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Abstract

In this thesis we present a reduction theory for the symmetrizable split maximal
Kac-Moody groups. However there are many technical difficulties before one can
even formulate a reduction theorem. Combining the two main approaches com-
monly seen in the literature we define a group, first over any field of characteristic
zero and then on any commutative ring of characteristic zero. Then we prove a
number of structural properties of the group such as representation in the highest
weight modules, existence of a Tits system and an Iwasawa decomposition over R

and C. Finally we arrive at reduction theory which can only hold for part of the

group.
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Chapter 1

Introduction

1.1 The Aim

The goal of this Thesis is to state and prove a reduction theorem for Kac-Moody
groups which arise from generalized Cartan matrices (GCMs) which are sym-
metrizable and invertible. In fact the thesis generalizes the earlier work by H.
Garland in [11] and [12] which only deals with untwisted affine GCMs. The only
exceptions are §18 and §21 in [12]. The former constructs a fundamental domain
for the unipotent subgroup while the latter deals with intersection of the I' -orbits
with the Siegel set. The question of constructing a fundamental domain does not
generalize since his construction relies on the realization of untwisted affine Kac-
Moody algebras as central extensions of loop algebras. As for the intersection of
the I'-orbits with the Siegel set there is a analogous theory in the general sym-

metrizable case however this is not covered in the thesis.

1.2 Structure of the Thesis

The thesis has seven chapters beside the current one and each chapter in the thesis
begin with short overview of what will follow. The seven chapters can be divided

in four parts:

e Chapters 2 and 3 chapters provide an introduction to theory of Kac-Moody

algebras and their representation theory.

e The material in chapter 4 corresponds to [11], it provides an arithmetic the-

ory for Kac-Moody algebras.

e In chapters 5, 6 and 7 we define the maximal Kac-Moody group. Most of



1.3. Notation

1.3

the material is from chapter I of [17]. After defining a number of subgroups
(including the minimal parabolics and the Borel) O. Mathieu employs tech-
niques from algebraic geometry to define a group by constructing every sin-
gle Bruhat cell and constructing global product and inverse maps. Instead
of doing this we simply use Tits’s work and take the maximal Kac-Moody
group to be the product of parabolic subgroups amalgamated along their in-

tersections.

Chapter 8 deals with reduction theory of the group constructed earlier and
contains all the new results. First we encounter the problem that unlike the
finite dimensional case we can not have a reduction theory for the entire
group. So one has to find a I -invariant proper subset of the group which is
well behaved. There are various candidates, we examine two in detail, prove
reduction theory for one of them and show that it contains a large subset.

Finally we conclude by listing some open problems.

Notation

Here is some of the notation used in the thesis:

C,N,Q, R, Z: the usual suspects.

® always indicates ®z.

% is a field of characteristic zero.

N is a commutative ring with a unit.

For any & -vector space Vz we let Vg* denote its linear dual: HoMg (Vg , F).
(-, ) : Vg* x Vg — % is the natural pairing between Vz, and its dual, V; .
HoMmgy (-, -): the set of R-module homomorphisms.

HOMg—a1¢(:, -): the set of R-algebra homomorphisms.

HOoMgp_jie (¢, -): the set of R-Lie algebra homomorphisms.



1.3. Notation

e 1y (1) the universal enveloping algebra of the :-Lie algebra ly.

o liy (1) is the augmentation ideal in Uy (1).

There is also an index of notation which gives the page on which the symbol

was first introduced or defined.



Chapter 2

Kac-Moody Algebras: A Primer

Kac-Moody algebras are a class of Lie algebras generalizing the notion of finite
dimensional semi-simple Lie algebras (see Theorem [2.11| below). In this chapter
we define the Kac-Moody algebras, and introduce some elementary concepts.

Our references for basic theory of Kac-Moody algebras are [7] (chapters 14 -
16 and 19) and [15].

2.1 Definitions

Notation 2.1. Letn € N andset I = {1,--- ,n}.

Definition 2.2. A generalized Cartan matrix (or GCM for short) is a square matrix

A= (Aif)i,jel satisfying the following:
(1) Ajj € Zforalli,jel.
(2) Aj; =2foralli € 1.
(3) Ay <0ifi # j.
(4) A;jj #0ifandonly if Aj; # Oforalli,j € 1.

Definition 2.3. Let A be a GCM of size n and corank r. A realization of A is a
triplet: (ac, IT, ITY), where:

(1) ac is a C-vector space of dimension n + r.
(2) T = {a1,--+ ,an} is alinearly independent subset of ag..
(3) MY ={ay. -+ ,ay} is a linearly independent subset of ac.

) (o, oY) = Aji forall i, j € 1.



2.2. A Classification of GCMs

Remark 2.4. If dim(ac) < n+r then one can not find linearly independent subsets
IT C a(’E and ITV C ac which satisfy (4) in Definition 2.3.

Remark 2.5. For a given GCM, a realization always exists and is unique up to

isomorphism of vector spaces, see Proposition 14.2 and 14.3 in [7].

Definition 2.6. Let A be a GCM with realization (ac, IT, ITY). The associated
Kac-Moody algebra gc is the C-Lie algebra generated by ac and 2n generators

{ex; : i € I}, subject to the following relations:

[ac.ac] =0
leie—;] = Sijay Vi,jel
[2,exi] = £ (i, 2) exi Vi e l,Vz € ac

And the Serre relations:
ad(ex;) ™/ (e£;) = 0, Vi,jel:i#]

Remark 2.7. Note that this is not the definition given in [7] and [15], however
for the particular class of GCMs we are interested in (symmetrizable Kac-Moody
algebras) the two definitions coincide (Theorem 19.30 in [7] or Theorem 9.11 in

[15D.

Proposition 2.8 ([7] Proposition 14.17). There is an automorphism w of gc satis-

fying ?* = 1 determined by:

w(e+i) = —exi, Oloc = —loc-

2.2 A (Classification of GCMs

Definition 2.9. Two GCMs, A and B are called equivalent if they have the same

size n and there is a permutation t of I such that:

Bij = Ac(i)z()- Vi,jel.



2.2. A Classification of GCMs

Definition 2.10. A GCM, A, is called decomposable if it is equivalent to a diagonal

Ar 0
0 A

of smaller GCMs A, A>. A GCM that is not decomposable is called indecompos-
able.

sum

If Ais a GCM so is its transpose. Moreover A is indecomposable if and only if
its transpose is indecomposable.

Let v = (vy,---,vy) be a vector in R”. We write v > 0 (v > 0)if v; > 0
(v; > 0) for each i. Then one has the following classification of indecomposable
GCMs (see [7] Corollary 15.11) into three classes each of which is closed under
taking transpose:

(1) A has finite type if and only if there exists ¥ > 0 with Au > 0.
(2) A has affine type if and only if there exists ¥ > 0 with Au = 0.
(3) A has indefinite type if and only if there exists u > 0 with Au < 0.

The following justifies our claim that Kac-Moody algebras generalize the no-

tion of finite dimensional simple Lie algebras:

Theorem 2.11 ([7] Theorem 15.19). Let A be an indecomposable GCM. Then A
has finite type if and only if it is the Cartan matrix of a finite dimensional simple

Lie algebra.

At any rate from now on we will assume that the GCM is invertible, in partic-
ular r = 0. This is not an essential assumption for what we want to do but it will

simplify our task.



2.3. Root System

2.3 Root System

Definition 2.12. We define two discrete additive subgroup of ag. and ac generated
by IT and ITV:

Q =701 @ D ZLay,
QY =Za) & & Za,) .

9 is called the root lattice, and 2V the coroot lattice. Finally set:
Qi =Zio1 @B Zioy.

Definition 2.13. For « = ) kjo; € Q the height of « is the number ht(x) =

Y k.

Definition 2.14. Introduce a partial ordering < on ag, by setting u X Aif A — p €
9.

Definition 2.15. For every ac-module V¢ and every A € ag. we define the weight
space associated to A as :

Vea={velVc: z-v=(A, z)v, forallz € ac}.

The elements of V¢ j are called the weight vectors corresponding to A and the

dimension of V¢ ; is the multiplicity of the weight A. The set:

(A €ag\0}: Vea # {0},
is called the weights of V.

Definition 2.16. With the adjoint action, z-x = [z, x], gc becomes an ac-module.
In this particular case the weight vectors and weight spaces are referred to as roots
and root spaces respectively, while the weights of gc will be denoted by A and
called the root system of gc.

Proposition 2.17 ([7] Proposition 14.18).



2.3. Root System

(1) ac = Daeo 9C.a-

(2) dim (g(c,a) <ooforalla € 9.

(3) ac,0 = ac-

(4) If a # O then gc o = O unless € .

(5) [ac,a-0c,8] Cocatp foralla, pe.

Definition 2.18. Proposition [2.17|shows that A C Q. The roots in & 4 are called
positive roots and denoted by A4 and the roots in 2 _ are called negative roots and

denoted by A_. If we set:
g = P gca

OZGAZE
then we have a direct sum of C-vector spaces:
B +
agc = n¢ b ac S ne,

This direct sum decomposition is referred to as the triangular decomposition of
gc- The subspaces ng, ac and n(‘C" are in fact Lie subalgebras of g¢. In accordance

with the finite dimensional case ac is called the Cartan subalgebra of gc.

Proposition 2.19 ([7] Proposition 14.19).
(1) dim (Q(C,ai) = dim (QC,—a,-) =1L
(2) Ifk > 1 then dim (3¢ ka;) = dim (3¢ —kq;) = O
Definition 2.20. For each i € I we define the following subalgebras:
Nig;,c = Cexi =4C,+q;-

The subalgebra bc = ac & n[c'r is called the Borel algebra of gc. For eachi € [

the corresponding minimal parabolic algebra is defined as: p; ¢ = n_q,,c @ bc.



2.4. An Analogue of the Killing Form

2.4 An Analogue of the Killing Form

For the finite dimensional semi-simple Lie algebras the Killing form on a finite

dimensional semi-simple Lie algebra is defined as:

(x|y) = trace(ad(x) o ad(y)).

The Killing form has very desirable properties: it is a non-degenerate symmetric
bilinear form that is invariant, i.e. one has: ([x, y]|z) = (x|[y,z]). We would
like to define an analogue of the Killing form for Kac-Moody algebras that are
not of finite type. However since these are infinite dimensional, the expression
trace(ad(x) o ad(y)) is not always defined. Therefore we will impose a further

restriction on our GCM so that g¢ has an analogue of the Killing form.

Definition 2.21. A GCM, A, is called symmetrizable if there exists a nonsingular
diagonal matrix D = diag(dy,--- ,dy) and a symmetric matrix B, such that A =
DB.

Remark 2.22. Indecomposable GCMs of finite or affine type are symmetrizable,
see Theorem 15.17 in [7].

Definition 2.23. On ac define:

Vi VY _ Vv
) =

Since ITY is a basis for ac by extending using linearity we obtain a symmetric

Ollv> = d;d;B;;.

bilinear form on the Cartan subalgebra.

Proposition 2.24 ([7] Proposition 16.1). The symmetric bilinear form on ac de-

fined above is non-degenerate.

Based on Proposition 2.24| we define a bijection ai. — ac given by: a > z4

where z,, is defined by:
(2al2) = (@, 2), Vz €ac,

in particular we have o;” = d;zq;. Using this bijection we can define the induced

9



2.5. Integrable Modules

bilinear form on a(’g:
Alp) == (za|zu) -

In particular we have: (a;|a;) = Bjj.

Theorem 2.25 ([15] Theorem 2.2, Exercise 2.2). If A is symmetrizable then gc has

a non-degenerate symmetric bilinear C-valued form such that:
(1) (-|) is invariant.
(2) When restricted on ac, (+|-) is given by Definition|2.23|
(3) (g(c’a‘g(c,,g) =Ounlessa + B = 0.
(4) Suppose X € 4C,a- Y € OC,—a then [x, y] = (x]y) Za.
(5) The pairing §c,o X 4C,—a given by (x,y) = (x|y) is non-degenerate.
(6) Foreach (0 # x € gc o there exists y € gc,—q with [x, y] # 0.
(7) (|*) is uniquely determined by (1) and (2).

Definition 2.26. The form of Theorem [2.25|is called the standard invariant form

on gc.

Remark 2.277. When A is of finite type the standard invariant form is a multiple of
the Killing form.

2.5 Integrable Modules

Definition 2.28. A linear endomorphism F of vector space V¢ is called locally
nilpotent if for every vector v € V¢ there exists N € N such that FV (v) = 0.

Definition 2.29. A representation, 7 : gc — gl(V), is called integrable if:

Ve = B Ve

sk
A€ag

and if 7 (eL;) are locally nilpotent endomorphisms of V¢ foralli € I.

10



2.5. Integrable Modules

Lemma 2.30 ([7] Proposition 7.17). For alli € I, ad(e;) are locally nilpotent

endomorphisms of gc, in other words the adjoint module is integrable.

Proof. Since we already know that gc decomposes into ac weight spaces, we only
need to show that ad(e;) are locally nilpotent linear endomorphisms of g¢ for all
i € I. We will show ad(e;) is locally nilpotent, the proof for ad(e—;) is similar.
First we claim that if ad(e;) acts locally nilpotently on x and y then it also locally

nilpotently on [x, y] to see this consider:

N

ad(en)N ([x. y) = ) (ZZ) [ad(e;)* (x), ad(e) )N % ()] -

k=0

ad(e;)* (x) will be 0 if k is sufficiently large and ad(e; )Y ~*(y) will be 0 if N —
k is sufficiently large. Thus ad(e;)™ ([x, y]) will be 0 if N is sufficiently large.
Therefore the set of elements of gc on which ad(e;) acts locally nilpotently is a

subalgebra. However

ad(e;)(e;) =0
ad(e;)' ™A/ (¢j) = 0 I # ]

ad(e;)*(a)) = 0

ad(e;)*(e—i) =0
ad(ej)(e—;) =0 I # ]

and therefore the subalgebra contains all the generators, so it is the whole of gc.
O

11



2.6. Weyl Group

2.6 Weyl Group

2.6.1 Definition

Definition 2.31. For a locally nilpotent endomorphism F' of a vector space V¢ we
define its exponential, EXP(F), as the formal sum:
o k
F
EXP(F) = F
k=0

Definition 2.32. If 7 : gc — gl(V) is an integrable module for g¢ then for each

i € I we can define:
ri* = EXp(m(e;)) EXP(mw(—e—;)) EXP(7(e;)) € GL(V).

