Mathematics 446 — sixth assignment solutions

Exercise 1. Use the binomial theorem to calculate v/999 correct to 17 decimals after the decimal point.

(1—1/1000)*%=1-1/3-107% + (1/3)(;¢10—6

_@/3)a/3 *3!1)(1/3*2) 1079 4+ (1/3)(1/3*1)(1{3*2)(1/3*3) 107124 ...

which is also
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The sum of negative terms is the sum of the rows
00 003 3333333333333 3 3
o0 0000011111111 11111
00 000OOOO0OO0OOOOG6G17 2383951
00 000O0OOO0OOO0OOOOOOM4T1T15 23
00 000OOOO0OOOOOOO0OOO0OTO0O3O0 2
00 000OOOO0OOOOOOOOO0OTO0OO0OTQO0OO

which you can add by hand. Note that nowhere do you need to do any fancy calculation with lots of digits,
since as the fractions get more complicated the number of digits needed goes down.

Exercise 2. Assuming you were using the series

/z dt . $3+$5i
— _=—arctanz =3 — — + — £+ ---
o 1+1¢2 3 5

with x = 1/\/?;, how many terms would you have to use to get w to 20 decimals?

Because this is an alternating series, the error is bounded by the first term left out. Therefore we just have
to find n such that 2" /(2n + 1) < 1072, This happens first around n = 38.

Exercise 3. Use the Taylor series for e to compute it to 17 decimals’ accuracy.
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0 10 0 000000O0OO0OO0OOOOO0OTO0OO0O®O0OOQO
1 10 0 000000O0O0OO0OOOOO0OO0OO0O®O0OOQO
2 05 0 00OO0OO0OO0OO0OO0OO0OO0OO0OOO0OO0OO0OTU 0O
3 01 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6
4 00 41 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6
5 00 0 8 3 3333333333333 3 3
6 00 01 3 8 8 8 8 8 8 8 8 8 8 8 8 &8 8 8
7 00 001 98 4126 984126 9 84
8 00 0 0024801587 3015873
9 00 00002 75 5 7319 2239 86
10 00 000002755 731922399
11 00 0 00OO0OO0O0O2 505 21083285 4
12 00 0 0O0OOO0OO0OO0O2O087 6 756 9 87
13 00 0 0O0OOO0OOO0OO0O1G6 05 9043 8 4
14 00 0 00OOO0OO0OO0OCO0OT1I 14 77T 45 59
15 00 0 0OOO0OO0OO0OOO0OO0OO0OTYT 6 47 1FC6 4
15 00 0 000O0OOOOOOOOTES6G 4713
16 00 0 00O0OO0OOOOOO0OOO0OM4T7TT7T9 5
17 00 0 0OOOO0OO0OOOOOODO0OOO0OZ2Z8 11
18 00 0 0OOO0OOO0OOOO0OO0OOOO0OO0OT1I 56
19 00 0 0OOOO0OOOOGOOTO0OOOTOO0OTO0OO0 8
20 00 0 00O0OO0O0OO0OOOO0OO0OOOOO0OO0OTG 0O

Exercise 4. Read Dedekind’s essay. (a) The sqequence x,, converges to x if for any € > 0 there exists N such
that |x — x| < e if n > N. (b) Prove that if x,, is an increasing sequence of numbers that is bounded, then
it converges to a number x. (c) Prove that if z,, is a sequence of terms which alternate in sign and decrease
in value, then the series

T+ To+ o, +

converges to a real number.

(b) Each z,, is a cut (A4,, By), by definition of a real number. Since the z,, are increasing, A, C A,41.
Define A to be the union of all the A,,, and let B be the complement of A, or the intersection of all the B,,.
Because the sequence is bounded, the set B is not empty. It is easy to see that (A4, B) is a cut: (a) If a is a
rational number in A and b one in B, than a lies in some A,,, while b lies in B,,. Therefore a < b. Therefore
B contains an infinity ofrational numbers. Hence (A, B) is a cut. It is possible that B has a least element,
in which case we move it to A. Then (A4, B) by definition defines a real number, call it . Proving that the
x, converge to x according to the definition in (a) is easy. We shall show that given & > 0 there exists N
such that x — z, < e forn > N. Well x — ¢ < x, and so by one of Dedekind’s results there exists a rational
r with x — e <r < z. Then r € A, hence lies in some Ay, then in all A,, with n > N since then Ay C A,.
But then for n > N we have A, . CAy C A, C A, s0x—e<z, <.

(c) Suppose the terms start out positive. Then the sums
(.Tl — 3?2), (371 — :1?2) + (1'3 — :174), L.

are an increasing sequence bounded by x1. Apply (b).

Exercise 5. (a) Prove that the sequence
xn=01+1/n)"

is increasing and bounded and therefore converges to some real number.
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We have

1 n—l 1 n! 1\"
1+1/n)"=14n-= - =
(1+1/n) o n (n) n! (n)

1
=1+1+ 3 (1-1/n)+ 3 (1-1/n)(1—=2/n)+---+(1/n)" + alot of zeroes
The k-th term is less than 1/k! so the entire series is less than that for e, which we know by comparison to
a geometric series to be less than 3. Furthermore, as n increases each term increases, so the entire sum is as
well.

Exercise 6. (a) Define the product of two real numbers in Dedekind’s sense. (b) Using Dedekind’s definitions,

prove that V23 = /6.

(a) There are several cases, according to sign. The technical difficulty is that negative times negative is
positive. The only important case is that where both are positive. So suppose x = (A4, By), y = (4y, By)
are both positive. Let A} be the positive numbers in A,, A} those in A,. Define AY to be the set of rs
with 7 in Af, s in A}, and let A, be the set of all numbers either in A}, or less than a number if Af . Let
B,y be the complement of A, with a least element swapped over to A,y if necessary.

(b) Dedekind defines v/N to be A} together with all less than something in A, N if AJ\FF is the set of all

r > 0 with r2 < N. To show v/2v/3 = v/6 amounts to showing that A%A;g = A+6.

If r?2 < 2 and s? < 3 then (rs)? < 6, so one inclusion is OK. Conversely, it must be shown that if t> < 6 then
we can write t = rs with r? < 2 and s? < 3. I leave this as an exercise.



