + Δ^0 = 4π which since A = A^0 etc means that A + B + C + Δ = 2π .

This is not quite obvious from the deőnition of this region, but it can be seen from the fact that Δ, A, B, and C^0 partition a hemisphere.

If we substitute the equations A = 2α � Δ we see that

(2α � Δ) + (2β � Δ) + (2γ � Δ) + Δ = 2(α + β + γ � Δ) = 2π

so that α + β + γ � Δ = π α + β + γ � π = Δ

which is what we wanted to prove.

The exterior angle at a vertex whose interior angle is α is π � α, or the angle through which one turns in going clockwise around that vertex. It is also the angle through which we turn the normals to the sides when we go around the vertex. On the sphere, each side coming into a vertex lies on a spherical arc. The direction of traversal along the side determines an axis perpendicular to that arc according to the right-hand rule. The exterior angle is also the angle through which the axis turns as we pass from one side of the vertex to the other. We shall use this observation in the next section.

In the plane, when we travel around a triangle the total distance we turn is the sum of the exterior angles we pass and also 2π. In a spherical triangle the sum of the exterior angles is

(π � α) + (π � β) + (π � γ) = 3π � (α + β + γ) = 2π � Δ .

This formulation remains valid for any simple polygon contained in a hemisphere. This can be seen by chopping the polygon up into triangles.

Exercise 1.1. What is the correct formula if the sphere has radius R?

Exercise 1.2. The reasoning above assumes implicitly that the inside of Δ does not intersect its antipodal region Δ^0. Why is that? Exhibit such a region and modify the proof to prove the theorem in that case also.

2. The defect at the vertex of a convex polyhedron

Suppose that P is the vertex of a convex polyhedron and that touching it are faces F_1, F_2, . . . , Fn with angles αi at P .

ffl The sum of the αi is less than 2π.

This will follow from the result in the previous section! The defect

2π � X αi

will be interpreted as an area on the sphere.

Let νi be the unit normal to the face Fi, pointing out from it. The vector νi can be considered as a point on the unit sphere. Join each νi to νi_{+1} by an arc on the sphere, with νn_{+1} = ν_1. The angle between νi and νi_{+1} is also the spherical distance between them, and the distance one turns the normal νi through in moving from Fi around onto Fi_{+1}. The axis one makes this turn around is the edge leading out from P separating Fi from Fi_{+1}. Note that this edge lies on both faces, and is by deőnition perpendicular to each of the normal vectors.

If Π is a plane through P with all of the convex polyhedron on one side, the sequence of points νi on the sphere will span a polygon contained in the hemisphere cut off by the plane parallel to Π through the origin.

Therefore we can apply the area formula from the previous section: the sum of the exterior angles at the vertices νi is less than 2π, and the defect is the area of the spherical polygon spanned by the νi. In order to conclude we need to know that the exterior angle at νi is the same as the angle αi. But this follows from the observation that this angle is the angle between the axes deőning the sides coming into that vertex.

