uler’s Theorem

Russ MacKenzie

Faces: 14 Edges: 36 Vertices: 24 F - E + V = 2

Example: A tetrahedron

Step F E V Sum 0 4 6 4 2

Step 1: Remove a face; reduce to graph. Step 2: Break all faces into triangles. Step 3: Remove 2 edged faces. Step 4: Remove a 1 edged face.

Example: A tetrahedron

Step F E V Sum 0 4 6 4 2

Step 1: Remove a face; reduce to graph. Step 2: Break all faces into triangles. Step 3: Remove 2 edged faces. Step 4: Remove a 1 edged face.

We are down to a triangle, which has 2 faces, 3 vertices and 3 edges. This is our base case.

Non-convex example: a capital E

Step F E V Sum 0 14 36 24 2

Step 1: Remove a face; reduce to graph. Step 2: Break all faces into triangles. Step 3: Remove all 2 edged faces. Step 4: Remove a single 1 edged face.

Animation: 0 of 66

Non-convex example: a capital E

Step F E V Sum 0 14 36 24 2

Step 1: Remove a face; reduce to graph. Step 2: Break all faces into triangles. Step 3: Remove all 2 edged faces. Step 4: Remove a single 1 edged face.

Animation: 1 of 66

Non-convex example: a capital E

Step F E V Sum 0 14 36 24 2

Step 1: Remove a face; reduce to graph. Step 2: Break all faces into triangles. Step 3: Remove all 2 edged faces. Step 4: Remove a single 1 edged face.

Animation: 2 of 66

Non-convex example: a capital E

Step F E V Sum 0 14 36 24 2

Step 1: Remove a face; reduce to graph. Step 2: Break all faces into triangles. Step 3: Remove all 2 edged faces. Step 4: Remove a single 1 edged face.

Animation: 3 of 66

Non-convex example: a capital E

Step F E V Sum 0 14 36 24 2

Step 1: Remove a face; reduce to graph. Step 2: Break all faces into triangles. Step 3: Remove all 2 edged faces. Step 4: Remove a single 1 edged face.

Animation: 4 of 66

Non-convex example: a capital E

Step F E V Sum 0 14 36 24 2

Step 1: Remove a face; reduce to graph. Step 2: Break all faces into triangles. Step 3: Remove all 2 edged faces. Step 4: Remove a single 1 edged face.

Animation: 5 of 66

Non-convex example: a capital E

Step F E V Sum 0 14 36 24 2

Step 1: Remove a face; reduce to graph. Step 2: Break all faces into triangles. Step 3: Remove all 2 edged faces. Step 4: Remove a single 1 edged face.

Animation: 6 of 66

Non-convex example: a capital E

Step F E V Sum 0 14 36 24 2

Step 1: Remove a face; reduce to graph. Step 2: Break all faces into triangles. Step 3: Remove all 2 edged faces. Step 4: Remove a single 1 edged face.

Animation: 7 of 66

Non-convex example: a capital E

Step F E V Sum 0 14 36 24 2

Step 1: Remove a face; reduce to graph. Step 2: Break all faces into triangles. Step 3: Remove all 2 edged faces. Step 4: Remove a single 1 edged face.

Animation: 8 of 66

Non-convex example: a capital E

Step F E V Sum 0 14 36 24 2

Step 1: Remove a face; reduce to graph. Step 2: Break all faces into triangles. Step 3: Remove all 2 edged faces. Step 4: Remove a single 1 edged face.

Animation: 9 of 66

Non-convex example: a capital E

Step F E V Sum 0 14 36 24 2

Step 1: Remove a face; reduce to graph. Step 2: Break all faces into triangles. Step 3: Remove all 2 edged faces. Step 4: Remove a single 1 edged face.

Animation: 10 of 66

Non-convex example: a capital E

Step F E V Sum 0 14 36 24 2

Step 1: Remove a face; reduce to graph. Step 2: Break all faces into triangles. Step 3: Remove all 2 edged faces. Step 4: Remove a single 1 edged face.

Animation: 11 of 66

Non-convex example: a capital E

Step F E V Sum 0 14 36 24 2

Step 1: Remove a face; reduce to graph. Step 2: Break all faces into triangles. Step 3: Remove all 2 edged faces. Step 4: Remove a single 1 edged face.

Animation: 12 of 66

Non-convex example: a capital E

Step F E V Sum 0 14 36 24 2 0 14 36 24 2

Step 1: Remove a face; reduce to graph. Step 2: Break all faces into triangles. Step 3: Remove all 2 edged faces. Step 4: Remove a single 1 edged face.

Animation: 13 of 66

Non-convex example: a capital E

Step F E V Sum 0 14 36 24 2 0 14 36 24 2

Step 1: Remove a face; reduce to graph. Step 2: Break all faces into triangles. Step 3: Remove all 2 edged faces. Step 4: Remove a single 1 edged face.

Animation: 14 of 66

Non-convex example: a capital E

Step F E V Sum 0 14 36 24 2 0 14 36 24 2

Step 1: Remove a face; reduce to graph. Step 2: Break all faces into triangles. Step 3: Remove all 2 edged faces. Step 4: Remove a single 1 edged face.

Animation: 15 of 66

Non-convex example: a capital E

Step F E V Sum 0 14 36 24 2 0 14 36 24 2

Step 1: Remove a face; reduce to graph. Step 2: Break all faces into triangles. Step 3: Remove all 2 edged faces. Step 4: Remove a single 1 edged face.

Animation: 16 of 66

Non-convex example: a capital E

Step F E V Sum 0 14 36 24 2 0 14 36 24 2

Step 1: Remove a face; reduce to graph. Step 2: Break all faces into triangles. Step 3: Remove all 2 edged faces. Step 4: Remove a single 1 edged face.

