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Suppose G to be a reductive group defined over an algebraically closed field k. There exist in G' maximal
subgroups which are tori, that is to say algebraically isomorphic to a product of copies of k. Fix one of
them, say A. The adjoint action of A on g is the direct sum of eigenspaces. The 0-eigenspace is a, and
the rest are of dimension one. An eigencharacter A # 0 is called a root of the Lie algebra. Let ¥ be the
set of all roots, a subset of the group

X*(A) = Hom(A, G,,)

of algebraic characters of A. Associated to each root )\ is an eigenspace g and a corresponding subgroup
Uy of G isomorphic to the additive group G,. There also exist in G maximal solvable subgroups
containing A, called Borel subgroups . Such a group B contains a normal unipotent subgroup U such
that the quotient B/U is isomorphic to A. Fix one of these Borel subgroups.

The standard example is G = GL,,, with A the group of diagonal matrices, B that of upper triangular
matrices, U the subgroup of unipotent matrices in B. If ¢; is the character

t7 0 O 0
0 t2 0 ... O
0 0 tg ... Ofr—t;,
0 0 0 ... t,

the roots are ¢; /¢ for ¢ # j, written additively ; — €.

The Lie algebra of U is the direct sum of root spaces gy. If 3T is the set of roots occurring, which are
called positive roots , then X is the disjoint union of X and ¥~ = —X*. There exists in ¥ a subset
A with the property that every A > 0 is a unique integral linear combination of elements of A with
non-negative coefficients. It is called a basis of ¥. For each A > 0, choose an isomorphism u of G, with
Uy. There then exists a unique isomorphism u_» of G, with U_ such that

ux(—z)u_x(1/x)ux(—x)

lies in the normalizer of A. There exists a unique homomorphism A\ from SL; to G taking

L] e [L 9],

The condition on u_  is motivated by the equation

1 —z|[1 0][1 —z] [l—-2y —2z+2%
0 1|y 1|0 1| Yy 11—y ’
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which shows that the left hand side will lie in the normalizer of the diagonal matrices in SL, if and only
ify =1/x. Wheny = 1/x, we have

A e A R A B

Let X..(A) be the group of cocharacters of A, the group of algebraic homomorphisms from G, to A. If
we assign A coordinates (z;) then the characters are all of the form [[z** and the cocharacters of the
form ¢t — (™), so both groups X*(A) and X, (A) are free modules over Z. They are canonically dual
to each other. Given A in X, (A) and u in X, (A), the pairing is defined by the equation

n(\ (@) = 2
for z in k*. The homomorphism A" from SLs to G determines also the cocharacter

z 0 AV
:L'r—>[0 1/m]»—>ACG,

which I'll also express as AY.

The Weyl group W of G with respect to A is the quotient of the normalizer Ng(A) by A. For a fixed A,
all the s»(z) have the same image in W. The group W is generated by the images of the s, (1) for a in
A. The Weyl group W acts on X *(A) by conjugation, and the s (1) act as reflections. Elements of W,
and in particular the reflections sy, take ¥ into itself. For G = GL,,, for example, the reflections swap ¢;
and €;.

As we shall see in the next section, this means that reductive groups give rise to root systems . Important
properties of these groups follow immediately from properties of their root systems, which are worth
studying on their own. This chapter is concerned with the structure of abstract root systems. Applications
to the structure of reductive groups will come later.

1. Definitions

I first recall that a reflection in a finite-dimensional vector space is a linear transformation that fixes
vectors in a hyperplane, and acts on a complementary line as multiplication by —1. Every reflection can
be written as

vi— v = (f,o)f"

for some linear function f # 0 and vector f with (f, fV) = 2. The function f is unique up to non-zero
scalar.

I define a root system to be

e a quadruple (V,X, VY, XV) where V is a finite-dimensional vector space over R, V'V its linear
dual, ¥ a finite subset of V' — {0}, ¥V a finite subset of V¥ — {0};
e abijection A — AV of ¥ with ¥V

subject to these conditions:
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e foreach Ain %, (A, A\Y) =2
e for each A and pin 3, (A, V) lies in Z;
e for each A the reflection
sxi v v — (v, AV)A

takes X to itself. Similarly the reflection
syvi v v — (A 0)AY

in V'V preserves XV.

Sometimes the extra condition that > span V' is imposed, but often in the subject one is interested in
subsets of > which again give rise to root systems and do not possess this property even if the original
does.

In case V is spanned by V (X), the condition that XV be reflection-invariant is redundant.
One immediate consequence of the definition is that if A is in ¥ sois —A = sy A.

The elements of ¥ are called the roots of the system, those of £V its coroots . The rank of the system
is the dimension of V, and the semi-simple rank is that of the subspace V' (X) of V spanned by X. The
system is called semi-simple if > spans V.

If (V, %, VV,3V) is a root system, so is its dual (VV, XV, V, ).

The Weyl group of the system is the group W generated by the reflections s . As a group, it is isomorphic
to the Weyl group of the dual system, because:

[wdual] Proposition 1.1.  The contragredient of s is syv.
Proof. It has to be shown that
(sau,v) = (u, $pvv) .
The first is
<U - <U, )\\/>>\’ U> = <ua U> - <ua /\\/><)\, 1)>

and the second is
(u,v — (N VIANY) = (u,v) — (A, v){u, AV .

Define the linear map
pV—VY v Z(v,)\v))\v
PYEDS!

and define a symmetric dot product on V' by the formula

wev = (u,p(v)) =Y (u, \) {0, X" .

Aex

The semi-norm

Jol? = vev = 3 {0, A%)?

AEX

is positive semi-definite, vanishing precisely on the v with (v, AY) = 0 for all A in X. In particular
IAll > 0 for all roots \. Since XV is W-invariant, the semi-norm ||v||? is also W-invariant. Its radical is
the space of v annihilated by ¥V.

[norms] Proposition 1.2.  For every root A
IAIZAY = 2p(X) .
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The important consequence of this is that some scalar multiple of A — A" is the restriction of a linear
map to 2.