In particular since the adjoint module is integrable, for each i € I we have an

automorphism rl.ad € GL(gc).
Lemma 2.33 ([7] Propositions 16.11). rlf“d(a(c) = a¢. For z € ac we have:

@) =z — (. 2) o

Proof. Let z € ac, we will compute the action of rf‘d term by term. First we have:
Exp(ad(e;))(z) = (1 + ad(e;))(z) = z + [ei, 2] = z — (i, 2) ei.
Based on this we add the second term:
Exp(ad(—e_;)) Exp(ad(e;))(z) = EXP(ad(—e_i))(z —{ai, 2) ei)

= (1 —ad(e—;) + @) (z = (i, z) ei)

=2z — (04, z) ei —[e—i, 2] + (@i, 2) [e—i. ei]
+ Jad(e—;)([e—i. 2] — (. 2) [e—i. ei])
=z — (o, z) ei — (i, 2) e~ — {ai, z) o)

+ Lad(es)((er. 2) ei + (. 2) @)

12



2.6. Weyl Group

=z — (i, z)ei — {0, 2)e—i — (i, 2) @)
+ 30+ {2, 2) 2e-)
=z— (o, 2)ei — (o, 2) o)
Finally:
ri(z) = Exp(ad(e;)) Exp(ad(—e—;)) ExP(ad(e;))(z)

= Exp(ad(e;))(z — (o, 2) € — (i, 2) &)

= (1 +ad(e;))(z — (. z) ei — (i, 2) @)

= (z— (i, 2) i — {0, 2) &)

+ (lei, 2] = 0 — {ai, z) [ei, o])
=z — (04, 2) o) — 2, 2)ei + (i, 2) (2e;)
=z— (o, 7)o’ m

Definition 2.34. Let r; denote the restriction of rl?lcl to ac, then one gets: rl.2 = loc

and r; (o)) = —a;’. In fact we have:

\

ri(z) =z — (o4, 2) oy

r; are called the fundamental reflections, the group they generate (as a subgroup of
GL(aq)) is called the Weyl group and is denoted by W.

Proposition 2.35 ([7] Proposition 16.13). The bilinear form (-|-) on ac is W-

invariant.

Proof. Letz,z' € ac. Then:

(ri)|ri2)) = (z = (a,, z) V|Z —ai, 2') )
= (z[) = {oi. 2) (e [2) = {ei ') (z]er) + {eni. ') et 2) (e |e))
= (z]2) = (. 2) (diza, |2') — (. 2') (2]dizey;) + (ei. 2) (i, 2) (2d;)
= (z]2) = (e, 2) di (i, 2') = (s 2/)di (e, 2) + (. 27) (e 2) (20;)
= (z[<) 0

13
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In fact a converse is true that is if there exists a non-degenerate symmetric

W -invariant bilinear form on a¢ then A is symmetrizable ([15] Exercise 3.3).

2.6.2 Action on the Weight Space

Definition 2.36. We define a W-action on a(’E, letw € Wand A € a(’E then the
weight w(A) is defined as follows:

Vzeac: (w), z)=1, w ().

Lemma 2.37. The W-action on ag. is compatible with the bijection o > z4 and

hence the induced bilinear form (-|-) on ag. is W-invariant as well.

Proof. Letw(A) = pfor A, i € ag. and take z € ac to be arbitrary:

(w(z)lz) = (za]w (@) = (A, w(z))
= (w). 2) = (. 2) = (zulz) = (Zwwlz)

Since (+|-) is non-degenerate and z € ac is arbitrary we have: w(z,) = Zy1)-

For the W-invariance, let A, u € a(’e and observe:

(ri Wi () = @rywylzr ) = (@] Ew) = (@a]ze) = Alw . O
Lemma 2.38 ([7] Proposition 16.14). The action of r; on ag. is given by: r;(A) =
A — ()L, ai\’)a,

Proof. LetA € ag,z € ac:

(ri(d), z) = (A, ri(2))

=X z— (i, 2) o))

=, 2)— (A ) (w, 2)
=~ (b o). <) 0

Proposition 2.39 ([7] Proposition 16.15). If ¢ € A,w € W then w(a) € A.
Moreover dim (g(c,a) = dim (Q(C,w(a))-

14
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2.6.3 W as a Coxeter Group

Theorem 2.40 ([7] Theorem 16.17). The Weyl group W is a Coxeter group gen-

erated by ry, -+ , ry with relations:
rl-2 =1
2 .
(rirj) =1 ifAijAji =0
3 .
(r,-rj) =1 lfA,'jAj,' =1
4 .
(rirj) =1 ifAijAj; =2
6 .
(r,-rj) =1 lfA,'jAj,' =3

2.7 Geometry of the Weyl Group

2.7.1 Real and Imaginary Roots

Definition 2.41. o € A is called a real root if there exist o; € IT and w € W such
that « = w(«;), the set of all real roots is denoted by A™. A root that is not real
is called imaginary and the collection of all imaginary roots is indicated by AI™,
Finally AT, Aijtn are defined as the 4 possible intersections of real and imaginary

roots with positive and negative ones.

Remark 2.42. Real roots behave very much like the roots of finite dimensional
semi-simple Lie algebras: they have multiplicity 1 and the only multiples of a real
root « that themselves are roots are o ([7] Proposition 16.18). Imaginary roots
on the other hand have no counterpart in the finite dimensional Lie algebras (see
Proposition 16.27 in [7]). Moreover if o € Aif then ko € Aif forallk € Z 4
([7] Corollary 16.25) which in turn implies that g¢ is infinite dimensional exactly

when A is not of finite type.

2.7.2 The Tits Cone

Definition 2.43. Given a GCM A of size n let ag be an n-dimensional R-vector
space such that (C ®r ar, 1, IT V) is a realization for A. In our case, since we

15



2.7. Geometry of the Weyl Group

assume A to be invertible, we may take ar to be the R-subspace in ac generated

by simple coroots.

Definition 2.44. We define the Tits cone and the open Tits cone as the following
subsets in aR:

T ={z ear: (£ z) <0, for finitely many £ € A}
INT(T) = {z € ar : (&€, z) <0, for finitely many £ € Arj}
Here INT(T) is the interior of T in the metric topology of aR.

Remark 2.45. A GCM A has finite type if and only if T = INT(T) = aRg.

The subsets T, INT(T) are closely related to the action of the Weyl group:

Definition 2.46. For each subset J C [ the corresponding face in ap is defined as
follows:

Fy={ze€ar: {0j, 2) =0,Vi € J and (o, z2) > 0,Vi ¢ J}.

Given any subset J C I we say J has finite type if the principal submatrix corre-

sponding to J has finite type. Now define:

]D)=U]FJ

Jcl

D, = U Fy

JclI
J has finite type

Proposition 2.47 ([2] Proposition 4.4.9).
(1) T =W - D.
(2) INT(T) = W - Dgp.

The following characterization of the closure of the Tits cone in the metric

topology of agr will be useful later:
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2.7. Geometry of the Weyl Group

Proposition 2.48 ([29] Proposition 5.6). If A is of indefinite type then:

CL(T)={z€ar: (£ 2) >0, VE € A},

17



Chapter 3

Kac-Moody Algebras: Highest
Weight Modules

In this chapter we introduce the concept of a highest weight module. Almost all of
the theory of this class of representations is similar to that of the finite dimensional
case; one major difference is that when our GCM is not of finite type then the
irreducible quotient of the Verma module is not finite dimensional.

One of the most important aspects of the theory is the Shapovalov bilinear
form (see Definition [3.11), originally introduced in [22]. This provides us with
a non-degenerate symmetric contravariant bilinear form on any irreducible high-
est weight module (see Proposition (3.13)). Furthermore, if the irreducible highest

weight module is integrable as well, we get a positive definite inner product.

3.1 Verma Modules

Definition 3.1. Let A € ag and define @é to be the left ideal of llc(g) generated
by ng and all elements of the form z — (A, z) where z € ac. The Verma module
with highest weight A is defined as:

M(A)c = lic(a)/8E.

Proposition 3.2 ([7] §19.1). Let 14 € M(A)c be the image of 1 € Uc(g). Then:

(1) Every element of M(A)c is uniquely expressible in the form of u - 1 4 for
some u € Ugc(n™).

(2) M(A)c = Dieez. M(A)c,i-
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3.2. The Irreducible Quotient

(3) M(A)c 5 # 0ifandonly if A < A.

Another way of defining the Verma module is as follows: let C4 be a 1-
dimensional vector space on which ac acts via (A, -). We extend this to a rep-

resentation of be = ac @ n(JCr by requiring that njc' act trivially. Now we have:

M(A)c :=INDE (Ca) = Uc(8) Buc() Ca-
Lemma 3.3. The product map gives us an isomorphism of C-vector spaces:

lc(n7) ®c Uc(a) ®c Uc(n™) = lic(g).

Proof. This follows from the triangular decomposition of gc and the PBW Theo-

rem. O

In particular we have: ¢ (g) = Uc(n™) ®c Uc(b). Therefore as U (n7)-
modules, M(A)c = Uc(n™), where llc (n7) acts on itself via left multiplication.
In other words as ¢ (n™)-modules, all Verma module look the same.

3.2 The Irreducible Quotient

Definition 3.4. The Verma module has a unique maximal proper submodule ([7]
Theorem 10.9) which we shall denote by M’(A)c. We define:

L(A)¢c = M(A)c/M'(A)c.

Then L(A)c is an irreducible module and therefore it is called the irreducible

highest module with highest weight A.

Remark 3.5. From Proposition 3.2| we see that

LM = P LM

*
A€ag

and that every weight A that appears in L(A)¢ has to be of the form A — o, where
o€ 924_.
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3.3. The Shapovalov Bilinear Form

Definition 3.6. The set of weights of L(A)c will be denoted by % 4. The depth of
the weight A = A —a € % 4, denoted by dp(A), is taken to be the ht(w).

Definition 3.7. € af. is called integral if (1, «’) € Z forall i € I. Itis called

dominant if (i, a) = O foralli € I.

Proposition 3.8 ([7] Proposition 19.14; [16] Corollary 2.1.8). L(A)c is integrable
if and only if A is dominant and integral.

3.3 The Shapovalov Bilinear Form

Definition 3.9. Consider the involution @ : gc — g¢ we have from Proposi-
tion 2.8/ and let l(w) : Uc(g) — Uc(g) be its lift to the universal enveloping
algebra. Now define: ¢ = ll(w) o y, where p is the principal anti-automorphism
of llc(g) (see Appendix |C).

Definition 3.10. Based on Lemma [3.3| we can write llc(g) as a direct sum of two

vector spaces:

g (g) = lic(a) ® (ng - Uc(g) + Uc(g) - ng).

Let n denote the projection on the first factor, this map is commonly referred to as

the Harish-Chandra map.

Definition 3.11. The Shapovalov bilinear form is defined as follows:

S : Uc(g) x Uc(g) — Uc(a)
S(x, y) == n(e(x)y)

Proposition 3.12 ([18] §2.8 Proposition 1).
(1) S is symmetric.
(2) Forall x,y,u € Uc(g), S(ux, y) = S(x, o(u)y).
(3) Fora # p € 2, Uc(g)aLNc(9)p-
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3.3. The Shapovalov Bilinear Form

(4) S(1, 1) = 1.

Since ITV is a basis for the abelian Lie algebra ac (recall our assumption that
the GCM A is of full rank), any weight A € ag. can be extended to the polynomial

ring: llc(a) = Clay, -+ .« ] in a natural way:

Aeya)) = (4. o) {4, o).

Now we define a bilinear form:
SaA:M(A)c xM(A)c — C,

as follows. Let v, w € M(A)c then by Proposition 3.2/ there exist x, y € llc(n™)
suchthatv = x-14,w =y -14 and set:

Sa(v, w) = A(S(x, y)).
Proposition 3.13 ([16] Proposition 2.3.2).
(1) S 4 is symmetric.
(2) S, is contravariant, that is:
Sax-v, w) =Sa(v, o(x)-w),
forallv,w € M(A)c and all x € U (g).
(3) SA(M(A)c,u» M(A)c,p) =0if u # v.
(4) Sa(M'(A)c, M(A)c) =0.

(5) S A induces a non-degenerate symmetric contravariant bilinear form on L(A) ¢

also denoted by S 4.

(6) Any contravariant bilinear form on L(A)c is a scalar multiple of S o and

hence it is automatically symmetric.
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3.4. A Positive Definite Inner Product

Remark 3.14 ([15] §9.4). For any highest weight vector vq € L(A)c,, we define

a corresponding functional: Ey ,[-] : L(A)c — C as follows:

v=Ey,[vlvg +0v, Ve @ L(A)¢ ;.
A£A

Then one may write:

Sa(x-va, y-va) =Ey,lo(x)y-val.

A normalization suchas S 4 (1 4, 14) = 1 will determine the bilinear form uniquely,

we will use this normalization from now and we will abbreviate Eq , [] to E[-].

3.4 A Positive Definite Inner Product

Definition 3.15. Let gr be the real subalgebra of g¢ generated by {e4; : i € I}
and ar. This gives us a conjugate linear involution of g¢c denoted by u + u which
we lift to llc(g). Since the involution w satisfies: w(gr) € gr and we have:
w(u) = () we can define a conjugate linear anti-automorphism of 11¢c(qg) of

order two by setting 09 = ¢ (o was introduced in Definition [3.9).

For any A € ap we get areal form: L(A)r = gr - 14 C L(A)c and hence a
conjugate linear involution of L(A)c, denoted by v — v. We define a Hermitian
form {-, -} on L(A)¢c by:

{v, w} =SA(v, ).

Since S 4 was a contravariant bilinear form, {-, -} becomes a contravariant Hermi-

tian form, this means that we have:
{x v, w}={v, gp(x) w}.