i. In order to conclude we need to know that the exterior angle at νi is the same as the angle αi. But this follows from the observation that this angle is sphere.ps```````````````````````````````````````````````````````````````````````````````````````````000644 `002126 `000024 `00000071442 06246667672 012705` 0````````````````````````````````````````````````````````````````````````````````````````````````````ustar`00cass````````````````````````````user````````````````````````````000000 `000000 ````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````%!PS-Adobe-2.0˙%%Creator: dvipsk 5.58c Copyright 1986, 1994 Radical Eye Software˙%%Title: sphere.dvi˙%%Pages: 1˙%%PageOrder: Ascend˙%%BoundingBox: 0 0 612 792˙%%DocumentFonts: Helvetica-Bold Palatino-Roman Courier-Bold˙%%EndComments˙%DVIPSCommandLine: dvips sphere.dvi -o sphere.ps˙%DVIPSParameters: dpi=600, comments removed˙%DVIPSSource: TeX output 1996.11.26:1430˙%%BeginProcSet: tex.pro˙/TeXDict 250 dict def TeXDict begin /N{def}def /B{bind def}N /S{exch}N˙/X{S N}B /TR{translate}N /isls false N /vsize 11 72 mul N /hsize 8.5 72˙mul N /landplus90{false}def /@rigin{isls{[0 landplus90{1 -1}{-1 1}˙ifelse 0 0 0]concat}if 72 Resolution div 72 VResolution div neg scale˙isls{landplus90{VResolution 72 div vsize mul 0 exch}{Resolution -72 div˙hsize mul 0}ifelse TR}if Resolution VResolution vsize -72 div 1 add mul˙TR[matrix currentmatrix{dup dup round sub abs 0.00001 lt{round}if}˙forall round exch round exch]setmatrix}N /@landscape{/isls true N}B˙/@manualfeed{statusdict /manualfeed true put}B /@copies{/#copies X}B˙/FMat[1 0 0 -1 0 0]N /FBB[0 0 0 0]N /nn 0 N /IE 0 N /ctr 0 N /df-tail{˙/nn 8 dict N nn begin /FontType 3 N /FontMatrix fntrx N /FontBBox FBB N˙string /base X array /BitMaps X /BuildChar{CharBuilder}N /Encoding IE N˙end dup{/foo setfont}2 array copy cvx N load 0 nn put /ctr 0 N[}B /df{˙/sf 1 N /fntrx FMat N df-tail}B /dfs{div /sf X /fntrx[sf 0 0 sf neg 0 0]˙N df-tail}B /E{pop nn dup definefont setfont}B /ch-width{ch-data dup˙length 5 sub get}B /ch-height{ch-data dup length 4 sub get}B /ch-xoff{˙128 ch-data dup length 3 sub get sub}B /ch-yoff{ch-data dup length 2 sub˙get 127 sub}B /ch-dx{ch-data dup length 1 sub get}B /ch-image{ch-data˙dup type /stringtype ne{ctr get /ctr ctr 1 add N}if}B /id 0 N /rw 0 N˙/rc 0 N /gp 0 N /cp 0 N /G 0 N /sf 0 N /CharBuilder{save 3 1 roll S dup˙/base get 2 index get S /BitMaps get S get /ch-data X pop /ctr 0 N ch-dx˙0 ch-xoff ch-yoff ch-height sub ch-xoff ch-width add ch-yoff˙setcachedevice ch-width ch-height true[1 0 0 -1 -.1 ch-xoff sub ch-yoff˙.1 sub]{ch-image}imagemask restore}B /D{/cc X dup type /stringtype ne{]}˙if nn /base get cc ctr put nn /BitMaps get S ctr S sf 1 ne{dup dup˙length 1 sub dup 2 index S get sf div put}if put /ctr ctr 1 add N}B /I{˙cc 1 add D}B /bop{userdict /bop-hook known{bop-hook}if /SI save N @rigin˙0 0 moveto /V matrix currentmatrix dup 1 get dup mul exch 0 get dup mul˙add .99 lt{/QV}{/RV}ifelse load def pop pop}N /eop{SI restore userdict˙/eop-hook known{eop-hook}if showpage}N /@start{userdict /start-hook˙known{start-hook}if pop /VResolution X /Resolution X 1000 div /DVImag X˙/IE 256 array N 0 1 255{IE S 1 string dup 0 3 index put cvn put}for˙65781.76 div /vsize X 65781.76 div /hsize X}N /p{show}N /RMat[1 0 0 -1 0˙0]N /BDot 260 string N /rulex 0 N /ruley 0 N /v{/ruley X /rulex X V}B /V˙{}B /RV statusdict begin /product where{pop product dup length 7 ge{0 7˙getinterval dup(Display)eq exch 0 4 getinterval(NeXT)eq or}{pop false}˙ifelse}{false}ifelse end{{gsave TR -.1 .1 TR 1 1 scale rulex ruley false˙RMat{BDot}imagemask grestore}}{{gsave TR -.1 .1 TR rulex ruley scale 1 1˙false RMat{BDot}imagemask grestore}}ifelse B /QV{gsave newpath transform˙round exch round exch itransform moveto rulex 0 rlineto 0 ruley neg˙rlineto rulex neg 0 rlineto fill grestore}B /a{moveto}B /delta 0 N /tail˙{dup /delta X 0 rmoveto}B /M{S p delta add tail}B /b{S p tail}B /c{-4 M}˙B /d{-3 M}B /e{-2 M}B /f{-1 M}B /g{0 M}B /h{1 M}B /i{2 M}B /j{3 M}B /k{˙4 M}B /w{0 rmoveto}B /l{p -4 w}B /m{p -3 w}B /n{p -2 w}B /o{p -1 w}B /q{˙p 1 w}B /r{p 2 w}B /s{p 3 w}B /t{p 4 w}B /x{0 S rmoveto}B /y{3 2 roll p˙a}B /bos{/SS save N}B /eos{SS restore}B end˙%%EndProcSet˙%%BeginProcSet: texps.pro˙TeXDict begin /rf{findfont dup length 1 add dict begin{1 index /FID ne 