Proof. For every 11 in
sywp’ = p' = (A p )N
AN = pY = swp’
A2 A = O )Y = (A Y )sav
= A )Y+ (sad 1) sav
= (M) (s )sav
But since s,v is a bijection of XV with itself, we can conclude by summing over x in X.

[dot-product] Corollary 1.3. For every v in V and root A
(0, V) =2 <§§> .
Thus the formula for the reflection s is that for an orthogonal reflection
S\xv=v—2 (i:i\\) .

[equi-ranks] Corollary 1.4. The semi-simple ranks of a root system and of its dual are equal.

Proof. The map
A [AI# A

is the same as the linear map 2p, so p is a surjection from V(X) to VV(XV). Apply the same reasoning
to the dual system to see that p¥op must be an isomorphism, hence p an injection as well.

[spanning] Corollary 1.5. The space V() spanned by X is complementary to the space Vxv annihilated by all \¥
inXV.

Proof. Because the kernel of p is Vgv.
[weyl-finite] Corollary 1.6. The Weyl group is finite.
Proof. 1t fixes all v annihilated by ¥V and therefore embeds into the group of permutations of X.

[wvee] Corollary 1.7. For all roots A and p
(s,\,u)v = S)\v,uv .

Proof. We have ) y
2p(sap) = [lsapll”(sap)

= ||l (sap)¥
= p(p — (, AV)N)
= p(p) = (p, AY)p(N)
= [llPpY = AV IAIPAY
soallinall [|ul*(sap)” = [[ull?1" = (s, AV)IAIPAY.
On the other hand,
alPsav i = ([l (1" = (0, )XY
= [P = Nl N )Y
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so it suffices to verify that
10 127) = A1, AY)

which reduces in turn to the known identity

(A p(p)) = (1, p(N)) -

[semi-simple] Proposition 1.8. The quadruple (V (X), 3, VY(XY), V) is a root system.
It is called the semi-simple root system associated to the original.

[intersection] Proposition 1.9. Suppose U to be a vector subspace of V, Xy = X NU, £, = (Xy)Y. Then
(V. Xy, VY, X)) is a root system.

& [wvee] Proof. The only tricky point is to show that X}; is stable under reflections. This follows from Corollary
17.

2. Hyperplane partitions

Suppose (V, 3, VY, EV) to be a root system. Associated to it are two partitions of V'V by hyperplanes.
The first is that of hyperplanes A¥ = 0 for AV in XV. The other is by hyperplanes A = k in V'V where
A is a root and k an integer. Each of these configurations is stable under Euclidean reflections in these
hyperplanes. Our goal in this section and the next few is to show that the connected components of the
complement of the hyperplanes in either of these are open fundamental domains for the group generated
by these reflections, and to relate geometric properties of this partition to combinatorial properties of
this group. In this section we shall look more generally at the partition of Euclidean space associated to
an arbitrary locally finite family of hyperplanes, an exercise concerned with rather general convex sets.

Thus suppose for the moment V' to be any Euclidean space, h to be a locally finite collection of affine
hyperplanes in V.

A connected component C' of the complement of fy in V' will be called a chamber . If H is in b then C will
be contained in exactly one of the two open half-spaces determined by H, since C' cannot intersect H.
Call this half space Dy (C).

[allh] Lemma 2.1. If C' is a chamber then
C= () DulC).

Heh

Proof. Of course C'is contained in the right hand side. On the other hand, suppose that z lies in C' and
that y is contained in the right hand side. If H is in §j then the closed line segment [z, y] cannot intersect
H, since then C and y would lie on opposite sides. So y lies in C' also.

Many of the hyperplanes in § will be far away, and they can be removed from the intersection with-
out harm. Intuitively, only those hyperplanes that hug C closely need be considered, and the next
(elementary) result makes this precise.

A panel of C is a face of C of codimension one, a subset of codimension one in the boundary of C.
The support of a panel will be called a wall. A panel with support H is a connected component of the
complement of the union of the H, N H as H, runs through the other hyperplanes of . Both chambers
and their faces are convex.

A chamber might very well have an infinite number of panels, for example if fj is the set of tangent lines
to the parabola y = 2% at points with integral coordinates.
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[wallsfirst] Lemma 2.2. Suppose C' to be a chamber, H, in b, and

[chambers]

C.= () Dul(C).
H#H.,
If C. # C then H. is a bounding hyperplane of C'.
The set C, will be the union of two chambers containing a common panel.

Proof. Pick z in C and y in C, butnot in C. The closed segment [z, y] must meet a hyperplane of §, but
this can only can only be H,. Let z be the intersection.

Then on the one hand a small enough neighbourhood of z will not meet any other hyperplane of f, and
on the other the interval [z, z) must lie in C. Therefore H. is a panel of C.

Proposition 2.3. A chamber is the intersection of half-spaces determined by its panels.

That is to say, there exists a collection of affine functions f such that C' is the intersection of the regions
f > 0, and each hyperplane f = 0 for f in this collection is a panel of C'.

Proof. Suppose H, to be a hyperplane in § that is not a panel of C then by the previous Lemma,
C = Nuzp, Du(C). An induction argument shows that if S is any finite set of hyperplanes in b of
which none are walls, then C' = Ng¢gDp(C).

Suppose that y lies in the intersection of all the Ny D (C') as H varies over the walls of C. Choose x in
C. Let T be set of hyperplanes that [z, y] crosses. It is finite, since b is locally finite. It cannot cross any
walls, by choice of y. But then T" must be empty and y actually lies in C.
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3. Discrete reflection groups

Much of this section can be found most conveniently in §V.3 of [Bourbaki:1968], but originates with
Coxeter. The motivation for the investigation here is that if ¥ is a set of roots in a Euclidean space V, then
there are two associated families of hyperplanes: (1) the linear hyperplanes o = 0 for v in ¥ and (2) the
affine hyperplanes a + k = 0 for a in ¥ and k an integer. Many of the properties of root systems are a
direct consequence of the geometry of hyperplane arrangements rather than the algebra of roots, and it
is useful to isolate geometrical arguments. Affine configurations play an important role in the structure
of p-adic groups.