In order to get an inner product on L(A)c we need {-, -} to be positive definite.

Using the contravariance of {-, -} we can calculate some inner products. For exam-
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3.4. A Positive Definite Inner Product

ple:

fe—i -1, e—i- 14} = {14, oo(e—i)e—i - 14}
= {14, eie—i - 14}
= {14, ([ei,e—i] + e—ie;) - 14}
= {la, & - 14}
= {la. (4. &) 14}
= (A, o) {14. 14}

If we use a normalization such as {14, 14} = 1 we see that (A, a}’) > (0 is a nec-
essary condition for {-, -} being positive definite. In fact with similar calculations
one can show that A being dominant and integral is necessary. However it turns

out that this condition is sufficient as well:

Theorem 3.16 ([16] Theorem 2.3.13). {, -} is positive definite on L(A)c if and

only if A is dominant and integral.

Notation 3.17. Forv € L(A)¢ we set: |[v| = /{v, v}.
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Chapter 4

Kac-Moody Algebras: Arithmetic
Theory

In any integrable highest weight module, L(A)c, we would like to define a lattice
which is compatible with the inner product defined on L(A)c. That is, the inner
product of any two elements in the lattice is an integer, in particular the length of
any element is a positive integer. How should we define such a lattice? Recall that
the highest weight vector generates the module: L(A)c = Uc(g) - 14. Based on
this we may define L(A)z = Uz(g) - 14 where llz(g) itself is a lattice in ¢ (g)
and we show that this is the lattice in L(A)c with the desired properties. This
chapter is divided in two sections: in §1 we first define what we mean by a lattice
in lc(g) (see Definition 4.1) and then construct one by giving generators. In §2
we show that the subset defined in the highest weight module is a lattice with all
the desired properties.

The material of §1 is based on [28] §4.4 while §2 follows [11], we note that
while the [11] only deals with the specific case of affine GCMs the same proof can

be used for the general case as we show here.

4.1 An Integral Form for U (g)

4.1.1 Construction

Definition 4.1. An integral form of a C-algebra ¢ is a subring 2 C ¢ such that

the canonical map: C ® 2l — ¢ is bijective.

Notation 4.2. In order to simplify our notation in this section we will use llc, 11?C

and ll(:ciE as a shorthand for llc (g), U (a) and U (nT) respectively.
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4.1. An Integral Form for llc (g)

Definition 4.3. We define the following subrings of l1¢ (for notation see Appendix
A):

+i _ [p]
W = P ze?;
peN

11°:<<Z): ZES‘ZV,pEN>
p

u:l: — (ll:tl, e u:l:n)
=(u-,nut)
Theorem 4.4 ([28] §4.4). U is an integral form for lc.
The proof of Theorem 4.4/ can be divided in two steps:

(1) 117, 1% and U are integral forms for Uz, N2 and 11 respectively.

(2) The product map: 1~ ® % ® U+ — 11 is bijective.
(1) and (2) combined with Lemma 3.3 would imply that 1l is an integral form for
Uc.
4.1.2 Proof of Theorem 4.4

Proof of (1)

Proposition 4.5. 11° is an integral form for ll%.
Proof. 11(%g@[cxi’,m,a,}’]andai’,m,a,\,’ello. O
Proposition 4.6. 11 is an integral form for ll(i:.

Proof. Since U7 is a subring of 1., we only need to show that the canonical map
Ceut — UE is bijective. It is surjective because 11 contains all the generators

of ll(JCr . Assume it is not injective, that is:

k k
O#Zci ® x; Hzcixi =0,

i=1 i=1
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4.1. An Integral Form for llc (g)

where x; are monomials in 1T and ¢; € C are all nonzero. Using the grading
of U(JC“ we see that all x; have the same degree m. Therefore {x,--- ,xx} C llg
is linearly independent over Z but not over C. This contradiction proves that the
canonical map is injective as well and hence 1" is an integral form for ll('g . The

proof for 11 is identical. O

Proof of (2)

Lemma 4.7. For z € ac and p,q € N we have:

z) 191 _ a1z E£q e 2)
ey =€ .
b4 p

Proof. Note that [z,e4;] = £ (®;, z) e+; and then use Lemma|A.3|with P(X) =
(3)- O
Lemma 4.8. 11011F = 1+110,

Proof. This follows from Lemma 4.7, O
Lemma 4.9. ' 10~ = 1= 1017,

Proof. Use Lemma [4.8|to arrive at:

o=t = wuin®

Using Lemma A.6)with x = ¢;,y = e—_; and z = ozl.v we see that: el.[p]eE]i] can be
written as a sum, where each summand belongs to 117 11°11?. Hence:

wu—u = u~uduin
Using Lemma 4.8/ one more time gives us the result. 0

Lemma 4.10. If j, i1, - ,im is a sequence of m + 1 elements in I then:
uhnz e c u/uont
Proof. We prove this by induction on m:
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4.2. The Chevalley Lattice

e m=1:1If j =i then WU C U UOUT follows from Lemma 4.9, If
m = land j # i then W11~/ C U=/ U°UT is a consequence of the fact

that ¢; and e_; commute.

o m>1:

Wi i = (uiz ~-uimu—f)
cun (ll_j lloll+) induction hypothesis
- (uilu—f ) noy+
C (ll_j 11011+) nou+ base of induction
=u~/u’ (uru)ut
=~/ uluonutut Lemma 4.8
cu/ulnt* O

Proposition 4.11. The product map 1~ @ 1° ® U+ — W is bijective.

Proof. Lemma |3.3| implies the injectivity of the product map. In order to prove

surjectivity let 1" denote the the image of the product map. Then:

wn cw Lemmal4.10
wnt cw wcut
wn cw Lemma /4.8
So W'l C ' which implies that Il contains 11. O

4.2 The Chevalley Lattice

4.2.1 Construction

Definition 4.12. Set:

gz = Uz(g) Ngc
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4.2. The Chevalley Lattice

n% = llZ(ni) N n(:ct
az, = Ug(a) Nac = Qv

In particular this allows us to define all these Lie algebras over any commutative

ring of characteristic zero with a unit.

Definition 4.13. Let A be an integral and dominant weight and define the Cheval-
ley lattice, as L(A)z, := Ugz(g)-14 C L(A)c. Then Chevalley lattice is a l17(g)-
invariant Z-module in L(A)c, below we will show that it is indeed a lattice in
L(A)c (see Theorem 4.18).

Lemma 4.14 ([11] Lemma 11.4). E[] takes integer values on L(A)z.

Proof. Letv € L(A)z, by definition there exists a € Uz(g) such that v = a - 1 4.
Define:
liz(n®) := llg(n™) Nz (™),

which is the integral span of all monomials in 11z (n¥) of strictly positive degree.

Then we have:

lz(g) = Uz (n)Uz () +Uz(@)z (™) + Uz (a)
Nzt)- 14 =0

Nz HUz(g) 14 C @ L(A)c,a
A#A

Hence there exists ag € llz(a) such that:
E[v] =E[a-14] = Elao-14].

But by definition ag € Ugz(a) is an integral linear combination of products of
N4

elements of the form: (""111 ) which act on v as follows:

)y (A,
(o) 2= ()

Now since A is dominant and integral (A, o ) € Zy4 foralli e 1. O
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4.2. The Chevalley Lattice

Theorem 4.15. Ifv,w € L(A)g then {v, w} € Z.

Proof. By definition there exist a,b € lz(g) suchthatv = a-14,w = b - 14.

Hence:

{v, w} = Sp(v, W)
=Sa(v, w)
= A(S(a. b)) = A(n(o(a)b))

where 7 is the Harish Chandra map. Since 17 (q) is o-invariant, o (a)b € llz(g).
Moreover we may define a map 5z : Uz(g) — Uz(a) such that the following

diagram commutes:
<
Uz (g) — Uc(9)

a |»

l12(2) —= llc (@)

Therefore we have:

{v. w} = A(n(e(@)b)) = A(nz(0(@)b)).

But A is dominant and integral so when extended to 11z (a) it will only produce

integer values. O
Corollary 4.16. Ifv € L(A)g then ||v|| = 1.

Definition 4.17. An admissible basis for L(A)c is an ordered basis consisting of
weight vectors ordered such that the depth of basis elements is non-decreasing in
this basis. That is if {v1, v, -+ } is a an admissible basis with vy € L(A)c 4, then
i < j implies dp(4;) < dp(A;). Note that the first basis element of any admissible
basis has to be a highest weight vector, that is it belongs to L(A)c, 4.

Theorem 4.18 ([11] Theorem 11.3). L(A)c has an admissible basis such that its
Z-span is Wz (g)-invariant.
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4.2. The Chevalley Lattice

4.2.2 Proof of Theorem 4.18
Set: L(A)z,, = L(A)zNL(A)c, . Then L(A)z has a direct sum decomposition:
LAz = @ LAz
AEDP 5

Let 98, be a Z-basis for L(A)z_; and set:

we claim 98 is the basis we are looking for. There are 3 points to prove:

(1) The Z-span of %8 is Uz (g)-invariant.
(2) 9B spans L(A)c.

(3) 9B is linearly independent over C.

Since L(A)gz is the Z-span of %8, (1) is true. (2) follows from L(A)c = Uc(g)-14
and the fact that 11z (g) is a lattice in ¢ (g). That leaves (3), however this is
equivalent to to proving that for any finite subset of L(A)z linear independence

over Z implies linear independence over C. We prove the latter by contradiction,

so suppose there exist vy, -+ , v, € L(A)z which are linearly independent over Z,
but not over C, that there exist ¢1,--- , ¢, € C not all zero such that:
r
> cjvj =0. (4.19)
j=1

Moreover we assume that 7 is minimal, in other words any other subset of L(A)z
of size smaller than r is not a counterexample to our claim. In order to derive a

contradiction we first need the following Lemma:

Lemma 4.20. Let vy,--- vy € L(A)z be such that vy # 0 and )i, cjvj = 0

with ¢cj € C. Then there exist integers ny,--- ,n, with ny # 0 satisfying:
r
Z cjnj = 0.
j=1
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4.2. The Chevalley Lattice

Proof. Choose a € Uz(g) such that E[a - v{] # 0. Such an element exists,
otherwise v; would generate a non-trivial submodule of L(A)c which did not
intersect L(A)c, 4, and by definition of L(A)c, this is impossible. Applying
first @ and then E[] to Y7 cjv; = 0, we get: Y7_, ¢;E[a-v;] = 0. Since

j=1
vj € L(A)z,a € lz(g) we have E[a . vj] € 7 from Corollary |4.14, Now take
n; = E[a . vj], note that n; # 0 due to our choice of a. O
Applying Lemmal4.20|to (4.19)) we see that there exist integers ny, -+ ,n, € Z

with n; # 0 satisfying:

,
> ejnj =0. (4.21)
j=1

Now from (4.19) and (4.21]) we have:

r r
0= (Z ijj)nl =cinivy + ch-nlvj
—

j=2

r r
0= chnj)vl =cinivy + Zc]-njvl
—

j=2

Eliminating c1n1v; using the two equations we get:
r
ch (n1v; —njv1) =0
j=2

Setw; :=n1v; —njvi. Now wa,--- ,w, € L(A)z are linearly dependent over Z

since vy, --- , v were linearly independent over Z however we have:

,
ZCJ'U)J' =0.
Jj=2

which implies ws, - - - , wy is linearly dependent over C which contradicts the min-

imality of r.

31



Chapter 5

Groups over QQ

In this chapter we give a definition of the split maximal Kac-Moody group over Q
(and any field of characteristic zero) associated to a given GCM. One should note
that given a GCM that is not of finite type one can associate at least two different
groups with it (maximal vs minimal). Moreover in either case there are several
definitions in the literature (see [20] for various definitions of both the maximal
and minimal groups and their comparison). The definition given below is new
but it is a synthesis of two main ways of approaching the subject. Our starting
point is the result that any complex semi-simple Lie group can be expressed as
the amalgamated product of the minimal parabolic subgroups and the normalizer
of a maximal torus (see Theorem |[D.2). We use this theorem as our definition:
first define the minimal parabolic subgroups and the normalizer of the maximal
torus and then we define the split maximal Kac-Moody group as their amalgamated
product.

The first step (defining the subgroups) is the subject of §1, for any subalgebra
mg C gg Wwhich is invariant under the adjoint action of ag we construct a Q-
algebra: Hg(m). Then we show that Hg(m) is in fact a Q-Hopf algebra and so we
have an affine group scheme over Q. In §2 we compute the Hopf algebra $g (m) in
terms of the representations of mg where mg = ag, na, b, li,@, pi,@ (for these
two sections we follow Mathieu, pages 19-20 and 24-25 in [17]). In §3 we give an
explicit description of the unipotent group, N«S , as a subset of a completion of the
universal enveloping algebra of na. Finally in §4 we note that while gg itself is
invariant under the adjoint action of the torus, when the GCM is not of finite type
a@ becomes infinite dimensional and while this process yields us a group, it is too
small to be of any use, see Remark [5.32| The second step (amalgamation) was the
approach championed by Jacques Tits, an exposition can be found in [16].

Finally another way of constructing Kac-Moody groups is to use integrable
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representations of the Kac-Moody algebra, see [6].

5.1 S@Q(m)
5.1.1 Definition

Notation 5.1. For a subalgebra mg C gq, set:

mé =me ﬂna

m& =mg Nag.
Definition 5.2. The character lattice is defined as follows:
% := HoMmg(az, Z).

9 is a lattice in aa which contains the root lattice, . For each i € I we also set

the following subset of the character lattice:

Pi={rAeP: (A, o) =0}.

Let mg C g be a subalgebra such that:

[GQ, mQ] C mg. (%)

Let L(u), R(u) : Ug(m) — Ug(m) be the left and right multiplications by u.
Corresponding to these maps we have the left regular representation of llg(m) :
u +— L(u) and the right regular representation: u +— R(y(u)), where yp is the
principal anti-automorphism of llg(m). The transpose of these maps give us an
action of llg(m) on its dual:

[L*)(¢)] (x) = ¢p(ux)
[R*(u)(@)] (x) = $(xy ()
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5.1. $(m)

For z € ag let ad(z) : Ug(m) — lg(m) denote the lift of ad(z) : mg — mq.
Again the transpose gives us an action of ag on lg(m):

[ad™(2)(@)] (x) = $(ad(z)(x)).