Animation: 17 of 66

Non-convex example: a capital E

Step F E V Sum 0 14 36 24 2 0 14 36 24 2

Step 1: Remove a face; reduce to graph. Step 2: Break all faces into triangles. Step 3: Remove all 2 edged faces. Step 4: Remove a single 1 edged face.

Animation: 18 of 66

Non-convex example: a capital E

Step F E V Sum 0 14 36 24 2 0 14 36 24 2

Step 1: Remove a face; reduce to graph. Step 2: Break all faces into triangles. Step 3: Remove all 2 edged faces. Step 4: Remove a single 1 edged face.

Animation: 19 of 66

Non-convex example: a capital E

Step F E V Sum 0 14 36 24 2 0 14 36 24 2

Step 1: Remove a face; reduce to graph. Step 2: Break all faces into triangles. Step 3: Remove all 2 edged faces. Step 4: Remove a single 1 edged face.

Animation: 20 of 66

Non-convex example: a capital E

Step F E V Sum 0 14 36 24 2 0 14 36 24 2

Step 1: Remove a face; reduce to graph. Step 2: Break all faces into triangles. Step 3: Remove all 2 edged faces. Step 4: Remove a single 1 edged face.

Animation: 21 of 66

Non-convex example: a capital E

Step F E V Sum 0 14 36 24 2 0 14 36 24 2

Step 1: Remove a face; reduce to graph. Step 2: Break all faces into triangles. Step 3: Remove all 2 edged faces. Step 4: Remove a single 1 edged face.

Animation: 22 of 66

Non-convex example: a capital E

Step F E V Sum 0 14 36 24 2 0 14 36 24 2

Step 1: Remove a face; reduce to graph. Step 2: Break all faces into triangles. Step 3: Remove all 2 edged faces. Step 4: Remove a single 1 edged face.

Animation: 23 of 66

Non-convex example: a capital E

Step F E V Sum 0 14 36 24 2 0 14 36 24 2

Step 1: Remove a face; reduce to graph. Step 2: Break all faces into triangles. Step 3: Remove all 2 edged faces. Step 4: Remove a single 1 edged face.

Animation: 24 of 66

Non-convex example: a capital E

Step F E V Sum 0 14 36 24 2 0 14 36 24 2 1 14 36 24 2

Step 1: Remove a face; reduce to graph. Step 2: Break all faces into triangles. Step 3: Remove all 2 edged faces. Step 4: Remove a single 1 edged face.

Animation: 25 of 66

Non-convex example: a capital E

Step F E V Sum 0 14 36 24 2 0 14 36 24 2 1 14 36 24 2

Step 1: Remove a face; reduce to graph. Step 2: Break all faces into triangles. Step 3: Remove all 2 edged faces. Step 4: Remove a single 1 edged face.

Animation: 26 of 66

Non-convex example: a capital E

Step F E V Sum 0 14 36 24 2 0 14 36 24 2 1 14 36 24 2

Step 1: Remove a face; reduce to graph. Step 2: Break all faces into triangles. Step 3: Remove all 2 edged faces. Step 4: Remove a single 1 edged face.

Animation: 27 of 66

Non-convex example: a capital E

Step F E V Sum 0 14 36 24 2 0 14 36 24 2 1 14 36 24 2

Step 1: Remove a face; reduce to graph. Step 2: Break all faces into triangles. Step 3: Remove all 2 edged faces. Step 4: Remove a single 1 edged face.

Animation: 28 of 66

Second, we know that the sum of the interior angles of a regular apolygon is (V-2)*180 degrees. Each interior angle is then (V-2)*180/V.

For all regular polygons with 6 or more vertices, each interior angle is 120 degrees or more. But we know at least 3 polygons must meet at a vertex, because otherwise the polyhedron would collapse to a plane. If the polygons making up our regular convex polyhedron had 6 or more vertices per side, it would violate our assertion that the sum of the angles around a vertex is less than 360 degrees. Therefore, there must be between 3 and 5 (inclusive) vertices.

Sum of Interior Angles

180

360

540

720

60 degrees

90 degrees

108 degrees

120 degrees

Attempting to attach 3 heptagons in the plane. Clearly they don’t fit.

Algebra Warning! But I swear, it’s worthwhile.

Let assume we have a regular convex polyhedron {p, q}, where p is the number of edges per face, and q is the number of edges (faces) that meet at each vertex. We have already shown that p is between 3 and 5, and as per our previous discussion, q must be greater than or equal to 3, otherwise the polyhedron would collapse to a plane. Since each edge connects two faces (the polyhedron is closed), pF=2E. Since each edge also connects two vertices, qV=2E. Substituting these into Euler’s Formula F - E + V = 2 we get 2E/p - E + 2E/q = 2, and rearranging and dividing by 2E we get 1/p + 1/q = 1/2 + 1/E. p and q cannot both be greater than 3. To see why, let p = q = 4, the least offensive case. Then 1/4 + 1/4 = 1/2 + 1/E, which simplifies down to 0 = 1/E. Then let p = 3. What values of q are still allowed? 1/3 + 1/q = 1/2 + 1/E, which simplifies to 1/q - 1/6 = 1/E. The left hand side must always be greater than 0, and q greater than or equal to 3, so only the values 3, 4 or 5 are allowed for q.

Formula F E V Name {3,3} {3,4} {3,5} {4,3} {5,3}

4 8 20 6 12

6 12 30 12 30

4 6 12 8 20

Tetrahedron Octahedron Icosahedron Cube Dodecahedron

Animations on next (final) page!