For any hyperplane H in a Euclidean space let s be the orthogonal reflection in H. A Euclidean root
configuration is a locally finite collection b of hyperplanes that’s stable under each of the orthogonal
reflections sy with respect to H in ). The group W generated by these reflections is called the Weyl
group of the configuration. Each hyperplane is defined by an equation A\ (v) = fy ev + k = 0 where
fu may be taken to be a unit vector. The vector GRAD(Ag) = fg is uniquely determined up to scalar
multiplication by 1. We have the explicit formula

spgv=v—2 g (v) fu .

The essential dimension  of the system is the dimension of the vector space spanned by the gradients f .

A chamber is one of the connected components of the complement of the hyperplanes in the collection.
All chambers are convex and open.

Two configurations will be considered equivalent if they are the same up to an affine transformation.
Let’s look first at those configurations for which the Weyl group is a dihedral group , one generated by
orthogonal reflections in two hyperplanes. There are two cases, according to whether the hyperplanes
are parallel or not.

The first case is easiest. Let H; and Hy be the two parallel hyperplanes. The product 7 = sg, 55, is a
translation, and the hyperplanes 7 (H1) and 7"(Hz2) form a Euclidean root configuration. Conversely,
any Euclidean root configuration in which all the hyperplanes are parallel arises in this way. We are
dealing here with an essentially one-dimensional configuration. The group W is the infinite dihedral
group.

Now suppose H; and H> to be two hyperplanes intersecting in a space L of codimension 2. The entire
configuration is determined by that induced on the quotient V/L, so we may as well assume V to be of
dimension two. The ‘hyperplanes” in this case are just lines. The product 7 = sy, sp, is a rotation, say
through angle #. The hyperplanes 7™ (H1) and 7" (H>) will form a locally finite collection if and only if
7 has finite order. In this case 6 will be a multiple of 27 /m for some m > 0, and replacing one of the
hyperplanes if necessary we may as well assume 6 = 27 /m. In this case the angle between H; and H»
will be m/m. There are m hyperplanes in the whole collection. In the following figure, m = 4.
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3R
3k
Q

Suppose C' to be a chamber of the configuration, and let o and 3 be unit vectors such that C'is the region
of all z where cwez > 0 and B ez > 0. As the figure illustrates, o e 5 = — cos(m/m). Conversely, to each
m > 1 there exists an essentially unique Euclidean root configuration for which W' is generated by two
reflections in the walls of a chamber containing an angle of 7/m. The group W has order 2m, and is
called the dihedral group of order 2m.

In summary for the dihedral case:

[rank-two] Proposition 3.1.  Suppose o and (3 to be two affine functions, s, and sg the orthogonal reflections in the
hyperplanes oo = 0 and 3 = 0. If the region in which o > 0 and 3 > 0 is a fundamental domain for the
group generated by s, and sg, then

GRAD(a) e GRAD(3) = — cos(m/m)

where m is the order (possibly co) of the rotation s,sg3.

Now assume again that § is an arbitrary Euclidean root configuration. Fix a chamber C, and let A be a
set of affine functions « such that « = 0is a wall of C'and v > 0 on C. For each subset © C A, let Wg
be the subgroup of W generated by the s, with a in ©.

[non-pos] Proposition 3.2.  For any distinct & and 3 in A, GRAD(«) ¢« GRAD((3) < 0.

Proof. The group W, g generated by s, and sg is dihedral. If P and () are points of the faces defined
by aeand 3, respectively, the line segment from P to () crosses no hyperplane of ). The region ave z > 0,
& [rank-two] 3 ez > 0 is therefore a fundamental domain for W, 3. Apply Proposition 3.1.

& [chambers] Suppose C' tobe a chamber of the hyperplane partition. According to Proposition 2.3, C'is the intersection
of the open half-spaces determined by its walls, the affine supports of the parts of its boundary of
codimension one. Reflection in any two of its walls will generate a dihedral group.

[walls-finite] Corollary 3.3. The number of panels of a chamber is finite.

Proof. If V has dimension n, the unit sphere in V' is covered by the 2n hemispheres x; > 0, x; < 0. By
& [non-pos] Proposition 3.2, each one contains at most one of the GRAD(a) in A.

[separating-finite] Lemma 3.4. If b is a locally finite collection of hyperplanes, the number of H in § separating two
chambers is finite.

Proof. The closed line segment connecting them can meet only a finite number of H in b.
[chambers-transitive] Proposition 3.5. The group Wa acts transitively on the set of chambers.

Proof. By induction on the number of root hyperplanes separating two chambers C' and C,, which si
& [chambers] finite by the previous Lemma. If it is 0, then by Proposition 2.3 C' = (.. Otherwise, one of the walls H
of C separates them, and the number separating s gy C from C will be one less. Apply induction.
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The next several results will tell us that W is generated by the reflections in the walls of C, that the
closure of C'is a fundamental domain for W, and (a strong version of this last fact) that if F' is a face of
C then the group of w in W fixing such that F N w(F') # () then w lies in the subgroup generated by the
reflections in the walls of C' containing v, which all in fact fix all points of F'. Before I deal with these,
let me point out at the beginning that the basic point on which they all depend is the trivial observation
that if w # I in W fixes points on a wall H then it must be the orthogonal reflection s .

[generate] Corollary 3.6. The reflections in S generate the group W.
Proof. It suffices to show that every s lies in Wa.

Suppose F' to be a panel in hyperplane A = 0. According to the Proposition, if this panel bounds C, we
can find w in Wa such that wC, = C, hence w(F) lies in C, and therefore must equal a panel of C. Then
w™ls,w fixes the points of this panel and therefore must be s.

Given any hyperplane partition, a gallery between two chambers C' and C, is a chain of chambers
C =0Cy(C,...,C, = C,in which each two successive chambers share a common face of codimension
1. The integer n is called the length of the gallery. I'll specify further that any two successive chambers in
a gallery are distinct, or in other words that the gallery is not redundant . The gallery is called minimal if
there exist no shorter galleries between Cj and C),. The combinatorial distance between two chambers
is the length of a minimal gallery between them.