Definition 5.3. ¢ € llg(m)* is called L*-finite (resp. R*-finite) if the span of the
maps L*(u)(¢) (resp. R* (u)(¢)), as u varies over llg (m), is finite dimensional in
Hg(m)*.

Definition 5.4. Let @é (m) (resp. @6 (m)) be the set of all linear combinations of
elements ¢ € llg(m)* that satisfy:

(1) ¢ is L*-finite (resp. R*-finite).
(2) There exists A € 2 such that ad*(z)(¢) = (A, z) ¢ forall z € ag.
(3) There exists u € 9 such that L*(z)(¢) = (i, z) ¢ (resp. R*(z2)(¢p) =
(u, z) @) forall z € m&.
Lemma 5.5. @6 (m) = @6 (m).
Proof. Let (¢, A, 1) be a triplet satisfying the conditions of Definition |5.4| with ¢
non-zero. By definition showing ¢ € Sf)(g (m) will imply @é (m) C ég(m).
Set:
Sg = {u € llg(m) : L*(u)(¢) = ¢p(u) = 0}. (5.6)

Since ¢ is L*-finite, Jg is a right ideal of finite co-dimension in g (m). Therefore
Jq contains, Jq, the annihilator of llg(m)/Jg, which is a two-sided ideal of
of finite co-dimension (it is the largest two sided ideal contained in Jg). Now

consider the following:

[R*(¥(S0) ()] (x) = ¢(xJ0) = ¢(J@) = 0.

Since Jq is invariant under y and has finite co-dimension ¢ is R*-finite.

Nextlet z € m&, by definition:

ad*(z)(¢) = (A, 2) ¢,
L*(z)(¢) = (1. 2) ¢.
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Therefore:

R*(2)(¢) = L*(2)(¢) —ad™(2)(9) = (n — L. 2) ¢,

sincet €, C% wehave u — A € 9. Theproofof@{@(m) D bg(m) is

similar. O]

Notation 5.77. Based on Lemma 5.5|we set: Hg(m) := @é (m) = @5 (m).

Example 5.8. For mg = aq the three conditions enumerated in the definition
of Hg(a) collapse to one. So Hg(a) is the linear combination of elements ¢ €
Ng(a)* that satisfy:

IneP: L*2)() = (1, 2)¢.

Since Ug(a) = Q[ai’, o ] we see that ¢ is determined by p up to a scalar
constant, that is ¢(z) = (u, z) ¢(1). Now the map:

¢ d(1)dy,

where §,, : % — Q is the map that sends p to 1 and is zero on the rest of the lattice,
shows that Hg (a) = Q[??], where Q[??] is the group algebra of the discrete group
P.

5.1.2 Hopf Algebra Structure

Definition 5.9. Let X’ g (m) be the set of all left ideals, Jq, in g (m) that satisfy:
(1) Jq is of finite co-dimension in Ug (m).
(2) Jq is stable under the adjoint action of ag.

(3) There exists a finite subset & C 9P such that their restriction to m& satisfies:

Vzem&: Hz—()t,z)eSQ.

AeE
Lemma 5.10. For ¢ € Ug(m)* the following are equivalent:
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(1) ¢ € Ho(m).
(2) There exists a two-sided ideal Jg € X.q(m) such that ¢(Jg) = 0.

Proof. First note that if Jg € Xg(m) then llg(m)/IJg is a finite dimensional Q-
vector space and any linear map ¥ : Ug(m) — Q such that ¥ (Jg) = 0 belongs

to Ho(m).
For the converse, let ¢ € Hg(m) be arbitrary, then we may write it as a linear

combination of non-zero elements:

¢ =c1¢1+ -+ cmPm,

where for each k, 1 < k < m, the triplet (¢, Ak, i) satisfies the conditions of
Definition 5.4\ In the proof of Lemma|5.5|for each ¢, we have defined a right ideal

Sk, and a two sided ideal Jx @ contained in it. Now set:

JQ =31, N N Jm,Q-

Clearly Jq is a two sided ideal of finite co-dimension and ¢ (Jg) = 0.

Since Jq is a two sided ideal it is stable under the adjoint action in particular
by elements of ag.

Finally for condition (3) of Definition 5.9 we take:

E =15 M 0
Lemma 5.11. $q(m) is a subalgebra of the commutative algebra Ng(m)*.

Proof. Recall that llg(m)* is a commutative algebra with the unit map ¢* and
product map v* (see Appendix |C). Since Hg (m) is a Q-subspace of lg(m)* we

only need to show that it is closed under v*. In other words:

v* (Ho(m) ®g Ho(m) C Ho(m).

Suppose ¢, ¥ € Ho(m) and let ¢y denote v*(¢ ® ¥). By Lemma 5.10/ ¢y €

$o(m) is equivalent to finding a two-sided ideal P € X (m) such that (¢¥)(Pg) =

0. Since ¢, ¥ € Ho(m) there exist two-sided ideals Jg,Jg € Xg(m) such
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5.1. $(m)

that ¢(Jg) = ¥ (Jg) = 0. Let Po = IJpI, then one immediately has:
(@¥)(Bg) = 0, all that is left to show is Pg € Xg(m).

Lo has finite co-dimension: take {x1,---,x,} € llg(m) to be a basis for the
Q-vector space llg(m)/Jg and let {y1,---, ¥4} be a set that generates Jg as an

ideal. Then 7 € Jg can be written as:
q
L= uivi. (5.12)
i=1
where u; € llg(m). For each u; we can write:
P
u = Zcm) + 30 (5.13)
=1
where ¢; € Q. Combining (5.12)) and (5.13) we arrive at the following:

( XP:CJUJ) + 3@)%

—1

-

i=1

4

ZCJUJY:’) + Jqvi
1 =1

14

q
Z Z ijm) + JQJQ

i=1j=1

q

1=

which shows that Jg /J@-Jq is finite dimensional and since:

dim (U (m)/JoIg) = dim (lig(m)/Jq) + dim (Jo/IJoJ0) -

we see that o = Jg-Ig has finite co-dimension.
P is stable under the adjoint action of ag: leta € Jg.b € Jg and z € ag
then:

[z,ab] = zab —abz

= zab —azb + azb — abz
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= [z,a]b + a[z, b].

Since Jg, Jg both are stable under the adjoint action of ag we have: [z,a] €
S0, [z,0] € Jo-

Finally from Jg, Jg € X q(m) we have two finite sets: &1, &, € 9. For Lo
the union = U &5 satisfies the desired conditions. O

Theorem 5.14. If the subalgebra mg C gq satisfies (x) then

(Do(m),v*, &%, u*, ", y¥)

is a commutative Hopf algebra over Q.

Proof. Based on Lemma and the fact that llg(m) is itself a cocommutative
Hopf algebra we only need to prove that $g(m) is closed under the transpose
maps: y*, €* and p*. The first two are easy to verify and so turn our attention to

the transpose of the product map in Ug (m):

p* : Ug(m)* — (lg(m) ®g Ug(m)”
@) uu)=¢(uueu)) =¢uu')

On the other hand ¢ € $g(m) and so by Lemma there exists Jg € X g(m)
such that ¢(Jg) = 0. Therefore we get:

15 (9)(So ®g llg(m) + lg(m) ®g Jg) = 0.

Combining this with:

1*(¢) € HoMg (llg(m) ®q lig(m), Q),

we get:

. lg(m) ®q lg(m)
r($) € HOMQ(SQ ®0 lg(m) + llg(m) @0 Jo Q)

= HoMg (N (m)/Ig ®q llo(m)/Io. Q)
= HoMg (N (m)/Jg. Q) ®p HoMg (Ng(m)/Jg. Q)
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But since Jg € X g (m) we have:

HoMg (Ug(m)/Sg. Q) S Ho(m).

Therefore:
1 ($) € Ho(m) ®q Ho(m). O

Definition 5.15. Based on Theorem 5.14| for any subalgebra mg < g that satis-
fies (x) we may define an affine group scheme over Q:

Mg = HoMg_ug(Sg(m), Q).

5.1.3 Examples

Example 5.16. Let us return to the case when mg = ag, we have already shown
that Hg (a) = Q[?]. Therefore:

A = HOMQ—q¢(Q[Z]. Q) = HoMz (2, Q™).
So our definition agrees with that of a classical finite dimensional split torus.
Example 5.17. For each i € I define:
li,Q = "—a;,0 ® aQ & Mo, Q-

Then [; @ satisfies (x) and so we get a group L; g, this is a finite dimensional
reductive group of semi-simple rank 1 which contains Ag as a subgroup. Let W,-,Q
denote the normalizer of Ag in L; g. Then the quotient W; ¢ /Ag is a group with
two elements: {1,7;} and the conjugation action of 7; on Aq is induced from the

action of the fundamental reflection ; on ag. Leta = EXP(z) € Ag then:

ri(a) = Fiafi_l = r;(Exp(z)) = ExpP(r; (2)).
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Moreover we have 71-2 € Aq, more precisely:

71'2 1P - QX
) = (—1irer)

Remark 5.18. Earlier we have defined several subalgebras of gg : a@, bg, né, Nig, .Q
and p; . Now for each i € I we define:

n,Q = @ 4Q,a»

oz,-;éaGA.:,_
biiQ = aQ ® N+e;,Q-
(i,Q = N—a;,Q D aQ & n;,Q-

These subalgebras of gg all satisfy (x) and so we have the corresponding groups
over Q:

AQ’ BQ’ Bﬂ:i,@? Ci,Q’ Li,@v Néy Ni,@a N:l:Oli,Qa Pi,@'

5.2 Peter-Weyl Type Theorems

Definition 5.19. Given A € %, let M (A)(\é denote the subspace generated by

weight vectors in the coinduced module:

COINDZ (Q 4) = HOMy (o) (N (B), Q).

where Q 4 is the 1-dimensional llg(a)-module with weight A. Then as g (b)-

modules we have:
M(A)g = M(0)g ®g Qa.

Therefore all these modules are isomorphic as Il (n™)-modules, in fact as Ug (n™)-
modules we have:
M(A)g = ™),

40



5.2. Peter-Weyl Type Theorems

where the latter is the restricted dual with respect to the & 4 -grading, that is:

™) = @ oM} (@ ll@(n+)a) = lg(n™)*.

o€ 4 VSO

Definition 5.20. Suppose A € 2; then (A, o) ) > 0 and hence there exists a
unique irreducible g (I; )-module of dimension (A, o) ) + 1, which we will denote
by £; (A)g. We define M; (A)((V2 to be the subspace generated by weight vectors in

the coinduced module:

COINDE’:’S (¢i(A)@) = HoMy, ) (U (p), £i(A)q).

Lemma 5.21 ([17] page 25, Lemma 7).

(1) Foreachi € I we have natural isomorphisms:

P,o = Nig xLi g,
Bo = Nig xBi o,
Cio =N, 0 xB_i 0.

Bg = N{ x Ag.

(2) If mg < m(’@ are two subalgebras mentioned in Remark |5.18| then there
exists a natural morphism Mg — M(/Q which is a closed immersion, in

other words Hg(m') — Ho(m) is a surjection of Q-algebras.

(3) We have the following isomorphism:

Hola) = @ Q4 ®g Q% As Ng(a) x Ug(a)-modules
AePp
(5.22)
$o() = @D Li(Mg @ Li(A)y  AsUg(li) x Ug(li)-modules
AeP;
(5.23)
o (™) = M(0)g As Ug(nT)-modules (5.24)
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5.3. The Unipotent Subgroup

$o(b) = P MG As Ug (b)-modules (5.25)
AeP

Ho(pi) = @ (Mi (/\)é)([l’w’y)—H As right N (p;)-modules (5.26)
AeP;

Proof. (1) is easy and implies (2). For (3) we note that (5.22)) and (5.23)) are known
from finite dimensional theory. (1) and (5.24) together imply (5.25) and (5.26).
Therefore we only need to show (5.24)).

We claim $¢(nt) = Ug(n™)V. First note that Hg(n™) can not be any bigger
than the restricted dual since any functional not in the restricted dual is not L*-
finite and can not be written as a finite linear combination of L*-finite functionals.
Pick a basis {uy : o € 24} consisting of the weight vectors of the adjoint action
of ag, and let {¢y, : @ € 2} be a corresponding dual basis which spans the re-
stricted dual. Evidently all the elements in the dual basis are L*-finite, now by

definition we have:

[8d* (2)($a)] (¥) = ba(ad(2) (x)).

This expression is zero unless x € llg(n™), in which case we have:

$a(ad(2)(x)) = da((@. 2) x) = (@, 2) Pa(x).

Since na Nag = {0} we have: ¢y € Ho(n™). Finally we note that agy annihilates
the unit in Ho(n™), which is the map: 1* : Ugp(nt) — Q, characterized by
1*(1) = 1 and 1*(1~1Q (n*)) = 0. The isomorphism between Hg(n*) and M(O)(\é
is then given by sending 1* to 1§ the dual weight vector to the highest weight
lop € M(0)q. O

5.3 The Unipotent Subgroup

While (5.24) gives us some information about the structure of Na in this section

we will give an explicit construction of this group.

Notation 5.27. In this section llg(n™) will be denoted by llg.
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5.3. The Unipotent Subgroup

Definition 5.28. Consider a completion of llg based on the root lattice decompo-
sition:
15 = [] Noe> P lge =lg.
@€y @€y
Let {u1,uz,- -} be a Q-basis for llg with {u,u3,---} as the corresponding dual
basis. Then from Appendices B} |C|and the proof of Lemma|5.21| we have:

N = Q[uy,uz, -], 116%Q|[u1,u2,---]],
ué%@[u?,u;,"'], ua;@l}:u?,u;,"':ﬂ,
*

(Ug) =g

Note that llg, 116 are dense subsets of HfQ and lla, respectively.

Definition 5.29. Let an be the completion of na in 1152 and define the exponential

map EXP : nb — uf@ as the formal sum:

o0 .Xn
Exp(x) = —
ne0 n!