2˙index /UniqueID ne and{def}{pop pop}ifelse}forall[1 index 0 6 -1 roll˙exec 0 exch 5 -1 roll VResolution Resolution div mul neg 0 0]/Metrics˙exch def dict begin Encoding{exch dup type /integertype ne{pop pop 1 sub˙dup 0 le{pop}{[}ifelse}{FontMatrix 0 get div Metrics 0 get div def}˙ifelse}forall Metrics /Metrics currentdict end def[2 index currentdict˙end definefont 3 -1 roll makefont /setfont load]cvx def}def˙/ObliqueSlant{dup sin S cos div neg}B /SlantFont{4 index mul add}def˙/ExtendFont{3 -1 roll mul exch}def /ReEncodeFont{/Encoding exch def}def˙end˙%%EndProcSet˙TeXDict begin 40258437 52099154 1000 600 600 (sphere.dvi)˙@start /Fa 2 3 df<7FFFFFFFFFFF80FFFFFFFFFFFFC0FFFFFFFFFFFFC07FFFFFFFFFFF˙803204799641>0 D<6000000006F80000000FFC0000001F7E0000003F3F0000007E1F80˙0000FC0FC00001F807E00003F003F00007E001F8000FC000FC001F80007E003F00003F00˙7E00001F80FC00000FC1F8000007E3F0000003F7E0000001FFC0000000FF800000007F00˙0000007F00000000FF80000001FFC0000003F7E0000007E3F000000FC1F800001F80FC00˙003F007E00007E003F0000FC001F8001F8000FC003F00007E007E00003F00FC00001F81F˙800000FC3F0000007E7E0000003FFC0000001FF80000000F6000000006282874A841>2˙D E /Fb 2 50 df<003F800001FFF00003E0F80007803C000F001E001E000F003C000780˙3C0007803C000780780003C0780003C0780003C0780003C0F80003E0F80003E0F80003E0˙F80003E0F80003E0F80003E0F80003E0F80003E0F80003E0F80003E0F80003E0F80003E0˙F80003E0F80003E0780003C0780003C07C0007C03C0007803C0007803C0007801E000F00˙0F001E0007803C0003E0F80001FFF000003F80001B277EA521>48˙D<00380000780001F8001FF800FEF800E0F80000F80000F80000F80000F80000F80000F8˙0000F80000F80000F80000F80000F80000F80000F80000F80000F80000F80000F80000F8˙0000F80000F80000F80000F80000F80000F80000F80000F80000F80000F80000F80001FC˙00FFFFF8FFFFF815267BA521>I E /Fc 5 94 df<0000600000E00001C0000380000700˙000E00001C00003C0000380000700000F00000E00001E00003C00003C000078000078000˙0780000F00000F00001F00001E00001E00003E00003E00003C00003C00007C00007C0000˙7C00007C00007C0000780000F80000F80000F80000F80000F80000F80000F80000F80000˙F80000F80000F80000F80000F80000F80000F80000F800007800007C00007C00007C0000˙7C00007C00003C00003C00003E00003E00001E00001E00001F00000F00000F0000078000˙07800007800003C00003C00001E00000E00000F000007000003800003C00001C00000E00˙0007000003800001C00000E0000060135278BD20>40 D<800000C00000E0000070000038˙00001C00000E00000F000007000003800003C00001C00001E00000F00000F00000780000˙7800007800003C00003C00003E00001E00001E00001F00001F00000F00000F00000F8000˙0F80000F80000F80000F800007800007C00007C00007C00007C00007C00007C00007C000˙07C00007C00007C00007C00007C00007C00007C00007C00007C0000780000F80000F8000˙0F80000F80000F80000F00000F00001F00001F00001E00001E00003E00003C00003C0000˙780000780000780000F00000F00001E00001C00003C0000380000700000F00000E00001C˙0000380000700000E00000C0000080000012527BBD20>I<0003F80000001FFF0000007E˙0FC00000F803E00003E000F80003C000780007C0007C000F80003E000F80003E001F0000˙1F001F00001F003F00001F803F00001F803F00001F807E00000FC07E00000FC07E00000F˙C07E00000FC07E00000FC0FE00000FE0FE00000FE0FE00000FE0FE00000FE0FE00000FE0˙FE00000FE0FE00000FE0FE00000FE0FE00000FE0FE00000FE0FE00000FE0FE00000FE0FE˙00000FE0FE00000FE0FE00000FE0FE00000FE0FE00000FE0FE00000FE07E00000FC07E00˙000FC07E00000FC07E00000FC07F00001FC03F00001F803F00001F803F00001F801F0000˙1F001F00001F000F80003E000F80003E0007C0007C0003E000F80003E000F80000F803E0˙00007E0FC000001FFF00000007FC000023387DB62A>48 D<FFF8FFF8FFF8FFF8F000F000˙F000F000F000F000F000F000F000F000F000F000F000F000F000F000F000F000F000F000˙F000F000F000F000F000F000F000F000F000F000F000F000F000F000F000F000F000F000˙F000F000F000F000F000F000F000F000F000F000F000F000F000F000F000F000F000F000˙F000F000F000F000F000F000F000F000F000F000F000F000F000F000F000F000F000F000˙F000FFF8FFF8FFF8FFF80D5378BD17>91 D<FFF8FFF8FFF8FFF800780078007800780078˙007800780078007800780078007800780078007800780078007800780078007800780078˙007800780078007800780078007800780078007800780078007800780078007800780078˙007800780078007800780078007800780078007800780078007800780078007800780078˙0078007800780078007800780078007800780078007800780078007800780078FFF8FFF8˙FFF8FFF80D537FBD17>93 D E /Fd 13 123 