Expressions w = 5153 .. .5, with each s; in S can be interpreted in terms of galleries. There is in fact
a bijective correspondence between such expressions and galleries linking C' to w C'. This can be seen
inductively. The trivial expression for 1 in terms of the empty string just comes from the gallery of length
0 containing just Cy = C. A single elementw = s; of S corresponds to the gallery Cyp = C, Cy = s;C. If
we have constructed the gallery for w = s; ... s,—1, we can construct the one for s; . .. s, in this fashion:
the chambers C' and s,,C share the wall « = 0 where s,, = s, and therefore the chambers wC and ws,,C
share the wall wa = 0. The pair C,,—1 = wC, C,, = ws,,C continue the gallery from C' to ws,,C.

This associates to every expression s; ... s, a gallery, and the converse construction is straightforward.
[fixC] Proposition 3.7. IfwC = C thenw = 1.

Proof. I'll prove that if w = s7...s, with wC = C and n > 0 then there exists some 1 < ¢ < n with
W = S82...8_18i+1 - .- Sp. By recursion, this leads to w = 1.

Let H be the hyperplane in which s; reflects. Let w; = s;...s;. The path of chambers w;C, w2C,
...crosses H at the very beginning and must cross back again. Thus for some ¢ we have w;11C =
w;8;41C = s1w;C. Butif y = s5...5; wehave 5,11 = y 's1y, and w;41 = ¥y, SO W = $1YSi41...5, =
YSi4+2...Sn-
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[ws] Proposition 3.8. Forany w in W and s in S, if (a5, wC') < 0 then {(sw) < ¢(w) and if (s, wC) > 0 then
L(sw) > L(w).

Proof. Suppose (as,wC) < 0. Then C and wC' are on opposite sides of the hyperplane a; = 0. If
C =0y, ..., 0, = wC is a minimal gallery from C' to wC, then for some ¢ C; is on the same side of
as = 0as C but Cj4; is on the opposite side. The gallery Cy, . .., C;, sCita, ... sCp, = swC is a gallery
of shorter length from C to swC, so {(sw) < £(w).

If (a5, wC) > 0 then (s, swC') < 0and hence ¢(w) = {(ssw) < L(sw).

[stabilizers] Proposition 3.9. If v and wv both lie in C, then wv = v and w belongs to the group generated by the
reflections in S fixing v.

Proof. By induction on ¢(w). If {(w) = 0 then w = 1 and the result is trivial.

If {(w) > 1thenletx = sw with {(z) = £(w) — 1. Then C'and wC are on opposite sides of the hyperplane
& [ws] as = 0, by Proposition 3.8. Since v and wv both belong to C, the intersection C'N wC' is contained in the
hyperplane a; = 0 and wv must be fixed by s. Therefore wv = zv. Apply the induction hypothesis.

If © is a subset of A then let Cg be the face of C where @ = 0 for a in ©, o > 0 for a in A but not in
O. If F is a face of any chamber, the Proposition tells u it will be W-equivalent to a unique © C A. The
faces of chambers are therefore canonically labeled by subsets of A.

Let
R,={A>0] wh <0}

Ly={A>0]|w'\<0}

& [separating-finite] Of course L,, = R,,—1. According to Lemma 3.4, the set R,, determines the root hyperplanes separating
C fromw™'C, and |Ry| = |Ly| = (w).

An expression for w as a product of elements of S is reduced if it is of minimal length. The length of w
is the length of a reduced expression for w as products of elements of .S. Minimal galleries correspond
to reduced expressions. The two following results are easy deductions:

[rw] Proposition 3.10. Forz and y in W, {(zy) = {(z) + £(y) if and only if R, is the disjoint union of y "' R,
and R,,.

Finally, suppose that we are considering a root system, so that there are only a finite number of hyper-
planes in the root configuration, and all pass through the origin. Since —C'is then also a chamber:

[longest] Proposition 3.11.  There exists in W a unique element w, of maximal length, with w,C = —C'. For
w=wy, R, =Xt.

This discussion also leads to a simple and useful algorithm to find an expression for w in W as a product
of elements in S. For each v in V" define
Vo = (o, v)

for o in A. Let p be a vector in V'V with p, = (a,p) = 1 for all & in A. It lies in the chamber C' and
u = wpliesinwC, so {(spw) < ¢(w)ifand only if (G, u) < 0. If that occurs, we apply sg to u, calculating

<a78ﬁu> = <O"u - <ﬁvu>ﬁv> = <O"u> - <57u><a’ﬁv> = Uaq — <a76v>uﬁ .

In effect, we replace the original u by this new one. And then we continue, stopping only when u, > 0
for all a.

I had better make clear some of the consequences of this discussion for a set of roots 2. First of all, the
reflections s for A in a root system preserve the root hyperplanes associated to a root system. If C'is a
connected component of the complement of these hyperplanes, then the group W the whole group of
root reflections generate is in fact generated by the set S of elementary reflections in the walls of C.
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Proposition 3.12.  If A is the set of roots vanishing on these walls of the chamber C, then every root in ¥
is in the W -orbit of A.

Proof. This is because W acts transitively on the chambers.

In the older literature one frequently comes across another way of deducing the existence of a base A
for positive roots. Suppose V' = V(X), say of dimension ¢, and assume it given a coordinate system.
Linearly order V' lexicographically : (x;) < (y;) if z; = y; for i < m but z,, < y,. Informally, this
is dictionary order . For example, (1,2,2) < (1,2,3). This order is translation-invariant. [Satake:1951]
remarks that this is the only way to define a linear, translation-invariant order on a real vector space.

Define X7 to be the subset of roots in X that are positive with respect to the given order. Define o to be
the least element of X1, and for 1 < k < ¢ inductively define ), to be the least element of Y7 thatis not
in the linear span of the o; with i < k.

The following seems to be first found in [Satake:1951].