Lemma 5.30. N can be identified with Exp(n,) C Ug).

Proof. |'|Since elements of N 6 are (Q-algebra homomorphisms, ll(\é — @, we can
consider N6 as a subset of 116.
THE MAP: Since llg) is dense in llgy we can extend any ¢ € llg) to 11, by

continuity. Now for y € an define:

nExe(y) (@) = P(EXP(y))
INJECTIVITY: This follows from 11¢) being dense in l1g.

HOMOMORPHISM: We may assume y to be primitive, non-primitive elements

of an can be expressed as limits of primitive elements. Now the following calcu-

IThis proof was communicated to me by D. H. Peterson.
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lation proves the claim:

v(EXP(y)) = EXP(y) ® EXP(y).

Finally we claim that ngxp(y) is a Q-algebra homomorphism:

nexe(y) (@Y) = (9¥)(EXP(y))
= (¢ ® ¥)(v(EXP(y))
= (¢ @ ¥)(EXP(y)) ® ¥ (EXP(y))
= (¢(EXP(y)) ® (Y (EXP(y))
= nExe(y) (@)NExe(y) (V)

SURJECTIVITY: Letn € N6 be arbitrary, we will inductively construct y €

n(f} such that n = ngyp(y), that is:

n(@) = $(EXP(y), Ve € Y = Qui.uj. -]
Let P € Q[u},uj, -] and assume Xj = xq + - -+ + xi is such that

n(P) = P(Exp(Xy)), deg(P) < k.

We would like to find xj . that satisfies:

n(P) = P(EXP(Xx + Xk+1)), deg(P) <k + 1.
But based on the Campbell-Hausdorff formula we have:

P(EXP(Xk + xg41)) = P(EXP(Xy)) P(EXP(xg41)),  deg(P) <k +1,
which implies that we should have:
n(P) = P(EXP(xr+1)), deg(P) =k + 1.

But this determines xz4; and then we can repeat the same with Xz11 = X +
Xg+1- Finally we take y = limy Xk. O
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5.4 The Split Maximal Kac-Moody Group

Identify the n copies of Ag in Wy q,-+-, W, @ and define W as the group

generated by all Wi,Q subject to one additional relation.
Foralli # j € I where rirj € W is of finite order m;;: (7;7;)™" = 1.

Then we have a short exact sequence of groups:
{1} > Ag — Wg — W — {1} with 7; > r;.

Definition 5.31. Identify all the copies of Bg in Py .- , Py @, then we define
the split maximal Kac-Moody group as the product of Py g, --P, o and W@
amalgamated along their intersections. The resulting group is not a group scheme,
it is the direct limit of groups (see Appendix D), where each group is the Q-points

of a group scheme.

Remark 5.32 ([17] page 27). gq itself satisfies (x), and if dim(gg) < oo then
one obtains Chevalley’s simply connected group. However when ggq is infinite
dimensional the Hopf algebra $g(g) is too small to give us a suitable group. To
see this let ¢ € Ho(g) C Ug(a)*, and consider the 2 -grading:

lig(a) = P No@e-

11539

Suppose ¢ is non-zero on the subspace llg(g)q,, however this would violate the
L*-finiteness of ¢ since there are infinitely many different ways of writing o9 =
Bo+vo with Bo, yo € 2. Therefore we denote the group defined in Definition|5.31
by GQ to distinguish it from G discussed above.

Remark 5.33. Similarly we may define Gg where % is any field of characteristic

zero. Set:
Hz(m) = F ®q Ho(m),
where mg = p; g, ,Pn,5,0g then we have groups over F: Py g,--- P, 3

and Ag. The definition of W is identical to WQ since the quotient group W

does not depend on .
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Chapter 6

Groups over Z

Starting with the group Mg defined in the previous chapter, we aim to define a
group scheme over Z: Myz. In order to do so we first define a natural subring of
the Hopf algebra £z (m) C Hg(m) (see Definition|6.1). If $z (m) becomes a Hopf
algebra over Z with the maps inherited from $g (m) (so that we have a compatible
subgroup) and is a lattice in $g(m) (to ensure the group is large enough) we say
that mq is an integral subalgebra of ggp and define Mz to be the spectrum of
Hz.(m).

However not every subalgebra which satisfies (x) (which is needed for Mg to
exist in the first place) is integral so we have to impose further conditions on mg.
In §1 we introduce $z(m) and the concept of an integral subalagebra, in §2 we
investigate which conditions are needed for mg to be an integral subalgebra, in §3
we try to establish which subalgebras of gg are integral and finally in §4 we define
GZ in an analogous way to GQ since the subalgebras used in the definition of G@
are integral as shown in §2.

The material of §1 and §2 are based on [17] pages 21 - 23. It should be noted
that the theory of Kac-Moody groups over integers has become a very active field

of research, two recent and noteworthy references are [1, 5].

6.1 $Hz(m)

Definition 6.1. Throughout this chapter mg C qq is a subalgebra that satisfies (x)

and hence g (m) is a commutative Hopf algebra. Set:

Uz (m) := Uz(g) N Ug(m),
9z (m) := {p € Ho(m) : ¢ (Uz(m)) S Z}.
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Example 6.2. Let us try and compute $z(a). By definition Hz(a) is the set of
linear maps in $g(a) that take integer values when restricted to llz(a). Since
elements of 117 (a) are integral linear combination of products of elements of the
form (";z: ), we conclude that ¢ € g (a) belongs to Hz(a) if and only if p (ITV) <
Z. This combined with the map we used to show Hg(a) = Q[??] shows that

Hz(a) = Z[2].
Definition 6.3. A subalgebra mg C qq is called integral, if:

(1) $z(m) is a commutative Hopf algebra with the maps inherited from $g (m),
(2) Hz(m)is alattice in Ho(m), i.e. Ho(Mm) = Q @ Hz(m).
Definition 6.4. Given an integral subalgebra, mg, we may define a group over Z:
Mgz = HOMZ—alg(@Z(m)v Z)

Moreover if & is any commutative ring of characteristic zero with a unit, by setting

Hp(m) == R ® Hz(m) we can define a group over R:
My = HOMgy—q1¢ (D (m), R).
This is compatible with our earlier definition over Q and any other fields of char-
acteristic zero.
6.2 Integrality Conditions
6.2.1 Hopf Algebra

Lemma 6.5. The following hold with no extra conditions on mg:

$*(Z) € Hz,(m),
€*(Hz(m) C Z,
y*(9z(m)) S Hz(m).
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Proof. The unit and antipode map conditions are automatically satisfied. The con-
dition for the counit map follow from lg (m) = ﬁ@ (m) N Uz (m), which then
implies llz (m) = Z & g (m). O

Definition 6.6. Next we present two further conditions on mg:
v (Uz(m)) € liz(m) ® Uz (m), ()
V3g € Xo(m) : Uz(m)/Jz is a Z-module of finite type. (3)
And here Jz = Jg N Uz (m) for all Jg € Xg(m).
Lemma 6.7. If mq satisfies () then $z,(m) is closed under multiplication.

Proof. Leta,b € Hz(m) and u € Uz (m) then by definition of the transpose map
we have:

v*(a ® b)(u) = (a ® b)(v(u)).
but v(u) € Uz(m) ® Uz (m) by () and a,b € Hz(m), hence: (a ® b)(v(u)) €
Z. O

Lemma 6.8. If mq satisfies (1) then $z,(m) is closed under co-multiplication.

Proof. Let ¢ € Hz(m) C Ho(m), since Ho(m) is a Hopf algebra we already

have:

¥ (@) € Ho(m) ®g Ho(m) C Ug(m)* ®g Ug(m)*
C (Ug(m) ®¢q Ng(m))”
= HoMg (lig(m) ®¢ lg(m). Q)

Since
(@) (u@u') =p(puu)) = pu), (6.9)

Uz (m), as a subring, is closed under multiplication and ¢ € $z(m) we have in
fact:

r*(¢) € Homz (lz(m) ® llz(m), Z). (6.10)
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On the other hand because ¢ € Hg (), there exists a two sided ideal Jg € X g(m)
such that ¢ (Jg) = 0. Using (6.9) arrive at:

1 (#)(Jz @ Uz (m) + lUz(m) @ Jz) = 0. (6.11)
From (6.10) and (6.11)) we have:
* Uz (m) ® Uz (m)
h@) e HOMZ(SZ ® Uz () + lz(m) ® 3z )
= Homz (lz(m)/Jz ® Uz (m)/Jz, Z)
= Homz (Uz(m)/Jz. Z) ® HoMz (lz(m)/Jz, Z)

By (%), Uz(m)/Jz is a Z-module of finite type, it is torsion free as well since Jg

is an ideal. Therefore

Homgz (1z(m)/Jz, Z) S Hz(m).

And from this we get

1 (9) S Hz(m) ® Hz(m). O
6.2.2 Lattice
Lemma 6.12. If mq satisfies (f) then Ho(m) = Q @ Hz (m).

Proof. If ¢ € Hg(m) then there exists a two sided ideal Jg € X g (m) such that
¢ (Jq) = 0. Therefore we have a homomorphism of additive abelian groups:

¢ Uz(m)/Jz — Q.

However llz(m)/Jz is a Z-module of finite type and so the image of ¢ is fully
determined by its value on the finitely many generators of 11z (m)/Jz. By taking
the least common denominator of the image of this finite set of generators we see
that there exists 0 # p € Z such that:

$ (z(m) € 12.
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We therefore have p¢ € Hz(m). O

6.3 Integral Subalgebras

Theorem 6.13. If a subalgebra mqg C gq satisfies (x), () and (f) then it is inte-
gral.

Proof. This follows from Lemmas 6.7, 6.5, 6.8/ and [6.12] O

Using Theorem [6.13|in this section we examine whether the well known sub-
algebras of gg are integral or not. However before doing so we find an equivalent,

but easier to verify, statement for (i). We start with a definition:

Definition 6.14. Let %Yg(m) be the set of all g (m + a)-modules, E, such that:
(1) E is finite dimensional.
(1) E is a weight module for ag.
(2) weights of E lie in 2.

Lemma 6.15. (%) is equivalent to:
VE € ¥Yg(m),VYe € E: lgz(m) - e is a Z-module of finite type. 1)

Proof. If Jg € Xg(m) then Ug(m)/IJo € Yo(m). (f1) implies that Uz (m) -
(x + Jg) is a Z-module of finite type for all x € lg(m). In particular llz (m) -
(1 + Jq) is a Z-module of finite type. But since llz(m) acts on lg(m)/JIg by
left multiplication and so Uz (m) - (1 + Jg) = Uz(m)/JIz which proves ().
Assume (%) and let E € %g(m) be arbitrary. Now the set of elements e € E
such that llz (m) - e is a Z-module of finite type, is itself a llg (m + a)-submodule
of E. O

Lemma 6.16.
(1) If ag + mq satisfies (7T) then mq also satisfies (7).
(2) Iftq = ag @ mg then Uz (t) = lz(m™*) @ lz(a).
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(3) If tg = aq @ mg} then tq and mg, both satisfy (T7).
(4) If ag € mg and Uz (m) = Uz(m™) @ Uz(t), then mq satisfies (7).

Proof. Since 1z (m) € Uz (a + m) Lemma|6.15/implies (1) at once.

For each 8 € 9: llZ(m+)5 = HQ(m+)ﬂ N UZ(n"')ﬁ. Since Hz(n+)ﬂ isa
Z-module of finite type, 1z (m™)g is a direct factor of Uz (n")g. Hence llz(m™)
is a direct factor of 11z (n™). From this and 117(b) = llz(n ") ® liz(a) we get (2).

Using part (1) we see that to show (3) it suffices to show that tq satisfies (7).
Solet E € Wg(t) and e € E, we can also assume that e is a weight vector and

therefore: 11z (a) - e = Ze. Now using part (2) we may write:
Uz() e = (z(m%) @ Uz(a)) - e = Uz(mT) - (Ze).

Since E is finite dimensional there exists a finite set X' € 2 4 such that:

lz(m¥) e = P UzmHa-e.
aeXr

Since 117(m™), are Z-modules of finite type this proves 3.
For (4) let E € Yg(m) by (3), for every e € E the Z-modules llz(m™) - e and
Uz/(t) - e are of finite type. Now Uz (m) = Uz (m™) ® Uz (t) implies (4). O

Remark 6.17. The Lie algebras enumerated in Remark|5.18|are integral, we already
know that all these subalgebras satisfy (x). For (1) we note that it is enough to
show it for the generators of each subalgebra. Finally for (i) we use the equivalent

formulation (71) and Lemma|6.16. So we have the corresponding groups over Z:
Az.Bz.B+,7.C,z.Liz, N%, Ni,z.N+y,;,2.Piz.

Lemma 6.18.
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(1) Foreachi € I we have the following isomorphisms:

P,z =N,z xL; 7z,
Bz =N,z xBiz,
Ciz=N;zxB_, 7,

Bz =N xAg.
(2) If mg < m('@ are two subalgebras enumerated in Remark |5.18| then there
exists a natural morphism Mz — M/Z which is a closed immersion.
(3) Foreachi € I the natural morphisms
N_o;,z xBz = Piz
Ne;,z xCiz — Pig
are open immersions.

Proof. The only delicate point is to show (2). More precisely, to show that By —
P; 7 is a closed immersion. Using isomorphism of groups P; 7z = N; 7z xL; 7z and
Bz = Nz x B; 7, we reduce to show that B; 7 — L; 7 is a closed immersion,

this is done by direct calculation. We show (3) with the same argument. ]

6.4 The Arithmetic Group

Definition 6.19. Now that we have the required group schemes, we define, I, the
split maximal Kac-Moody group over Z as the productof Py 7, --- , Py, 7 and Wy,
amalgamated along their intersections. As before (see Definition [5.31)) this group

itself is not a group scheme over Z.
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Chapter 7

Structure Theory

In §1 we show that Gc; acts on any integrable irreducible highest weight module
L(A)g. In fact we give an explicit construction for the representation map which is
based on the last paragraph of page 28 in [17]. Next we see how different subgroups
act and what their matrices look like in an admissible basis, most importantly we
show that the Chevalley lattice is stable under I' (see Lemma|7.9).