df<000FE0000000003FF800004000FFFC00˙00C001FFFE0000C003FFFF00018007FFFF0001800FE03F8003001F000F8003003C0003C0˙0600380001C00600700000E00C00600000600C00E00000600C00C00000301800C0000030˙180080000030300000000030300000000018600000000018600000000018C00000000018˙C00000000018C0000000001980000000001980000000001B00000000001B00000000001B˙00000000001E00000000001E00000000001E00000000001C00000000001C00000000001C˙000000000018000000000018000000000018000000000038000000000038000000000030˙0000000000700000000000700000000000700000000000700000000000E00000000000E0˙0000000000E00000000000E00000000001C00000000001C00000000001C00000000001C0˙00000000018000000000038000000000010000002A367EA42B>13˙D<000003F00000000FF80000003E1C000000780E000000F00F000001E007800003C00780˙0007C007C0000F8007C0000F8007C0001F0007C0003E0007E0003E0007E0007E0007E000˙FC0007E000FC0007E001F80007E001F80007E003F80007E003F00007E007F0000FE007F0˙000FE007E0000FE00FE0000FE00FE0000FC00FC0001FC01FC0001FC01FC0001FC01FFFFF˙FFC03FFFFFFF803FFFFFFF803FFFFFFF803F80003F807F00007F007F00007F007F00007F˙007F00007E007E0000FE007E0000FE007E0000FC007E0001FC007E0001F800FE0001F800˙FC0003F0007C0003F0007C0007E0007C0007E0007C0007C0007C000F80007C001F80007C˙001F00003C003E00003E003C00003E007800001E00F000001E00E000000F01C000000707˙80000003FF00000000F8000000233C7EBA27>18 D<000000001F80004000007FE000C000˙01FFF001800003FFF803000007FFFC0600000FC07E0600001F001E0C00001C000E0C0000˙38000E180000700007180000600007180000C00007300000C00007300001800007300001˙80000660000300000660000300000660000200000660000600000660000400000CE00004˙00000CE0000C00001860000C0000186000180000306000180000707000180000E0700018˙0001C03800380003803C00300007801F0030001F000FC070007E0007F07001F80003FF70˙1FF00001FFFFFFE00000FFFFFF8000003FFFFE0000000FFFF800000001FFC000000001E0˙0000000003C00000000003C00000000003C00000000007C00000000007C00000000007C0˙000000000F80000000000F80000000000F80000000001F80000000001F80000000001F80˙000000003F00000000001F00000000000E0000000030367DA436>39˙D<000000000060000000000000E0000000000000F0000000000001F0000000000001F000˙0000000003F0000000000007F0000000000007F000000000000FF000000000000FF00000˙0000001FF0000000000037F0000000000037F8000000000067F8000000000063F8000000˙0000C3F8000000000183F8000000000183F8000000000303F8000000000303F800000000˙0603F8000000000C03F8000000000C03F8000000001803FC000000001801FC0000000030˙01FC000000006001FC000000006001FC00000000C001FC00000000C001FC000000018001˙FC000000038001FC000000030001FC000000060001FE000000060001FE0000000C0000FE˙0000001C0000FE0000001FFFFFFE0000003FFFFFFE0000003FFFFFFE000000600000FE00˙0000E00000FE000000C00000FE000001800000FF000001800000FF0000030000007F0000˙070000007F0000060000007F00000C0000007F00000C0000007F0000180000007F000038˙0000007F0000300000007F0000700000007F0001F00000007F8007F8000000FF807FFF80˙003FFFFEFFFF80003FFFFFFFFF80003FFFFE383B7DBA3E>65 D<0003FFFFFE00000007FF˙FFFE00000003FFFFFE0000000007FC000000000007F0000000000007F0000000000007F0˙00000000000FE000000000000FE000000000000FE000000000000FE000000000001FC000˙000000001FC000000000001FC000000000001FC000000000003F8000000000003F800000˙0000003F8000000000003F8000000000007F0000000000007F0000000000007F00000000˙00007F000000000000FE000000000000FE000000000000FE000000000000FE0000000000˙01FC000000000001FC000000000001FC000000000001FC000000000003F8000000000003˙F8000000000003F8000000000003F8000000000007F0000000400007F0000000C00007F0˙000000C00007F000000180000FE000000180000FE000000180000FE000000300000FE000˙000300001FC000000700001FC000000600001FC000000E00001FC000000E00003F800000˙1C00003F8000003C00003F8000007C00003F800000F800007F000003F800007F00000FF0˙0000FF00007FF0007FFFFFFFFFF000FFFFFFFFFFE000FFFFFFFFFFE00032397DB839>76˙D<0003FFF800001FFFF80007FFF800003FFFF80003FFFC00001FFFF8000007FC000001FF˙00000007FE0000007800000006FE0000007000000006FF000000700000000C7F00000060˙0000000C7F000000600000000C3F800000600000000C3F80000060000000183FC00000C0˙000000181FC00000C0000000181FC00000C0000000180FE00000C0000000300FE0000180˙0000003007F00001800000003007F00001800000003007F80001800000006003F8000300˙0000006003F80003000000006001FC0003000000006001FC000300000000C000FE000600˙000000C000FE000600000000C000FF000600000000C0007F00060000000180007F000C00˙00000180003F800C0000000180003F800C0000000180003FC00C0000000300001FC01800˙00000300001FE0180000000300000FE0180000000300000FE01800000006000007F03000˙000006000007F03000000006000007F83000000006000003F8300000000C000003F86000˙00000C000001FC600000000C000001FC600000000C000000FE6000000018000000FEC000˙000018000000FFC0000000180000007FC0000000180000007FC0000000300000003F8000˙0000300000003F80000000300000001F80000000700000001F80000000700000001F0000˙0000F00000000F00000007FC0000000F0000007FFFC0000007000000FFFFE00000060000˙00FFFFC000000200000045397DB843>78 