[satake] Proposition 3.13. Every root in ¥ can be expressed as a positive integral combination of the ;.

& [chainsl]

Proof. It is easy to see that if A is a basis for X7 then it has to be defined as it is above. It is also easy to
see directly that if & < (3 are distinct elements of A then («, 3¥) < 0. Because if not, according to Lemma
6.1 the difference 3 — a would also be a root, with 8 > 3 — a > 0. But this contradicts the definition of
(3 as the least element in ¥ not in the span of smaller basis elements.

The proof of the Proposition goes by induction on £. For £ = 1 there is nothing to prove. Assume true for
¢ — 1. Let X, be the intersection of the span of the a; with i < /, itself a root system. We want to show
that every A in the linear span of ¥ is a positive integral combination of the «;. If A is in X, induction
gives this, and it is also true for A = ay. Otherwise A > ay. Consider all the A — o; with ¢ < £. It suffices
to show that one of them is a root, by an induction argument on order. If not, then all (X, ;) < 0. This

& [roots-inverse] leads to a contradiction of Proposition 7.4, to be proven later (no circular reasoning, I promise).

[two-roots]

[non-reduced]

I'learned the following from [Chevalley:1955].

Corollary 3.14. Suppose A to be a basis of positive roots in ¥. If A\ and p are a linearly independent
pair of roots, then there exists w in W such that wa lies in A, and wy is a linear combination of « and a
second element in A.

Proof. Make up an ordered basis of V' with A and p its first and second elements. Apply the Proposition
to get a basis A, of positive roots. Then A is the first element of A. If v is the second, then ; must be a
positive linear combination of A and v/. We can find w in W taking A, to A.

4. Root systems of rank one

The simplest system is that containing just a vector and its negative. There is one other system of rank
one, however:

<L A <L P 2 g
< > Y Y > >

Throughout this section and the next I exhibit root systems by Euclidean diagrams, implicitly leaving it
as an exercise to verify the conditions of the definition.

That these are the only ones, up to scale, follows from this:
Lemma4.1. If A and c) are both roots, then |c| =1/2,1, or 2.

Proof. On the one hand (c\)¥ = ¢7!\Y, and on the other (), (c\)¥) must be an integer. Therefore 2¢~!
must be an integer, and similarly 2c must be an integer.
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5. Root systems of rank two

The simplest way to get a system of rank two is to build the orthogonal sum of two systems of rank one.
For example:

A
M
Y
Y

But more interesting are the irreducible systems, those which cannot be expressed as the direct product
of smaller systems.

If v and (3 are two linearly independent roots, the matrices of the corresponding reflections with respect
to the basis («, ) are
-1 —(B,a) _ 1 0
S = { 0 1 T ) 1

and that of their product is

S.Sa = -1 7<ﬁ,a\/> 1 0 — 71+<a)ﬁv><ﬁ7av> <ﬂ7av>
Lo [ HesY) (o, 8Y) -1
This product must be a non-trivial Euclidean rotation, and hence its trace 7 = —2 + («, 8¥) (3, @") must
satisfy the inequality
—-2<17<2

which imposes the condition
0 < nap=(af")(3,a") <4.

But n,, 3 must also be an integer. Therefore it can only be 0, 1, 2, or 3. It will be 0 if and only if s, and sg
commute, which means reducibility.

Recall the picture:

3
3R
Q

Assuming that the root system is irreducible, o e 3 will actually be negative. By switching o and 3 if
necessary, we may assume that one of these cases is at hand:
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o (a,8Y)=—-1,(B,aV) = -1
o (a,8Y)=-2,(B,aV) = -1
o (a,Y)=-3,(B,aV)=-1

Taking the possibility of non-reduced roots into account, we get four possible irreducible systems:

A
<€ > <€ >
\4
Ag By = CQ
A
A
<€ > <€ >
\4
Go BCy
v

The first three are reduced.

6. Chains

If X and p are roots, the p-chain through A is the set of all roots of the form A 4 nu. We already know
that both v and 7 1 are in this chain. So is everything in between, as we shall see. The basic result is:

[chains1] Lemma 6.1. Suppose A and (. to be roots.

(@) If {(u, AV) > 0 then p — X is a root unless A = pu.
(b) If {u, \V) < 0 then p + X is a root unless A = —pu.

Proof. If X and y are proportional, the claims are immediate. Suppose they are not. If (1, V) > 0 then
either itis 1 or (A, u¥) = 1. In the first case

s = — (A )N = — A
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so that ;1 — A is a root, and in the second s, A = A — 1 is a root and consequently ;1 — A also. The other
claim is dealt with by swapping — A for A.

Hence:

[chain-ends] Proposition 6.2. If i and v are left and right end-points of a segment in a A-chain, then (u, \¥) < 0 and
(v, \V) > 0.

[chains2] Proposition 6.3. Suppose A and pi to be roots. If 1 — pA and (1 4 g\ are roots then so is every 11+ n\ with
—p<n<g.

Proof. Since(is + nA, V) is an increasing function of n, the existence of a gap between two segments
would contradict the Corollary.

7. The Cartan matrix

If b is the union in V3’ of the root hyperplanes A = 0, the connected components of its complement in
& [chambers-trdudilin€] V7' are called Weyl chambers . According to Proposition 3.5 and Proposition 3.7, these form a principal
homogeneous space under the action of .

Fix a chamber C. A root A is called positive if (A, C) > 0, negative if (A\,C) < 0. All roots are either
positive or negative, since by definition no root hyperplanes meet C'. Let A be the set of indivisible roots
a with & = 0 defining a panel of C with @ > 0 on C, and let S be the set of reflections s, for ain A. The
Weyl group W is generated by S.

The matrix (o, 3¥) for a, 3 in A is called the Cartan matrix of the system. Since (a, al"¢¢) = 2 for all
roots «, its diagonal entries are all 2. According to the discussion of rank two systems, its off-diagonal

entries 5
Vy Qe

are all non-positive. Furthermore, one of these off-diagonal entries is 0 if and only if its transpose entry
is.