In §2 we use the representations to show that (A;g possesses a Tits system, this
proof is based on the representation theory of (/io; and follows §5.12 in [23].

In §3 we prove an Iwasawa decomposition when & = R, C. This prove uses
the existence of the Tits system shown earlier, with Lemma |7.26| on the theory of
Tits systems being the crucial part of the proof.

In §4 we introduce the minimal group of Kac and Peterson, we will use this

group to show that the orbit of the highest weight vector is not the entire module.

7.1 Representation Theory

7.1.1 Constructing the Map

Let L(A)g be an integrable highest weight module for g5 . We wish to construct a
representation:
Gy — GL(L(A)g).

By the construction of (A;g,» it suffices to do so for each minimal parabolic subgroup
P; 5. For every i € I, since g (p;) acts on L(A)g, every v € L(A)g gives rise
to a map ¥, : Ug(p;) — L(A)g defined by ¥, (x) = x - v. Since L(A)g is
integrable we see that all ¥, have finite rank. But on the other hand we have a
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7.1. Representation Theory

F -vector space isomorphism:
Hom§! (g (i), L(A)z) = Uz ()" @5 L(A)z, (7.1)

where HOM;H(', -) is the set of all & -linear maps of finite rank. So combining

v > Y, with this isomorphism gives us a map:
L(A)g — Uz (pi)* ®3 L(A)z. (7.2)

We claim that the image of the map in (7.2)) in fact lies in g (p;) @z L(A)g. To
see this we first recall the isomorphism of (7.1) can be explicitly written as:

o0
(¥ Nz (p) > LAz} > Y xf @Y(x)
i=1
where {x1, x2,--- } is a basis for Ug (p;) of our choosing. We take it to be the basis
afforded to us by the PBW Theorem with the ordering:

i <o) <-<a) <ep<-<ep <---

If we show that the elements of the dual basis {x],xJ,---} all lie in Hgz (p;), we

are done. But then we may write:

Dz (hi) = Oz (i) @z D7 (i)

and we know that Hg (11;) and Hg (;) are the restricted dual of the corresponding
universal enveloping algebras. Hence the same has to be true for Hg (p;). So we

have a map:
L(A)g — H3(pi) ®5 L(A)g.

From the theory of affine group schemes this corresponds to a representation of the

group:
P, g — GL(L(A)g).

Remark 7.3. The above construction more than giving us a representation for (/io;

has the virtue that it enables us to actually compute the representation for the
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7.1. Representation Theory

parabolic subgroups. Suppose we are given p € P; 5 then we may write its action

based on the following sequence using the fact that p € P; 5 is in fact a homomor-

phism of % -algebras: p : Hz(p;) — F one can write:
®1 =
L(A)y —= 55 (h) ®5 L(A)g ——F 85 L(A)g —— L(A)g ,

So for a given v € L(A)g we may write:

prv= (p®1)<2m7®(mrv))

i=1

o

~
Il
-

p(m}) ® (m; - v)

o

p(m7)(m; -v)

~
Il
-

where {m1,my, -} is a basis of our choosing for 1 (p;) and {m},m3,---} is its
dual.

7.1.2 Subgroups

Remark 7.4. Since 1* is the unit of g (p;) and p is a F -algebra homomorphism
we have: p(1*) = 1 forall p € P; 5. So if we choose a basis such that m; = 1

we can write the action in a slightly more useful form:

o0

p-v=v+Zp(m;")(m,~-v).

=2

Lemma 7.5. In any admissible basis for L(A)g the elements of Ag are repre-

sented by diagonal matrices. More precisely a € Ag acts on L(A)g 5 by at.
Proof. This follows from Ag being the same as classically defined torus. O

Lemma 7.6. In any admissible basis for L(A)g the elements of N;r are repre-
sented by upper triangular unipotent matrices. In particular: n - 14 = 14 for all
ne NS}L .
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7.1. Representation Theory

Proof. Letv € L(A)g be a weight vector arbitrary, we have:

(o¢]

n-v= U+Zn(m;-")(mi-v)

i=2

But when acting on L(A)z any non-constant monomial in 11z (n™") will lower
depth. So the terms in the sum (which are finitely many) are vectors in L(A)g and
all of their weight components have lower depth than v. O
Corollary 7.7. Ag normalizes N+ in particular Bg = N; Ag = Ag N; .

Proof. This follows from Lemmas (7.5|and [7.6! O

Lemma 7.8. N; acts faithfully on non-trivial integrable highest weight modules.
Proof. Suppose that there exists n € N;,,r such thatn -v = v forallv € L(A)g.
Based on the action of 7 this means:

(e.¢]

Yv e L(A)g : Zn(ml*)(m, cv) = 0.
i=2

Now we can find a vector vy € L(A)g such that my - vo # 0 but m; - v, = 0 for
all i > 2. This shows that n(mz) = 0. By repeating this argument we see that
n(m}) = 0foralli = 2. O

7.1.3 The Arithmetic Subgroup and the Chevalley Lattice
Lemma 7.9. Forall p € P; 7 we have: p - L(A)z C L(A)z.
Proof. Letv € L(A)yz be arbitrary, then we have:
00
p-v=>_ pm)(mi-v).
i=1

The series is in fact a finite sum we just need to show that each term belongs
to L(A)z. Since m; € Ugz(p;) we have: m; - v € L(A)z, that leaves p(m]).
However p € P; 7 is a ring homomorphism: p : $7(p;) — Z and since Hz(p;)

is a lattice in g (p;) we can always choose a basis such that m} € Hz,(p;). O
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7.2. Existence of a Tits System

7.2 Existence of a Tits System

Notation 7.10. For w € W, we use W to denote an element in W which lies in

the coset wA g and under the quotient map Wy — W goes to w.

Definition 7.11. For any real root § = w(«;) we define Ng g 1= WNy; ,gw—l.

Lemma7.12. LetZ =Py g U---UP, g U W g by definition there is a canonical

map 1. — Gg This map is injective.

Proof. When acting on L(A)g the image of Z under the canonical map acts as Z
itself would. So if we find a module Vg on which the elements of Z act faithfully,
we are done. Let {w,--- , @y} be a basis consisting of dominant integral weights
for % and set:

Vg = L(w1)g ® -+ ® L(wn)z.

Ag acts faithfully since {w,--- , @, } generate . By Lemma [7.8| we know that
N; acts faithfully on each integrable highest weight module and therefore it acts
faithfully on V. Given an admissible basis for each module, L(w;)%, Az acts
through diagonal matrices and N;’ acts through upper triangular unipotent matri-
ces. Hence Bg also acts faithfully. The faithfulness of the action of P; g follows
from this and the simplicity of PGL; g.

This leaves W g, suppose there exists w € W g that acts trivially on V. Since
Az acts faithfully we can also assume that w # 1. Therefore there exists £ € AT
such that w(&) € A_. Since w acts trivially the action of ENEE_I is the same as
N¢ g but ENg’gE_l = Ny(¢),7. However w(§) € A_ which means the elements
of Ny (g),7 are represented by lower triangular unipotent matrices in GL (V).

This contradiction completes the proof. O

Remark 7.13. Let Ng M denote the subgroup that is generated by the collection of
the subgroups: {Ng’g €€ Ar_e}. In an admissible basis for Vg elements of By
—,min
5 1

triangular matrices). In particular we have:

(resp. N ) operate through upper triangular matrices (resp. unipotent lower

By NN;™ = {1}.
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7.2. Existence of a Tits System

We use the superscript to emphasize the fact that N, »min # N . In fact N is not

even a subgroup of Go;

Remark 7.14. We identify the groups Ag, N; Bz, Wg, P; z with their images
in (A;g

Lemma 7.15. By and W g generate (A;g,-
Proof. This follows from the fact that each P;  is generated by Bz and W,cy ]
Lemma 7.16. B; N W45 = Ag.

Proof. Weknow Az C By N Wg. Let w € Bz N Wg be such that w # 1. Pick
& € AT such that w(§) € A—. Then:

WNg’gw_l = Ny ©),7 C Ng_’mm.
Since w € By and N¢ 5 C By we have:
WNe g ' C By NN;™ = {1},

which contradicts the faithfulness of N{; — (A;o; ]
Lemma 7.17. 7;Bg7r; # Bg.

Proof. This follows from: 7; Ny, 57; = N_g; 5 C N;’min and N;’min NBg =
{1}. O

Lemma 7.18. P; 3 = Bg UB37;B, 5.

Proof. Recall that L;  is a finite dimensional reductive group of semi-simple
rank 1 and therefore it has a Bruhat decomposition: L; z = B; 3 UB; 57;B; 5.
Combining this decomposition with the isomorphisms: P; s = N; # x L; 5 and

Bz = N, 3 x B; , which we have from Lemma |5.21| completes the proof. O

Lemma 7.19. For all w € W we have: 7iBzw C BgwBg UBg7; wBg.

Proof. We divide the proof in two cases:
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7.3. Iwasawa Decomposition

e POSITIVE CASE: suppose § = w™!(a;) > O then E_lNal.,gw = Ngg C

N;f and we have:

riBgw = fiAg,N;;w
= 7iAg,7i7iN{;w
= Ag7;N; g Ny, sw
= Ag7iN;g7iTiNg; gw
= Ag (FiNig7i) FiNg, 3 W
= AgN; 37Ny 3w FiNigri CNig
= AgN; 570w Ny, 50
= AgN; g7 wNg 5

C Bgr;iwBg.

e NEGATIVE CASE: suppose § = w™ ' (a;) < 0, then (riw)~! () > 0 and

we have:
7iBfiw = (71B971)71w
CPigriw
C (Bg UBg7iBg)r;w Lemmal(7.18
CBgriw UBg (r;Bg7;))w

CBgriw UBgBgr;(r;w)Bg Positive Case

CBgriw UBgwBg

CBgriwBg UBgzwBg. ]
Theorem 7.20. (ég,,B,@‘ . W, {ri,--- ,7n }) is a Tits system.

Proof. This follows from Lemmas|[7.15,[7.16] and Corollary O

7.3 Iwasawa Decomposition
Notation 7.21. In this section F = R, C.
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7.3. Iwasawa Decomposition

Definition 7.22. Let -7 denote the Hermitian conjugate with respect to positive
definite inner product {-, -} defined on L(A)g in §3.4. Based on the construction
of {, -} we have: e;f = e_; foralli € I. Alinear operator T : L(A)g — L(A)g

is called unitary if TY = T~1. A group of linear automorphisms of L(A)g is

called unitary if all its elements are unitary operators.

Definition 7.23. Let K C (’}\g be the subgroup consisting of all the elements g €

Gg, such that g7 is defined and equals g1

form of Gz;

, we refer to this subgroup as the unitary

Remark 7.24. Note that K is non-trivial, it clearly contains K;, the real maximal
compact subgroup of L; g since L(A)g decomposes as a direct sum of irreducible

representations of [; . Moreover since 7; € K; we see that W C K.
Lemma 7.25. BzriBg = Bg7r; Ny, 5.

Proof. First we note the following:
7iBgT; =7; (NigNa; 5A5)7i = NigN_o, 5A5 = N;5A5N_4, 5.
Then we can write:

By7iBy = By7iBg (riT;)
=Bg (NigAsN_y, ) Ti
= B@ N—a,j ,9}771'
= B57iNa, 5 m
Next we need a Lemma from the theory of Tits systems:

Lemma 7.26 (Proposition 3.1 [14]). Let (G, B, N, S) be a Tits system with Weyl
group W = N/(BNN). If wy, wa € W satisfy L(wiwz) = £(wy) + £(wz), and
if X1, X» are subsets of G satisfying:

(1) BwiB = X1 B with uniqueness of expression,

(2) BwiB = X, B with uniqueness of expression.
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7.3. Iwasawa Decomposition

Then: Bwiwy B = X1 X3 B with uniqueness of expression.
Proposition 7.27. (/}\7 = Bz K.

Proof. By Bruhat decomposition we only need to prove the claim for a Bruhat cell:
BszwBg. By Lemma |7.26|it is enough to do so for the Bruhat cells corresponding
to the fundamental reflections: Bg71Bg,--- ,B57,Bg. But using Lemma [7.25
we only need to show that 7; Ny, 5 C BgK. But in L; 5 we already have that
riNg; .7 CBi 3K; = L; 5 since B; 5 C Bz this completes the proof. ]

Definition 7.28. Let A;;f (resp. A;;) be the subgroup of Ag consisting of elements
whose eigenvalues in L(A)g are positive real numbers (resp. are modulus one).

Then we have a polar decomposition: Ag = A;Q A}}
Lemma 7.29. NXAY NK = {1}.

Proof. When acting on L(A)g the elements of N;r A; N K are represented by
unitary upper triangular matrices in any admissible basis. Therefore they have to
be diagonal so N; A; NK C A; but the only unitary element of A;f is the
identity. O

Iwasawa Decomposition. Gg = N; A;K with uniqueness of expression.
Proof. The decomposition follows from @g = B#K and observing that:
By = NSASTAL = NJAT(KNBgy).
To prove the uniqueness suppose g € (A;g: has two decompositions:
g =nak =n'd'k’.
Then:

Kk='=a n~n'd
=a 'n (aa_l)a’
= a_ln_ln'a) (a_la')
1

=na
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7.4. The Orbit of the Highest Weight Vector

Therefore k~ 1k’ € N;A;E N K = {1}. This implies: k = k’. But since we also
have N;r N A;r = {1} we can deduce thata = @’ and n = n’. O

Notation 7.30. For g € Gg we use gN gA gK to denote its Iwasawa decomposition.

Remark 7.31. Let K’ denote the group generated by Ky, - - - , Ky, this is a subgroup
of K. However the proofs given in the section work with K’ instead of K as well
and one obtains Go; = N; A;CK/ with uniqueness of expression, which proves
K =K'

Remark 7.32. The article [8] provides a different proof of Iwasawa decomposition

for split Kac-Moody groups.

7.4 The Orbit of the Highest Weight Vector

In this section we will look the orbit of 14 € L(A)g under the action of ég But
before doing so we need to introduce the minimal group:

For each i € I there exists a subgroup G; # C L; g with Lie algebra:
6,9 = N_q;, 7 DF; ®ng, 5 Clig.