D<0003FFFFFFF800000007FFFFFFFF80000003˙FFFFFFFFE000000007F8001FF800000007F00003FC00000007F00000FE00000007F00000˙7F0000000FE000007F0000000FE000003F8000000FE000003F8000000FE000003FC00000˙1FC000003FC000001FC000003FC000001FC000003FC000001FC000003FC000003F800000˙7F8000003F8000007F8000003F8000007F8000003F800000FF0000007F000000FE000000˙7F000001FC0000007F000003F80000007F000007F0000000FE00000FE0000000FE00001F˙80000000FE00007F00000000FE0007F800000001FFFFFFE000000001FFFFFF0000000001˙FC000FC000000001FC0003F000000003F80001F800000003F80000FC00000003F80000FC˙00000003F800007E00000007F000007E00000007F000007E00000007F000007F00000007˙F000007F0000000FE00000FE0000000FE00000FE0000000FE00000FE0000000FE00000FE˙0000001FC00001FE0000001FC00001FE0000001FC00001FE0000001FC00001FE0000003F˙800003FC0000003F800003FC0060003F800003FC0060003F800003FC0060007F000003FC˙00C0007F000001FC018000FF000001FC01807FFFFE0000FE0300FFFFFF00007E0E00FFFF˙FE00001FFC00000000000007F0003B3A7DB83F>82 D<00003FC00001FFF00007E078001F˙801C003E000E007C000E00F8000E01F0000E03E0000E07E0000E0FC0001C1FC0001C1F80˙00383F8000703F8003E07F003FC07FFFFE007FFFE0007F0000007E000000FE000000FE00˙0000FE000000FE000000FE000000FE0000007E0000007E0000017E0000037E0000063E00˙000C3E0000181F0000700F0000E00780078003E03F0001FFF800003FC00020267DA427>˙101 D<0003800007C0000FC0000FC0000FC0000FC0001F80001F80001F80001F80003F00˙003F00003F00003F00007E00007E00FFFFFEFFFFFFFFFFFE00FC0000FC0000FC0001F800˙01F80001F80001F80003F00003F00003F00003F00007E00007E00007E00007E0000FC000˙0FC0000FC0000FC0001F80001F800C1F800C1F80183F00183F00183F00303F00603F0060˙3F00C01F01801F03000F0E0007FC0001F00018357DB31E>116 D<00F800000000E001FE˙0000E001F0070F0001F003F80E0F0003F003FC0C0F8003F003FC180F8003F003FC300F80˙03F001FC300F8007E000FC601F8007E0007C601F8007E0003C601F8007E00038C03F000F˙C00038C03F000FC00038C03F000FC00038007E000FC00038007E001F80003000FC001F80˙003000FC001F80003000FC001F80003001F8003F00006001F8003F00006001F8003F0000˙6001F8003F0000C003F0007E0000C003F0007E0000C003F0007E00018003F0007E000180˙03F0007E00018003F0007E00030003F0007E00030003F0007E00060001F000FE000C0001˙F000FE000C0000F8019F0018000078030F003000003E0E07C0E000001FFC03FFC0000003˙F0007F000036267EA43B>119 D<0007E001F000001FF807FC0000383C0E0E0000601E18˙0F0000C00F301F8001800F303F8003000FE03F8006000FE03F0006000FC03E000C000FC0˙1C000C000FC0000018001F80000018001F80000018001F80000000001F80000000003F00˙000000003F00000000003F00000000003F00000000007E00000000007E00000000007E00˙000000007E0000000000FC0000000000FC000C000000FC000C000000FC000C000001F800˙18001C01F80018003E01F80030007E03F8003000FE03F8006000FE067800C000FC067801˙8000780C3C03000038381E0E00001FF00FFC000007C003F0000029267EA42F>I<00F800˙000001FE000070070F0000F80E0F0001F80C0F8001F8180F8001F8300F8001F8300F8003˙F0601F8003F0601F8003F0601F8003F0C03F0007E0C03F0007E0C03F0007E0007E0007E0˙007E000FC000FC000FC000FC000FC000FC000FC001F8001F8001F8001F8001F8001F8001˙F8001F8003F0003F0003F0003F0003F0003F0003F0003F0003F0007E0003F0007E0003F0˙007E0003F0007E0003F000FC0001F001FC0001F003FC0000F806FC00007C1DF800003FF9˙F800000FE1F800000001F800000003F000000003F000000003E0000F0007E0001F8007C0˙003F800FC0003F800F80003F001F00003E003E000030007C00003000F800001801F00000˙0E07C0000007FF00000001FC00000025367EA429>I<0001E000600007F00060001FF800˙C0003FFC0180003FFE0180007FFF070000F81FFE0000C003FC0001800018000180001800˙01000030000000006000000000C0000000038000000007000000000C0000000018000000˙0030000000006000000000C00000000180000000030000000006000000001C0000000038˙000300006000030000C000070001800006000300000E000300001C0007FC003C000FFF81˙F8001C0FFFF0003807FFE0003003FFC0006001FF8000C000FF0000C0007C000023267DA4˙27>I E /Fe 133[36 1[40 2[44 24 40 28 1[44 44 44 1[20˙2[20 44 44 1[40 1[40 1[40 51[24 45[{}17 71.666718 /Helvetica-Bold˙rf /Ff 12 86 df<1C003E007F00FF80FF80FF807F003E001C0000000000000000000000˙00000000000000000000000000000000000000000000000000001C003E007F00FF80FF80˙FF807F003E001C00092479A317>58 