If D is the diagonal matrix with entries 2/a ¢ o then
A=DM

& [rank-two] where M is the matrix (o o 3). This is a positive semi-definite matrix, and according to Proposition 3.1 its
off-diagonal entries are non-positive. The proofs of the results in this section all depend on understanding
the Gauss elimination process applied to M. It suffices just to look at one step, reducing all but one entry
in the first row and column to 0. Since o1 » &7 > 0, it replaces each vector «;; with i > 1 by its projection
onto the space perpendicular to a:

[e 7R Xe%]

a0 =y — (1>1).

1 e
If Iset ai = o, the new matrix M~ has entries o;- o ozj-. We have the matrix equation
LM'L=M* M'='L(MYH™'L

with L a unipotent lower triangular matrix

I_ H ﬂ P LI

(oS X%

This argument and induction proves immediately:
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[lummox] Lemma 7.1. Suppose A = (a; ;) to be a matrix such thata;; > 0, a; ; < 0 fori # j. Assume D™'A
to be a positive definite matrix for some diagonal matrix D with positive entries. Then A~! has only
non-negative entries.

[titsA] Lemma 7.2. Suppose A to be a set of vectors in a Euclidean space V such that cve § < 0 for o # [ in A.
If there exists v such that cce v > 0 for all o« in A then the vectors in A are linearly independent.

Proof. By induction on the size of A. The case |A| = 1 is trivial. But the argument just before this

handles the induction step, since if ve v > 0 thensois v e at.

[tits] Proposition 7.3. The set A is a basis of V (X).

That is to say, a Weyl chamber is a simplicial cone. Its extremal edges are spanned by the columns w; in
the inverse of the Cartan matrix, which therefore have positive coordinates with respect to A. Hence:

[roots-inverse] Proposition 7.4. Suppose A to be a set of linearly independent vectors such that oce 3 < 0 for all o« # 3
in A. If D is the cone spanned by A then the cone dual to D is contained in D.

w = g Calt

be in the cone dual to D. Then for each §in A

w-ﬁ:an (e ).

Proof. Let

If A is the matrix (« o 3), then it satisfies the hypothesis of the Lemma. If  is the vector (¢o) and v is the
vector (w e a), then by assumption the second has non-negative entries and

u=A"t

so that u also must have non-negative entries.

[base] Proposition 7.5.  Each positive root may be expressed as ) . Cax Where each c, is a non-negative
integer.

Proof. Each root is of the form wa for some w in W, avin A. This gives such an expression with ¢,
integral. A root )\ is positive if and only if A e z; > 0 for all ¢. But A e w0, is the i-th coordinate of A.

One consequence of all this is that the roots generate a full lattice in V(X). By duality, the coroots
generate a lattice in V'V (X"), which according to the definition of root systems is contained in the lattice
of VV(XV) dual to the root lattice of V().

Another consequence is a simple algorithm that starts with a given root A and produces a product w of
elementary reflections with w ™!\ € A.

If A <0, record this fact and swap —\ for \. Now
A= Z N O
A

with all n, > 0 and one n, > 0. The proof proceeds by induction on the height |\| = Y nq of A.
If|\| = 1, then X lies in A, and there is no problem. Since the positive chamber C' is contained in
the cone spanned by the positive roots, no positive root is contained in the closure of C. Therefore
A, ¥ >> 0 for some « in A. Then

rad =A— (), a")a

has smaller height than A\, and we can apply the induction hypothesis.



[chain-to-Delta]
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If the original A was negative, this gives us w with w™!) in A, and just one more elementary
reflection has to be applied.

This has as consequence:
Proposition 7.6.  Every positive root can be connected to A by a chain of links A — A + .

We now know that each root system gives rise to an integral Cartan matrix A = ({(a, #¥)) with rows and
columns indexed by A. We know that it has these properties:

@ Aao =2
(b) Anp < 0fora# 3;
() App=0ifand onlyif Ag o =0;

butithas another implicit property as well. We know that there exists a W-invariant Euclidean norm with
respect to which the reflections are invariant. This implies the formula we have already encountered:

aef3
a, BV =2 ( ) .
( ) 5e0
Construct a graph from A whose nodes are elements of A and with edge between « and f if and only

if (o, B) # 0. For each connected component of this graph, chose an arbitrary node « and arbitrarily
assign a positive rational value to o e . Assign values for all 3 ey according to the rules

1
Bey =3B e
Bey
(v 8Y)
which allow us to go from node to node in any component. This defines an inner product, and the extra
condition on the Cartan matrix is that this inner product must be positive definite, or equivalently

Bef=2

(d) The matrix («e ) must be positive definite.

This can be tested by Gauss elimination in rational arithmetic, as suggested by the discussion at the
beginning of this section.

If these conditions are all satisfied, then we can construct the root system by the algorithm mentioned
earlier.

8. Dynkin diagrams

The Dynkin diagram of a reduced system with base A is a labeled graph whose nodes are elements of
A, and an edge between o and 3 when

(o, BY)| > |(B,a)| > 0.

This edge is labeled by the value of | (o, 3Y)|, and this is usually indicated by an oriented multiple link.
Here are the Dynkin diagrams of all the reduced rank two systems:

Ao ) °®
By = (s e——e
Gy oe=—>—e

(6] a1

The Dynkin diagram determines the Cartan matrix of a reduced system. The complete classification
of irreducible, reduced systems is known, and is explained by the following array of diagrams. The
numbering is arbitrary, even inconsistent as n varies, but follows the convention of Bourbaki. Note also
that although systems By and C are isomorphic, the conventional numbering is different for each of
them.



& [stabilizers]

[cosets]
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aq Q2 Op—-1 Qp

@— oo 0o —@——0
(o) (65) Op—1 Op

Ch n>2) @ @e— 0 —0—<—60
o (05 On—1  Qn

)
(079
® (3
Es ) ) ) ) )
a1 Q2 Q4 Qs (€75
® (3
FEr ® ® e ® ) )
aq Qo 071 Qs (o733 o7
® (3
Eg ) ) ) ) ) ) )
(651 (6] QY (675 Qg (04 asg
Iy ® e——e ®
aq Q2 Q3 Qg

In addition there is a series of non-reduced systems of type BCj, obtained by superimposing the diagrams
for B, and C,,.