In fact we have an isomorphism ¥; : SLy 3 — G; 5.

Notation 7.33. For convenience we will use the following notation:

Then one sees that:

How the groups G1, - -+ , G, g interact follows from the relations defining the
Kac-Moody algebra gg (see §2 in [14] for details):

Lemma 7.34.

(1) The torus, Ag, is the product of the toriin G1,g -+ ,Gp 3.

o
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7.4. The Orbit of the Highest Weight Vector

(2) Fori,j €I andt € F*:

t a b t - _ a thij p
= \e da) \ 1)\t Mie d )]
i J 1 J

(3) Fori,j el,i # jandu,v e %:

() )0,

(4) Fori,j € I andt € F*:

_ |t (1 1R
o) ) i ]
i i j

The group generated by G 5 --- , G, g was first introduced in [14]. We will
refer to it as the minimal group and denote it by G5" . In [19] it is shown that the
orbit of the highest weight vector in the projective space, P(L(A)g), is given by

quadratic equations. More precisely:

Theorem 7.35. All v € G5’ - 14 satisfy the following in L(A)g ®g L(A)g:

(AN VYV = Z xg)-v@)yg)-v,
aeAU{0}

where {xg)} and { yg)} are dual basis for gy, 5 and q_o 5 with respect to the

standard invariant form on qg.

The minimal group is a subgroup of Gr;, moreover when % = R, C we have
A;; ,K C G} therefore the only difference between G5 and Gg is the unipo-
tent group, where the minimal group is missing all the positive imaginary roots.
However due to the structure of the highest weight modules the action of the two

unipotent groups and hence the two groups are the same.
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Chapter 8

Reduction Theory

Notation 8.1. In this chapter we work only over the real numbers so we will drop

all the subscripts.

Let G be a finite dimensional real reductive group, V' a representation for G
and a lattice Vz C V, reduction theory is concerned with vectors of minimal

length in g7!

- Vz as g varies in G. However using such an approach in the
symmetrizable indefinite case immediately runs into difficulties. First since V is
infinite dimensional there might not be a positive lower bound for the vectors in
g~ ! Vg, in other words one might have an infinite sequence of vectorsin g~ -V
whose length approaches zero (an explicit example is given in Remark 8.3|below).
So then the question becomes what is the right subset to consider, in other words
before proving anything we have to find the right question first.

In §1 we introduce four different subsets that have the necessary conditions to
possess a reduction theory.

In §2 we define G*® which is the most natural choice from a geometric point
of view and contains a large subset of G. However at present we don’t have a re-
duction theory for G since it is not clear whether points on G*® do have minima
on their I'-orbits.

In §3 we define another subset, GMO, the elements of which all have minima on
their I'-orbits. Then Borel’s proof of reduction theory from the finite dimensional
case ([3] 16.6) works without any changes.

In §4 we show GY° contains a large subset of the group: N+ EXp(INT(T))K
(Theorem [8.23). The proof of this theorem is done in two parts: in §4.1 we give a
spectral characterization of N EXP(INT(T))K. Then in §4.2, using this spectral
characterization, we show that Nt Exp(INT(T ))K is indeed a subset of GM°. The
main idea of defining elements with decay (denoted by Gb) was inspired by the
proof of Lemma 17.15 in [12].
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In §5 using direct calculations in the Kac-Moody group corresponding to a rank
2 GCM we show that G” is not T -invariant.

Finally in §6 we list a number of open problems.

8.1 The Four Subsets

Notation 8.2. Let p be the weight defined by (p, «) = 1 forall i € I. We fix

L(p) as a representation of G where it acts from the right.

Since L(p) is infinite dimensional having a positive lower bound does not en-
sure the existence of a minimum, moreover since I' - 1, & L(p)z (see §7.4) one

can consider four different T -invariant subsets of G as candidates to work with:
(1) infyer g7yt -1, > 0.
2) ”g_ly_l -1, H achieves a minimum as y varies in I".
(3) infyer(p), 67" v > 0.
4) ” g v ” achieves a minimum as v varies in L(p)z.

Let Sy,---, S4 be the corresponding subsets in G. The relationship between these

sets are summarized in the following diagram where arrows indicate inclusioni?

AN
/!

Sy ——=S3

S1

S>

2in the following simplified form it becomes easier to order the sets: let f : X — Rsq be a
function and let Y < X. Now compare the following statements: (1) f has a positive infimum on
Y, (2) f has a minimum on Y, (3) f has a positive infimum on X and (4) f has a minimum on X.
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8.2. The Arithmetic Set

8.2 The Arithmetic Set

In this section we consider the set S3. One can formulate the definition of S5 in an

equivalent but more intuitive way: any element of G defines a new metric on L(p):

lollg = g™ o] -

We say g € G is an arithmetic point if there is positive lower bound for the length
of the elements of L(p)z under the metric || - ||g. The set of all arithmetic points
is called the arithmetic set. From now we will use G*® to denote the arithmetic

subset instead of S3.

Remark 8.3. This definition is based on the finite dimensional theory, in fact in
that case G*R is the entire group (see [3] 16.2). This is not the case here, since
the torus, AT, has non-arithmetic points: leta € AT be such that a% < 1 for all

i € I. Consider the sequence {1;, } -

x—1> Where dp(1x) — oo as k — oo, then:

a1, | = 0™ = aPak = a7 (@) (a) ).
Since ht(§;) — coas k — oo and a® < 1 forall i € I we see that:

lim [a™'-1,, | =o0.

k—o0

Lemma 8.4. Let g € Gandv € L(p) with the weight space decomposition:

v=cily, +--+ely,, ¢ eR

Then: ”g_l : ”” z g,:kjo ‘Cj()!, where Aj, € {A1,--+ , A} is of maximal depth in
that set.
Proof.
Hg_l : UH = nglgil : v” K is unitary
> Hg,;l : (Cjo]lkjo) H choice Of)tjo

= ” (gA jOCjo) HAJ-O
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8.2. The Arithmetic Set

—Aj,

ga >0

= gA JO |Cj()‘ )ﬂAjO

=1 O

>ga " lesol Hﬂfb‘o

The following Lemma shows why the set of arithmetic points of the Torus,

which we will denote by AR, is important:
Lemma 8.5. NTAARK C G*®,

Proof. Let g € G be such that ga € A*® we aim to show that g € GAR. Since the
weight vectors {]1 wo MmE @p} are a basis for L(p)z in order to show that there is
a positive lower bound when g acts on L(p)z we only need to show g has a lower

bound as it acts on these vectors. We have:

”g_l 'ﬂu«H = nglgl:ll ']lu” = ngl : (gl:ll Tp) H

Now let v = g&l - 1, since elements of N are represented by unipotent up-
per triangular matrices in GL(L(p)) the weight space decomposition of v can be
written as follows:

v=1,+cily, +-+crly,,

where p has maximal depth among the weights {i, A1, -+, Ax}. Using Lemma|8.4
with go and v yields:

[ea’ - vl = g4"
In summary we have shown:
[e7" 1l = flex’ - 1]l = 21"
However since go € AR the right hand side has a positive lower bound. O

Remark 8.6. A converse to Lemma 8.5/does not hold, in other words it is possible

to have ¢ € GAR and ga ¢ G*R. First we need to do a calculation:

lg7" 1u]” = ex"en' - Luf”

= [gx" Luf” + lx* ol
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- [ (St

-2 —2u;
LTI T

gA ¢ AR therefore: g;” — 0 as dp(u) — oo. However there are at least two

ways of avoiding a contradiction:

e there exists M € N such that n~! - 1,, has a weight component in L(p),,,

with dp(o) < M for any weight vector 1,, € L(p).

e the matrix coefficients of n~! € GL(L(p)) grow exponentially with depth.

Because of Lemma 8.5/ next we will try to compute A*X.

Definition 8.7. We define the following subset of positive roots:
A ={Ee A : p—EeP,).
Agn and A, are defined similarly.

Lemma88. A, = A,.

Proof. We show this by proving A7 = AT and Agn = Aij_n.
REAL ROOTS: Let £ = w(w;) be a positive real root, we define its correspond-
ing coroot as £ = w(a;”). Now using Proposition 11.1 in [15] we have:

A\AS = (£ e T (p.£Y) =0,

However we see that the set is in fact empty since p is dominant and integral and
since £ is a positive root, £ will be a positive coroot.

IMAGINARY ROOTS: Using Corollary 11.9 [15] Ag“ = Ai_f‘ is equivalent to
(pl€) #Oforall ¢ =) pio; € A4, however (§5.2 [15]):

() =D pi (ploi) = D pi(3leil? (p. ) = 3D pileil* >0. O

i=1 i=1 i=1

Lemma 8.9. Exp(T) C A*® C Exp(CL(T)).
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Proof. Suppose EXP(z) = a € A*}, using Lemma 8.8/ we have:

0< inf a ™= inf aPa® = inf a® = inf 62 = inf ({62
HEDp §eA, §€l, §€l, §eAy

Which is equivalent to:
AL eR: VEe Ay (§,2) > L.

Now recall that if £ € Aif then né € Ai_‘f for all n € N. Therefore we can
conclude:

VEe AT (£, 2) > 0.

by Proposition [2.48|this means z € CL(T).
Conversely let a = Exp(z) € Exp(T). Since the weight vectors generate the

Chevalley lattice so it is enough to show:

0 < inf a ™.
WEPp

However based on Bardy there exist wg € W,z¢ € D such that z = wo(20),

therefore we have:

a M = pe2) — ol woz0)) — H{wg ' (=), 20) — e—(wo_l(p),zo)e(wo_‘(S),zo)’

where £ € A4. Now since zg € D we have (®;, zo) > 0 forall i € I. Therefore
as long as w, 1(€) € Ay there is a lower bound for a*. Now the result follows
from

lwe! (A3) N A_| < o0, O

Corollary 8.10. Nt Exp(T)K < GAR,

Proof. This follows from Lemma (8.5 and Lemma (8.9, O

8.3 Points with Minima

The problem with the arithmetic set is that in order to prove the reduction theorem

one needs to first show the existence of minima. That is, for a given point g the
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function @ achieves a minimum on the set I'g. However since L(p) is infinite
dimensional it is not obvious that an arithmetic point would achieve its minimum,
we might have a situation where the infimum is not in fact a minimum. Therefore

we consider the subset S, instead.

Definition 8.11. First we define a function @ : G — R given by: @(g) =
lg™" - 1,|. Then S is the set of all elements g € G. such that @ achieves a

positive minimum when considered as a function on the orbit: I' g. More formally:
S:={¢gecG: el Vyel: d(rg) < 219}

From now on we will use GM° to denote S,.

Remark 8.12. By design, GY© is a T -invariant subset of G. In fact if one defines:
Qz{gea: VyeTl: d)(g)fcb(yg)},

then: GM® = T'Q.

Remark 8.13. It is not obvious from the definition that GM© is in fact non-empty,

below we will show that it does contain a large subset of G (see|8.23).

Definition 8.14. For o > 0 define:
A°={aecAt: Viel: a% >0}.
We also use G to denote the set NTAK.

Reduction Theorem. There exists a real constant 6 > 0 such that for any g €
GY© there exists y € T with yg € G°.

8.3.1 Proof of Reduction Theorem

Remark 8.15. Since GM° = T'Q, it is enough to show that  C G for some real

constant o > 0.
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8.3. Points with Minima

Remark 8.16. Foreachi € I we can write G = N;A;L;K, where A; = KER(w;) C

A. In particular any g € G hasa decomposition:
g =ngaglgke.

where ng € Nj,ag € Aj,lg € L; and kg € K.

Lemma 8.17. @ is left-invariant under NV and right-invariant under K, in fact

we have: ®(g) = g;p.

Proof. Using Iwasawa decomposition, N* -1, = 1, and the fact that K is unitary
with respect to || - || we see that @(g) = ®(NTg) = ®(gK) and the first assertion

is proven. Now we can write:

@(g) = P(ga) = |2a" - 1| = [ 22" 1ol = &4" |10 -
Now recall that || - || is normalized such that H]l p” = 1. O
Lemma 8.18. ®(g) = @(ag)P(ly).

Proof. Using the decomposition from Remark|8.16|and then applying Lemma|8.17
we see that @(g) = P(aglg), now we use the definition of @:

Plagly) = ||l ag" 1, = az” |I;" -1, = Plag)@(y). O

Lemma 8.19. Ify € T NL; then: ®(yg) = P(ag)P(ylg).

Proof. y € L; therefore it normalizes N; and commutes with A;:
D(yg) = P(yngaglgkg) = P (ngagylghe) = ®lagyly),

now we use the previous Lemma. O

Lemma 8.20. If g € @ then: @(ly) < infyernr; P(ylg).
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8.4. A Subset of GM°

Proof.
D(ag)P(lg) = P(g) Lemmal8.18
< inf &(yg) ge
yel
< inf @(yg) rnL; cT
yellNL;
= inf @ P(yl L 8.19
yelrnle- (ag)P(ylg) emma
= inf  @(yl
(ag) inf (L)
Cancelling @(ag) from both sides gives us the result. O

Lemma 8.21. There is a real constant, € > 0, such that: inf,crnp, @(ylg) < e.

Proof. This follows from L; being a finite dimensional reductive group of semi-
simple rank 1. 0

Lemma 8.22. If g € Q then foralli € I we have:

o -2
lg’A > g °.

Proof. Based on Lemma |8.21|and Lemma|8.20| we have:

> inf D(yly) > d(,) =1"%.
O iy, P = ) =gy

Now note that p|g,, = %cxi. O

Finally Lemma [8.22] combined with the following observation completes the

proof:

gfi" = (lg,A“g)ai = lﬁffA-

8.4 A Subset of GM©

In this section we prove the following:

Theorem 8.23. N+ EXP(INT(T))K C GM°.
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8.4.1 A Spectral Characterization of INT(T)

Definition 8.24. Fora € AT and C > 0 define:
Pola, C):={ueP,: a*>C}.