D<0000003800000000000038000000000000380000˙000000007C0000000000007C0000000000007C000000000000FE000000000000FE000000˙000001FF000000000001FF000000000001FF000000000003FF8000000000033F80000000˙00033F8000000000073FC000000000061FC000000000061FC0000000000C1FE000000000˙0C0FE0000000000C0FE0000000001807F0000000001807F0000000001807F00000000030˙03F8000000003003F8000000003003F8000000006001FC000000006001FC000000006001˙FC00000000C000FE00000000C000FE00000000C000FE0000000180007F0000000180007F˙0000000380007F8000000300003F8000000300003F80000007FFFFFFC0000007FFFFFFC0˙000007FFFFFFC000000E00001FE000000C00000FE000000C00000FE000001800000FF000˙0018000007F0000018000007F0000030000003F8000030000003F8000030000003F80000˙60000001FC000060000001FC000060000001FC0000E0000000FE0001E0000000FE0003F0˙000000FF000FFC000003FF80FFFF80007FFFFEFFFF80007FFFFEFFFF80007FFFFE373B7D˙BA3E>65 D<FFFFFFFFFFFC00FFFFFFFFFFFC00FFFFFFFFFFFC0001FF00000FFC0000FE00˙0001FC0000FE0000007E0000FE0000003E0000FE0000001E0000FE0000000E0000FE0000˙000E0000FE0000000E0000FE000000060000FE000000060000FE000000060000FE000000˙070000FE000000030000FE0000C0030000FE0000C0030000FE0000C0030000FE0000C000˙0000FE0000C0000000FE0000C0000000FE0001C0000000FE0001C0000000FE0003C00000˙00FE000FC0000000FFFFFFC0000000FFFFFFC0000000FFFFFFC0000000FE000FC0000000˙FE0003C0000000FE0001C0000000FE0001C0000000FE0000C0000000FE0000C0000000FE˙0000C0006000FE0000C0006000FE0000C0006000FE0000C000E000FE00000000C000FE00˙000000C000FE00000000C000FE00000000C000FE00000001C000FE00000001C000FE0000˙0001C000FE000000038000FE000000038000FE000000078000FE000000078000FE000000˙0F8000FE0000003F8000FE0000007F8001FF000007FF00FFFFFFFFFFFF00FFFFFFFFFFFF˙00FFFFFFFFFFFF0033397DB839>69 D<000000FF8000C000000FFFF000C000003FFFFC01˙C00000FF803F03C00003FC000787C0000FF00001C7C0001FC00000EFC0003F8000007FC0˙007F0000003FC000FE0000001FC001FC0000000FC003F800000007C003F800000007C007˙F000000003C00FF000000003C00FE000000003C01FE000000001C01FE000000001C03FC0˙00000001C03FC000000000C07FC000000000C07FC000000000C07F8000000000C07F8000˙00000000FF800000000000FF800000000000FF800000000000FF800000000000FF800000˙000000FF800000000000FF800000000000FF800000000000FF800000000000FF80000000˙0000FF8000007FFFFF7F8000007FFFFF7F8000007FFFFF7FC00000003FE07FC00000001F˙C03FC00000001FC03FC00000001FC01FE00000001FC01FE00000001FC00FE00000001FC0˙0FF00000001FC007F00000001FC003F80000001FC003FC0000001FC001FC0000001FC000˙FE0000001FC0007F0000001FC0003F8000003FC0001FE000007FC0000FF00000E7C00003˙FE0003C3C00000FFC01F83C000003FFFFE01C000000FFFF800C0000000FFC00000383B7C˙B941>71 D<FFFFFF80FFFFFF80FFFFFF8000FF8000007F0000007F0000007F0000007F00˙00007F0000007F0000007F0000007F0000007F0000007F0000007F0000007F0000007F00˙00007F0000007F0000007F0000007F0000007F0000007F0000007F0000007F0000007F00˙00007F0000007F0000007F0000007F0000007F0000007F0000007F0000007F0000007F00˙00007F0000007F0000007F0000007F0000007F0000007F0000007F0000007F0000007F00˙00007F0000007F0000007F0000007F0000007F0000007F0000007F0000007F0000007F00˙0000FF8000FFFFFF80FFFFFF80FFFFFF8019397EB81E>73 D<FFFE000000000FFFE0FFFF˙000000001FFFE0FFFF000000001FFFE001FF000000001FF00000DF8000000037E00000DF˙8000000037E00000DF8000000037E00000CFC000000067E00000CFC000000067E00000C7˙E0000000C7E00000C7E0000000C7E00000C7E0000000C7E00000C3F000000187E00000C3˙F000000187E00000C3F000000187E00000C1F800000307E00000C1F800000307E00000C0˙FC00000607E00000C0FC00000607E00000C0FC00000607E00000C07E00000C07E00000C0˙7E00000C07E00000C07E00000C07E00000C03F00001807E00000C03F00001807E00000C0˙1F80003007E00000C01F80003007E00000C01F80003007E00000C00FC0006007E00000C0˙0FC0006007E00000C007E000C007E00000C007E000C007E00000C007E000C007E00000C0˙03F0018007E00000C003F0018007E00000C003F0018007E00000C001F8030007E00000C0˙01F8030007E00000C000FC060007E00000C000FC060007E00000C000FC060007E00000C0˙007E0C0007E00000C0007E0C0007E00000C0007E0C0007E00000C0003F180007E00000C0˙003F180007E00000C0001FB00007E00000C0001FB00007E00000C0001FB00007E00000C0˙000FE00007E00000C0000FE00007E00001E0000FE00007E00003F00007C00007E0000FFC˙0007C0000FF000FFFFC0038007FFFFE0FFFFC0038007FFFFE0FFFFC0038007FFFFE04339˙7CB84C>77 