9. Subsystems

If © is a subset of A, let X g be the roots which are integral linear combinations of elements of ©. These,
along with V, V' and their image in £V form a root system. Its Weyl group is the subset Wg generated
by the reflections s, for o in ©. Recall that to each subset © C A corresponds the face Cg of C where
A=0forA€ ©, A >0for A\ € A— 0. According to Proposition 3.9, an element of W fixes a point in
Co if and only if it lies in Wg.

The region in V¥ where a > 0 for « in © is a fundamental domain for We. For any w in W’ there exists
y in We such that zC = y~'wC is contained in this region. But then 7'« > 0 for all & in ©. In fact, x
will be the unique element in Wegw with this property. Hence:

Proposition9.1.  In each coset W \W there exists a unique representative x of least length. This element
is the unique one in its coset such that z=1© > 0. For any y in Wg we have {(yz) = {(y) + {(z).

Let [Wo\W] be the set of these distinguished representatives, [W/Weg] those for right cosets. These
distinguished representatives can be found easily. Start with + = w, t = 1, and as long as there exists s
in S = Sg such that sz < x replace = by sz, t by ts. At every moment we have w = tx with ¢t in We
and ¢(w) = £(t) + £(x). At the end we have sz > z forall sin S.

Similarly, in every double coset Wg\W /Wy there exists a unique element w of least length such that
w™tO > 0, wd > 0. Let these distinguished representatives be expressed as [Wg\W/Wg).
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Suppose g to be a reductive Lie algebra, b a maximal solvable (‘Borel’) subalgebra, A the associated basis
of positive roots.

If p is a Lie subalgebra containing b, there will exist a subset © of A such that p is the sum of b and the
direct sum of root spaces g for \ in ¥g. The roots occurring are those in X UXg. This set is a parabolic
subset —(a) it contains all positive roots and (b) it is closed in the sense that if A and p are in it sois A + p.
Conversely:

[parabolic-set] Proposition 9.2. Suppose = to be a parabolic subset, and set © = AN —Z. ThenZ = X + X .
Proof. We need to show (a) if § isin =N X~ then § is in g and (b) if § is in X then § is in =.

Suppose £ in X, say £ = — Y, cacv. The proof goes by induction on h(§) = " ¢,. Since —© C E, £ is
inZif h(€) = 1. Otherwise § = £, — o with &, also in ¥ 5. By induction &, is in =, and since = is closed
sois&in =.

Suppose { INnEN X", If h(§) = 1 then { isin —A N E = —0O. Otherwise, { = £, — « with ain A. Then
&« = £+ acalso lies in = since = contains all positive roots and it is closed. Similarly —a = £ — &, lies in
=, hence in ©. By induction &, lies Xg, but then so does &.

In the rest of this section, assume for convenience that V' = V(X)) (i.e. that the root system is semi-simple),
and also that the root system is reduced. The material to be covered is important in understanding the
decomposition of certain representations of reductive groups. I learned it from Jim Arthur, but it appears
in Lemma 2.13 of [Langlands:1976], and presumably goes back to earlier work of Harish-Chandra.

Fix the chamber C with associated A. For each © C A let

Vo = ﬂ ker(a) .

a€d

The set of roots which vanish identically on Vg are those in Xg. The space Vg is partitioned into chambers
by the hyperplanes A = 0 for A in ©* — X, One of these is the face Cg of the fundamental Weyl chamber
C = Cy. If © = ) we know that the connected components of the complement of root hyperplanes are
a principal homogeneous set with respect to the full Weyl group. In general, the chambers of Vg are the
facettes of full chambers, and in particular we know that each is the Weyl transform of a unique facette
of a fixed positive chamber C'. But we can make this more precise.

[associates] Proposition 9.3.  Suppose © and ® to be subsets of A. The following are equivalent:
(a) there exists w in W taking Vg to Veg;
(b) there exists w in W taking ® to ©.

In these circumstances, © and ® are said to be associates . Let W (O, ®) be the set of all w taking ® to ©.

Proof. That (b) implies (a) is immediate. Thus suppose wVs = Vig. This implies that w¥¢e = Xg. Let
w, be of least length in the double coset WewWe, so that w, X3 = X§. Since ® and © are bases of X}
and Zg, this means that w,.® = ©.

[associate-chambers] Corollary 9.4. For each w in W (O, ®) the chamber wC's is a chamber of Vig. Conversely, every chamber
of Vg is of the form wCs for a unique associate ® of © and w in W (0, ®).

Proof. The first assertion is trivial. Any chamber of Vg will be of the form wCq for some w in W and
some unique ¢ C A. But then wVs = Va.

We'll see in a moment how to find w and ® by an explicit geometric construction.

One of the chambers in Vg is —Co. How does that fit into the classification? For any subset © of A, let
W e be the longest element in the Weyl group We generated by reflections corresponding to roots in ©.
The element wy, o takes © to —O and permutes X 7\X 5. The longest element w, = wy, A takes —O back
to a subset © of X1 called its conjugate in A.
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[opposite-cell] Proposition 9.5. If ® = Oand w = wewg, then —Cg = wCs.

Proof. By definition of the conjugate, wVg = Vs and hence w™1Vp = V. The chamber —Cyg is the set
of vectors v such that « e v = 0 for & in © and a e v < 0 for a in A\©. Analogously for C.

[only] Lemma 9.6. If © is a maximal proper subset of A then its only associate in A is ©.
Proof. In this case Vg is a line, and its chambers are the two half-lines Cg and its complement.

If Q@ = ©U {a} for a single @ in A — © then the Weyl element wy qws e is called an elementary
conjugation .

elementary-conjugation] Lemma 9.7. Suppose that Q = © U {a} with a in A — ©. Then the chamber and sharing the panel Cq
with Cg is sCy where ® is the conjugate of © in 2 and s = wy QW @.

Proof. Let C, = wCy be the neighbouring chamber with s® = O. Then s fixes the panel shared by C'g
& [only] and C,, so must lie in Wq. But then ® must be an associate of © in 2. Apply Lemma 9.6.

A gallery in Vg is a sequence of chambers Cy, Cy, ... , Cy, where C;_; and C; share a panel. To each

& [associate-chambers] C; we associate according to Corollary 9.4 a subset ©; and an element w; of W (0, ©;). Since C;_; and
C; share a panel, so do w;_llci,l and w;—1C;. But w;—1C;—1 is Ce,_,, so to this we may apply the
preceding Lemma to see that ©;; and ©; are conjugates in their union ;, and that s; = w; !, w; is equal
to the corresponding conjugation. The gallery therefore corresponds to an expressionw = si... s,
where each s; is an elementary conjugation. In summary:

[conjugates] Proposition 9.8.  Every element of W (0O, ®) can be expressed as a product of elementary conjugations.
Each such expression corresponds to a gallery from Cg to wCyg.

For w in W(©, ®) its relative length is the length of a minimal gallery in Vg leading from Cg to wC.

For w in W (O, ®), let 1), be the set of hyperplanes in Vg separating C from wCs. Then it is easy to see
that £re1(zy) = lre1(x) + lra1(y) if and only if ¥y, U y1by C gy,

[relative-separates] Lemma 9.9. Suppose w in W (©, ®). Then
(a) If Aisin Z*\Eg separates Cg from wCs, A separates wCy from Cp;
(b) If X > 0 separates wCy from Cy, either A € B or A € TT\X 4.

[longest-relative] Proposition 9.10. If w lies in W (O, ®) then

grel(wluhb) = Erel(wlwl,éwil) + Erel(w) .

[relative-lengths] Proposition 9.11. Suppose x in W (03, ©2), y in W(03, ©1). If the relative length of xy is the sum of
the relative lengths of = and y, then {(zy) = {(x) + £(y).

Proof. By induction on relative length.
If Co, Cy, ..., Cyisagallery in Vg, it is called primitive if ©;_; is never the same as ©;.
[primitive] Proposition 9.12. Every W (©, ®) has at least one element with a primitive representation.

Proof. f w=81...8,-18;...5, and ©;_1 = ©; then s1...§;...s, isalsoin W(0O, ®).
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10. Dominant roots

A positive root & is called dominant if every other root is of the form

a— E Call

aEA

with all ¢, in N.
[dominant] Proposition 10.1. If ¥ is an irreducible root system, then there exists a unique dominant root.

Proof. We can even describe an algorithm to calculate it. Start with any positive root ), for example one

& [chainsl] in A, and as long as some A + « with o in A is a root, replace A by A + «. According to Lemma 6.1, at
the end we have (A, ") > 0 for all  in A. We then also have {a, AY) > 0 for all «, and at least one of
these must actually be > 0.

Suppose A = > nga. Let X be the a with n, # 0 and Y its complement in A. If YV isn’t empty, then
because of irreducibility there exists & in X and 3 in Y with («, V) < 0. Hence we get the contradiction

0<(\BY) = Z nala, YY) <0

aceX

So ny > 0 for all c.

If there were a root v not of the form

)\—ana

then there would exist a second root 1, constructed from v by the same procedure, with the same property.

Then
<>\7:U‘V> = Na Z<O[HU,V> > 0

& [chains1] According to Lemma 6.1, A — p is a root. But this implies that either A > p or A < p, contradicting
maximality.

The proof shows that the dominant root is the unique one in the closure of the positive Weyl chamber. It
can be shown moreover that («, @) = 0 or 1, but this will not be needed.

11. Affine root systems

Assume a reduced semi-simple root system.

& [base] According to Proposition 7.5, the roots are contained in a lattice—in fact, in the free Z-module R spanned
by A. The coroots then span a lattice R" contained in the dual lattice Hom(R, Z). In general the inclusion
will be proper. The roots will in turn then be contained in the dual Hom(R"Y,Z) of RV.

Define W,g to be the group of affine transformations generated by W and translations by elements of

RY, W the larger group generated by W and Hom(R,Z). Both groups preserve the system of affine
hyperplanes A + k = 0, where ) is a root, consequently permuting the connected components of the
complement, called alcoves .

[alcoves] Proposition 11.1.  The region Cyg where oo > 0 for all v in A, & < 1 is an alcove.

Proof. It has to be shown that for any root a and integer k, the region Cg lies completely on one side or
the other of the hyperplane cve z — k = 0. If k£ = 0 this is clear. If ¥ < 0 we can change a to —cvand £ to
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—k, so we may assume that £ > 0. Since 0 lies in the closure of Cg, it must be shown that o + & < 0 on
& [dominant] all of C,g. But by Proposition 10.1 we can write « = o — ZA cgfB withall cg > 0, so for any z in Cyg

a0$:a0$726ﬁ(ﬂ0$)<1§k’.

A

Let A be the union of A and —& + 1. For any pair ¢, 8 in A
—4< <avﬂv> <0

The affine Dynkin diagram is a graph whose nodes are elements of A with edges labelled and oriented
according to the values of (a, 3¥) and (8, a). Let 5 be the affine reflection in the hyperplane @ = 1, S
the union of S and s.

[affines] Corollary 11.2. The group W.g is generated by the involutions in S.

& [stabilizers] According to Proposition 3.9, every face of an alcove is the transform by an element of Wyg of a unique
face of the alcove Cyqr. Elements of the larger group W also permute alcoves, but do not necessarily
preserve this labelling. If w is an element of W and « an element of A, then the face wF, of wCag will
be the transform x Fj3 for some unique 3 in A. Let t(w) be the map from A to itself taking o to (3.

[automorphism] Proposition 11.3.  The map from w +— «(w) induces an isomorphism of W/Waff with the group of
automorphisms of the affine Dynkin diagram.

N

Affine Ay Affine Cq

/\ /\
Affine GQ
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