D<FFFE000007FFFEFFFF000007FFFEFFFF000007FFFE00FF8000007FE000FF˙C000001F8000DFC000000F0000CFE00000060000CFF00000060000C7F00000060000C3F8˙0000060000C3FC0000060000C1FC0000060000C0FE0000060000C0FF0000060000C07F00˙00060000C03F8000060000C03FC000060000C01FC000060000C00FE000060000C00FF000˙060000C007F000060000C003F800060000C003FC00060000C001FC00060000C000FE0006˙0000C000FF00060000C0007F00060000C0003F80060000C0003FC0060000C0001FC00600˙00C0000FE0060000C00007F0060000C00007F0060000C00003F8060000C00001FC060000˙C00001FC060000C00000FE060000C000007F060000C000007F060000C000003F860000C0˙00001FC60000C000001FC60000C000000FE60000C0000007F60000C0000007F60000C000˙0003FE0000C0000001FE0000C0000001FE0000C0000000FE0000C00000007E0000C00000˙007E0001E00000003E0003F00000001E000FFC0000001E00FFFFC000000E00FFFFC00000˙0600FFFFC00000060037397DB83E>I<000003FF00000000001FFFE000000000FE01FC00˙000003F8007F00000007E0001F8000001FC0000FE000003F000003F000007E000001F800˙00FE000001FC0001FC000000FE0003F80000007F0003F80000007F0007F00000003F800F˙F00000003FC00FE00000001FC01FE00000001FE01FE00000001FE03FC00000000FF03FC0˙0000000FF03FC00000000FF07FC00000000FF87F8000000007F87F8000000007F87F8000˙000007F8FF8000000007FCFF8000000007FCFF8000000007FCFF8000000007FCFF800000˙0007FCFF8000000007FCFF8000000007FCFF8000000007FCFF8000000007FCFF80000000˙07FCFF8000000007FC7F8000000007F87FC00000000FF87FC00000000FF87FC00000000F˙F83FC00000000FF03FC00000000FF03FE00000001FF01FE00000001FE01FE00000001FE0˙0FF00000003FC00FF00000003FC007F00000003F8003F80000007F0003FC000000FF0001˙FC000000FE0000FE000001FC00007F000003F800003F800007F000001FC0000FE0000007˙E0001F80000003F8007F00000000FE01FC000000003FFFF00000000003FF000000363B7B˙B941>I<FFFFFFFE00000000FFFFFFFFE0000000FFFFFFFFF800000001FF0007FE000000˙00FE0000FF80000000FE00003FC0000000FE00001FE0000000FE00000FF0000000FE0000˙07F8000000FE000007F8000000FE000003FC000000FE000003FC000000FE000003FE0000˙00FE000003FE000000FE000003FE000000FE000003FE000000FE000003FE000000FE0000˙03FE000000FE000003FC000000FE000003FC000000FE000007F8000000FE000007F80000˙00FE00000FF0000000FE00001FE0000000FE00003F80000000FE0000FF00000000FE0007˙FC00000000FFFFFFE000000000FFFFFF0000000000FE000FC000000000FE0001F0000000˙00FE0000F800000000FE00007C00000000FE00003E00000000FE00003F00000000FE0000˙3F00000000FE00001F80000000FE00001F80000000FE00001FC0000000FE00001FC00000˙00FE00001FC0000000FE00001FE0000000FE00001FE0000000FE00001FE0000000FE0000˙1FE0000000FE00001FF0000000FE00001FF0000000FE00001FF0000000FE00001FF00180˙00FE00001FF8018000FE00000FF8018000FE00000FF8018000FE000007FC030001FF0000˙03FC0300FFFFFE0001FE0600FFFFFE0000FF0C00FFFFFE00003FF800000000000007F000˙393A7DB83D>82 D<000FF800C0003FFF00C000FFFF81C003F807E3C007C000F7C00F8000˙3FC01E00001FC01E00000FC03C000007C07C000007C078000003C078000003C0F8000001˙C0F8000001C0F8000001C0F8000000C0FC000000C0FC000000C0FC000000C07E00000000˙7F000000007F800000003FE00000003FFE0000001FFFE000000FFFFE000007FFFFC00003˙FFFFF00001FFFFFC00007FFFFE00000FFFFF000001FFFF8000001FFFC0000001FFC00000˙003FE00000000FF000000007F000000003F000000003F800000001F840000001F8C00000˙00F8C0000000F8C0000000F8C0000000F8E0000000F8E0000000F0E0000000F0F0000001˙F0F0000001E0F8000001E0FC000003C0FE00000780FF80000F00FBE0001E00F0FE00FC00˙E07FFFF800C00FFFE000C001FF8000253B7CB92E>I<3FFFFFFFFFFFE03FFFFFFFFFFFE0˙3FFFFFFFFFFFE03FC003FE001FE03E0001FC0003E07C0001FC0001F0780001FC0000F070˙0001FC000070700001FC000070700001FC000070600001FC000030600001FC0000306000˙01FC000030600001FC000030E00001FC000038C00001FC000018C00001FC000018C00001˙FC000018C00001FC000018000001FC000000000001FC000000000001FC000000000001FC˙000000000001FC000000000001FC000000000001FC000000000001FC000000000001FC00˙0000000001FC000000000001FC000000000001FC000000000001FC000000000001FC0000˙00000001FC000000000001FC000000000001FC000000000001FC000000000001FC000000˙000001FC000000000001FC000000000001FC000000000001FC000000000001FC00000000˙0001FC000000000001FC000000000001FC000000000001FC000000000001FC0000000000˙01FC000000000001FC000000000001FC000000000001FC000000000001FC000000000007˙FF000000001FFFFFFFC000001FFFFFFFC000001FFFFFFFC00035397DB83C>I<FFFFFE00˙07FFFEFFFFFE0007FFFEFFFFFE0007FFFE01FF0000007FE000FE0000001F8000FE000000˙0F0000FE000000060000FE000000060000FE000000060000FE000000060000FE00000006˙0000FE000000060000FE000000060000FE000000060000FE000000060000FE0000000600˙00FE000000060000FE000000060000FE000000060000FE000000060000FE000000060000˙FE000000060000FE000000060000FE000000060000FE000000060000FE000000060000FE˙000000060000FE000000060000FE000000060000FE000000060000FE000000060000FE00˙0000060000FE000000060000FE000000060000FE000000060000FE000000060000FE0000˙00060000FE000000060000FE000000060000FE000000060000FE000000060000FE000000˙0600007E0000000E00007E0000000C00007F0000000C00003F0000001C00003F00000018˙00001F8000003800001F8000003000000FC0000060000007C00000E0000003E00001C000˙0001F8000380000000FC000F000000007F807E000000001FFFF80000000007FFE0000000˙0000FF800000373A7DB83E>I E /Fg 139[45 45 45 1[45 1[45˙45 1[45 1[45 45 2[45 45 45 1[45 45[45 4[45 46[{}15 75.000000˙/Courier-Bold rf /Fh 81[48 51[39 44 41 66 45 48 26 33˙31 1[47 43 46 70 23 44 1[23 46 44 26 38 48 35 44 39 12[48˙1[53 8[27 66 3[61 56 48 61 13[39 4[20 1[20 4[22 39[{}37˙79.166672 /Palatino-Roman rf /Fi 140[51 36 1[56 4[51˙2[56 56 1[51 1[51 1[51 12[56 84[{}10 91.666664 /Helvetica-Bold˙rf end˙%%EndProlog˙%%BeginSetup˙%%Feature: *Resolution 600dpi˙TeXDict begin˙˙%%EndSetup˙%%Page: 1 1˙1 0 bop 0 191 a Fi(The)25 b(sphere)f(pac)n(ka)o(g)q(e)0˙440 y Fh(Her)o(e)19 b(ar)o(e)g(the)g(r)o(outines)g(deőned)h(in)f˙(the)g(őle)g Fg(sphere.inc)p Fh(.)27 b(This)20 b(package)h(is)f˙(concerned)f(with)g(drawing)h(on)g(spher)o(es.)0 589˙y Ff(R)-8 b(O)-14 b(U)i(T)g(I)-6 b(N)-12 b(E)g(:)286˙b Fe(axis)0 689 y Ff(A)-6 b(R)-14 b(G)h(U)h(M)c(E)-11˙b(N)e(T)h(S)j(:)162 b Fh(A)20 b(r)o(otation)g(matrix)f˙Fd(A)0 789 y Ff(R)-6 b(E)-12 b(T)g(U)g(R)g(N)g(S)i(:)274˙b Fh(The)20 b(axis)g(of)g(r)o(otation)0 938 y(Returns)f˙Fc(()p Fd(Ae)427 950 y Fb(0)483 938 y Fa(`)f Fd(e)605˙950 y Fb(0)642 938 y Fc())h Fa(^)f Fc(()p Fd(A)870˙950 y Fb(1)926 938 y Fa(`)g Fd(e)1048 950 y Fb(1)1085˙938 y Fc())p Fh(,)h(so)i(doesn’t)e(work)h(if)g(this)g(is)g˙Fc(0)p Fh(,)f(or)h(in)f(particulr)h(if)g Fd(e)2719 950˙y Fb(0)2776 938 y Fh(or)g Fd(e)2909 950 y Fb(1)2965 938˙y Fh(is)g(on)g(the)f(axis.)0 1088 y Ff(R)-8 b(O)-14 b(U)i(T)g(I)-6˙b(N)-12 b(E)g(:)286 b Fe(great-cir)o(c)o(le)0 1187 y˙Ff(A)-6 b(R)-14 b(G)h(U)h(M)c(E)-11 b(N)e(T)h(S)j(:)162˙b Fc([)p Fd(w)712 1199 y Fb(0)773 1187 y Fd(w)832 1199˙y Fb(1)870 1187 y Fc(])19 b Fh(and)i Fd(t)0 1287 y Ff(R)-6˙b(E)-12 b(T)g(U)g(R)g(N)g(S)i(:)274 b Fh(The)20 b(point)g˙Fd(‚)5 b Fc(()p Fd(t)p Fc())20 b Fh(on)f(the)g(ar)o(c)h(fr)o(om)g˙Fd(w)1758 1299 y Fb(0)1815 1287 y Fh(to)g Fd(w)1963 1299˙y Fb(1)2000 1287 y Fh(.)0 1436 y(This)g(is)g(used)g(in)g˙Fg(mkpath3d)e Fh(to)i(parametrize)g(the)f(spherical)i(ar)o(c)f(fr)o(om)˙f Fd(w)2266 1448 y Fb(0)2324 1436 y Fh(to)g Fd(w)2471˙1448 y Fb(1)2509 1436 y Fh(.)28 b(Assumes)21 b Fd(w)2953˙1448 y Fb(1)3010 1436 y Fh(perpendicular)f(to)g Fd(w)3672˙1448 y Fb(0)3710 1436 y Fh(.)0 1586 y Ff(R)-8 b(O)-14˙b(U)i(T)g(I)-6 b(N)-12 b(E)g(:)286 b Fe(sphere-ar)o(c)0˙1685 y Ff(A)-6 b(R)-14 b(G)h(U)h(M)c(E)-11 b(N)e(T)h(S)j(:)162˙b Fd(L)p Fh(,)19 b Fd(w)785 1697 y Fb(0)823 1685 y Fh(,)g˙Fd(w)921 1697 y Fb(1)959 1685 y Fh(,)g Fd(N)0 1785 y˙Ff(R)-6 b(E)-12 b(T)g(U)g(R)g(N)g(S)i(:)274 b Fh(Constr)o(ucts)20˙b(the)f(spherical)i(path)f(fr)o(om)g Fd(w)1917 1797 y˙Fb(0)1974 1785 y Fh(to)g Fd(w)2122 1797 y Fb(1)2159 1785˙y Fh(.)0 1934 y(I.e.)27 b(the)19 b(whole)h(spherical)g(path)g(in)g˙Fd(N)29 b Fh(Bezier)20 b(segments,)f(on)g(the)g(unit)g(spher)o(e)h˙(transformed)g(by)g(the)f(3D)h(location)g(matrix)f Fd(L)p˙Fh(.)0 2084 y Ff(R)-8 b(O)-14 b(U)i(T)g(I)-6 b(N)-12˙b(E)g(:)286 b Fe(horizon)0 2183 y Ff(A)-6 b(R)-14 b(G)h(U)h(M)c(E)-11˙b(N)e(T)h(S)j(:)162 b Fh(axis)0 2283 y Ff(R)-6 b(E)-12˙b(T)g(U)g(R)g(N)g(S)i(:)274 b Fh(The)20 b(point)g(wher)o(e)e(the)h(gr)o˙(eat)h(cir)o(cle)f(ar)o(ound)g(the)h(axis)g(goes)g(fr)o(om)f(visible)g˙(to)h(invisible.)0 2433 y Ff(R)-8 b(O)-14 b(U)i(T)g(I)-6˙b(N)-12 b(E)g(:)286 b Fe(true-horizon)0 2532 y Ff(A)-6˙b(R)-14 b(G)h(U)h(M)c(E)-11 b(N)e(T)h(S)j(:)162 b Fd(R)q˙Fh(,)19 b Fd(w)792 2544 y Fb(0)830 2532 y Fh(,)g Fd(w)928˙2544 y Fb(1)0 2632 y Ff(R)-6 b(E)-12 b(T)g(U)g(R)g(N)g(S)i(:)274˙b Fh(The)20 b(point)g(wher)o(e)e(the)h(gr)o(eat)h(cir)o(cle)f(fr)o(om)g˙Fd(R)q(w)2063 2644 y Fb(0)2120 2632 y Fh(to)h Fd(R)q(w)2332˙2644 y Fb(1)2389 2632 y Fh(fr)o(om)f(visible)g(to)h(invisible.)0˙2781 y(Assumes)g Fd(R)h Fh(a)f(r)o(otation)f(matrix,)g˙Fd(w)1102 2793 y Fb(0)1160 2781 y Fh(visible.)0 2931˙y Ff(R)-8 b(O)-14 b(U)i(T)g(I)-6 b(N)-12 b(E)g(:)286˙b Fe(spherical-to-rect)0 3030 y Ff(A)-6 b(R)-14 b(G)h(U)h(M)c(E)-11˙b(N)e(T)h(S)j(:)162 b Fc([)p Fd(R)24 b(’)f(„)r Fc(])0˙3130 y Ff(R)-6 b(E)-12 b(T)g(U)g(R)g(N)g(S)i(:)274 b˙Fc([)p Fd(x)24 b(y)h(z)t Fc(])0 3279 y Fh(Converts)19˙b(spherical)i(to)e(r)o(ectangular)h(coor)o(dinates.)p˙eop˙%%Trailer˙end˙userdict /end-hook known{end-hook}if˙%%EOF˙.

Assumes R a rotation matrix, w 0 visible.

ROUTINE: spherical-to-rect ARGU