Definition 8.25. We say a € A" decays in L(p) if P,(a, C) is finite for all
C > 0. Notice that if a decays in L(p) then a** — 0 as dp(n) — oo for u € 2.
The subset of AT consisting of all such elements is denoted by Ab.

Lemma 8.26. A” ¢ EXp(INT(T))

Proof. Let EXP(z) = a € A”, then one has the following:

¥C >0: |Py(a, C)| <00« ¥YC >0 ){Ae@p: aAzC})<oo
<~ VC >0: “g‘eAp: a”_szCH<oo
< VC >0: “SGA,): affapC_IH<oo

< VC'>0: HéeAp: agfc’} <00

S VC'>0: ){s €, &3 <)

< 0

<> VKeR: |{§€d,: (£.2) <K}| <00

Taking K = 0 and using Lemma 8.8|implies z € INT(T). O
Lemma 8.27. A’ is invariant under the action of W.

Proof. Let Exp(z) = a € A and take C > 0 and w € W to be arbitrary:

P, (waw™!, C) = {)L €Py: (waw_l))L > C}
= {)L € ?,: EXp (w@)* = C}
{)L €P,: v > C}
= {)L eP,: oW M:2) > C}

{

ey a" P = cf
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8.4. A Subset of GM°

And this last set is finite because a € AP and W permutes the set of weights. [
Lemma 8.28. ExP (Dg,) C A”.

Proof. Let z € Dg, then by definition z € [F;, where J C [ is an arbitrary subset
of finite type. Take M, to be the minimum of the set {{o;, z) : i ¢ J}, note that
M is a positive real number. For any § € AT one sees that (£, z) > hty(§) M,

where ht; is defined as follows:

ity (Ziel piai) - Zi¢1 pr.
Therefore for A € 9%, one has:
(A, z)=(p—& 2)=(p, 2) = (§, 2) < (p, 2) —hty (§) M.
And so for a = EXP(z) we can write:

a* =eH 3 < lr 2l OM:

Let C > 0 be arbitrary, then:

C < aA < e(p:Z)e_htJ(f)Mz'

which implies hty (§) has to bounded. Therefore:
Pola, C) ={§ € Ay : hty(§) is bounded}

So we can partition %, (a, C) into finitely many subsets in each of which p;, j ¢
J are fixed while the rest of coefficients vary. However J is of finite type, hence

each partition itself has to be finite, hence a € Ab. O
Proposition 8.29. A” = Exp(INT(T)).

Proof. Using Lemma [8.27|and [8.28| we have: EXP(INT(T)) = ExXpP(W - Dg,) C
AP. This combined with Lemma 8.26/ shows EXP(INT(T)) = A”. O
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8.4. A Subset of GM°

8.4.2 Decay and Minima

Definition 8.30. Set G’ := N"‘AbK, then the statement of Theorem |8.23| can be
rewritten as G” C GM°. Note that this is a strict inclusion since 1 € GM© but
1¢ GP.

Definition 8.31. Fora € A" and C > 0, let ?,(a, C) be a subset of %, defined
as follows: if A € &,(a, C) then A and all weights in %, of lower depth belong to
Pola, C).

Definition 8.32. Fora € AT and C > 0 define:

L(p:a.C) = @ L)y

HEPp(a,C)
Ta C):={yel: y.1,eLpa C)}.

Remark 8.33. L(p; a, C) is a NTA™-stable subspace of L(p) foralla € AT and
C >0.

Lemma 8.34. Ifa € A® then for all C > 0, L(p; a, C) is finite dimensional.

Proof. a € AP so Po(a, C) is finite for all C > 0. From the structure of the high-
est weight module it follows that m is finite for all C > 0 as well. Since
the weight spaces of L(p) are finite dimensional, L(p; a, C) is finite dimensional
for all C > 0. O

Lemma 8.35. If g € Gb, for all C > 0,® achieves a minimum on the set:
I'(ga. C)g.

Proof. Let g € Gb, since @ is right invariant under K we may assume that g €

N+AT. Take C > 0 to be arbitrary and consider the following set:

S={y""1,: y €T (ga. C)} C L(p)z N L(p; ga. C).

To prove the Lemma we need to show that g~!(S) has an element of minimal
length. However L(p; ga, C) is NTAT-stable and therefore g~1(S) still lies in
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8.4. A Subset of GM°

L(p; ga, C). Since g € G, by Lemma |8.34| L(p; ga, C) is finite dimensional.
Therefore g~ 1(S), as a discrete subset of the finite dimensional subspace, has an

element of minimal length. O

Lemma 8.36. Let g € G,ve L(p)z and C > 0. If v ¢ L(p; ga, C) then:
Hg_l vH > C~L

Proof. Since v ¢ L(p; ga, C), based on the construction of m we see
that among all the weights of maximal depth that appear in the weight decompo-
sition of v, there is at least one weight, A, such that A ¢ m. Therefore
A ¢ 9,(ga, C) as well and we have:

gk <C. (8.37)

On the other hand Lemma 8.4| gives us:

le™ || = ga’leal-

Since v € L(p)z we have: |c;| > 1, which gives us:

le™ ]| > gx?. (8.38)
Combining (8.38) and (8.37) gives the desired result. O

Corollary 8.39. Let g € G. yelandC > 0. Ify ¢ T(ga, C) then: ®(yg) >
c L

Corollary 8.40. Letg € G,y € T. Theny € T'(ga. 2(yg)™ ).

Let g € G, by Lemma |8.35| @ achieves its minimum in I'(ga, C) for all
C > 0. So pick an arbitrary element 6§ € I' and let yo denote the minimum in
T'(ga. @(62)"!). We claim yq is the minimum on the entire orbit: I'g. Suppose

y € I is arbitrary, there are two cases:

e y €T (ga, (0g)7"): then P(yog) < P(yg) follows from our choice of
Yo.
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8.5. G is not T -invariant

oy ¢ F(gA, <D(9g)_1): then ®(6g) < d(yg) holds by Lemma 8.39. But
from Corollary(8.40|we have 6 € T'(ga, @(6g)™") and therefore: ®(yog) <

®(0g).

Thus we have a global minimum on I' g and therefore g € GY©. This com-

pletes the proof of Theorem 8.23|

8.5 G is not I'-invariant

In this section we will show using indefinite GCMs of rank 2 that G" is not in fact

I -invariant. But first we need to carry on a few calculations in SL5.

8.5.1 Iwasawa Decomposition in SL,

Definition 8.41. For u € R and ¢t € R~ define:

1 1
x_(u>=(u 1), n(t)z(t t_l), X+(M)=( ”1‘)

Lemma 8.42. The Iwasawa decomposition of SL, can be explicitly written as

a b (ac + bd) () do™! —co™1
= [ o )
c d r+ 02 7 co™l do!

where 0 = /c2 + d2.

follows:

Lemma 8.43. Let r be the non-trivial element of the Weyl group in SLj:

()

Then its action on SL» /SO is given by:

r-x+(u>n(r)=x+(—uzit4)n(wt—+t4)-
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8.5. G is not T -invariant

Proof. We use the Iwasawa decomposition:

l_l
rex+n) = (_[ —t_lu)
12

u t ——=
— _ \/M2+t4 \/u2+t4
X+( u2+t4)n( /M2+t4) 12 U N

SVt Jult

8.5.2 The Counterexample

Let G be the group corresponding to the rank 2 GCM

2 —n
A= (A;;) = , m,neN, n>m.
w=(27)
Let na = y1(u)n1(t1)n2(t2) and consider it as an element of G/K = N*tA™T.
We will calculate 71 - na € G /K to show that G is not T-invariant. Since the
minimal group, GX (see §7.4) is a subgroup of G and 71 - na € GX? we will
do the calculations in the minimal group where we have concrete generators and

relations for the whole group. First we introduce the following notation to simplify

o= Ju2+tf,
Y o= Ju? + 1"

Now using Lemmas [8.42},|8.43|and [7.34| we have:

our task:

71-na =71 x1(u)n1(t1)n2(t2)
u t —uo1 t2071
= %Xl(_a_z)nl(gl) (—tle'_l —luo_l) }ﬁz(lz)
1
u t _ —uo~l (271
= X1<—0—2)771(;1)772(12) {nz(fz) 1(—t120_1 _luo_l)lnz(fz)}

u tl) —uo ! i (tFo™t)
= x1(== )m (2 )2
Xl( 02)’71(0 Uz(z)(tz_m(_tlza_l) o] 1
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= Xl(—%)m(%)nz(&) X
ur? .o o —uyt 2yt
X {Xl (¢_; (" =13 ))UI(E) (—tft{’”w_l 1_;¢_1 )1%
2
n (%)’7202)%1 (%(fz_m - fé"))m (%)
t? o
(%)Xl (tz_m [l;_;(l‘z_m — tén)i|)7)2(lz)r]1 (E)
12 t2 o
X1 (O'_12 |:t2_ml;—;(t2_m — l‘én)i|)nl (%)7)2(12)171 (J)
u f
= Xl(_ﬁ)nl(E)M(h)

Now in this calculation lets consider what has happened at the level of A*-component.

The initial point (¢1, ») has been transformed into:

¢
B
Vu? +ete2m ’

First note that if one takes u = 0 then one recovers the simple action of the funda-
mental reflection on A™ but if u — oo the first component approaches 0. Hence
even if a € EXP(INT(T)) by taking u large enough in y1(u) € Ny, we can make
sure that 71 -na ¢ N EXP(INT(T)). In other words G" is not T -invariant.

8.6 Open Problems

Question 8.44. Find a relationship between G** and GM©.
Question 8.45. Compute A*} and AM° (points in A which also belong to GM°).

Question 8.46. Compute the projection of G** and GMO onto A (This is a far
harder problem than computing A** and AM°).

Question 8.47. Is N1 /(N* N T) a projective limit of finite dimensional compact

spaces and hence compact?
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Appendix A

Formulas in Associative Algebras

Let & be a field of characteristic zero. In this appendix we present a number of

formulas that hold in any associative & -algebra 25 with a unit.

Notation A.1. For x € %g and n € N we set:

X

n!’

x) _ x(x—D--(x—n+1)
nl n! ’

Also we may denote ad(x)(y) by [x, y] when the latter is more convenient.

ol —

Lemma A.2 ([4] page 178). If x,y € Ag andn € N:

1 ey — q,1p1, ]
—ad)" () = ), (=1)xlPlyx
pt+q=n

Lemma A.3 ([4] page 178). Suppose z,x € g such that [z, x] = cx forc € F.
Then foralln € N, and all P € F[X], we have:

P(2)x" = xPIp(z + ne).
Definition A4. (x,y,z) with x, y,z € g is called a S-rriple if:
[x.y]=z, [z.x]=2x, [z.y] =-2y.

Lemma A.5 ([4] page 70). If (x, y,z) is a S-triple in N g then we have the follow-
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ing:

Lemma A.6 ([24] page 9). If (x, y,z) is a S-triple in Ag for p,q € N, we have:

min(p,q)
x[p]y[q] — Z y[q_r] (Z —4-P +2r) x[p—r] (A7)
r
r=0
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Lie Algebras

Let R be a commutative ring with a unit element.

Definition B.1. An R-module 2y, is called an R-algebra if one has a R-homomorphism:
B L ®x L —> L.

Definition B.2. Given an R-algebra Ly we define its opposite algebra, 8;? to be
the identical to Ly as an fR-module but with pP(x ® y) = u(y ® x).

Definition B.3. An R-linear map D : &y — Ly is called a derivation if it satisfies
Leibniz’s law: D(xy) = D(x)y + xD(y).

Lemma B.4. If D is a derivation and x1, x2,- -+ , x; € Ly then:
k
D(x1x2---xg) = le coe Xj—1 D (X)) X410 Xk
i=1
Definition B.5. For x € &y define ad(x) : &x — & by ad(x)(y) = xy — yx.
Lemma B.6. ad(x) is a derivation for all x € .
Definition B.7. A R-Lie algebra is an R-algebra with the following properties:

1) The map p : Ln ®x L — Ly admits a factorization:

2
Ly ®§R53§R—>/\53§R—>25ﬁ,

lets denote the image of x ® y under this map by [x, y] then condition be-
comes:
[x,x] =0, Vx € Q.
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2) We have Jacobi’s identity:
[lx, ¥l 2] + [y, z]. x] + [[z. x], yY] = O

Definition B.8. Given a R-Lie algebra Ly we define its opposite Lie algebra with
the following bracket:

[x, y]P := —[x, y].

Definition B.9. Let Ly, &, be two R-Lie algebras, a map ¢ : Xx — L, is called a
Lie homomorphism if ¢ is R-linear and satisfies: ¢ ([x, ¥]) = [@(x), ¢(¥)], for all
x,y € L.

Example B.10. Let %y be an arbitrary f-algebra. One can equip ¥y with a Lie
algebra structure by defining: [x, y] = 0 for all x, y € &x. Such a Lie algebra is

called commutative.

Example B.11. The set DER(Ry) of all derivations of an R-algebra Ly is a Lie
algebra with the product: [D, D'l = DD’ — D'D.

Example B.12. Let &y be an N-algebra then [x, y] = xy — yx turns Ly into an
N-Lie algebra. We use LIE(Ly) when want to emphasize the Lie algebra structure

on Uy. Note that the underlying sets of ¥y and LIE(Zy) are identical.

Theorem B.13. Let Ly be an R-Lie algebra. For any x € Ly define a map ad(x) :
Ly — Ly by ad(x)(y) = [x, y], then:

1) ad(x) is a derivation of 2.
2) The map x + ad(x) is a Lie homomorphism of Ly into DER(Zg).

Definition B.14. A universal enveloping algebra of an R-Lie algebra Ly is a pair
(e, ly), where:

e 1l is an associative Ji-algebra with a unit.
e ¢: Uy — ly is a Lie algebra homomorphism.

o HOMgy—jie (¥gt, LIE(Tn)) = HOMgt—q1g (U, Tyr).
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Any Lie algebra possesses a universal enveloping algebra, moreover we have

the following functorial properties:
Up(2 @ ) = Un(Y) ®x Un(L).

If we have a R-Lie algebra homomorphism: ¥ : 2y — £, then by universal

property:
N(W) : Ux(Q) — Ux(L).

is a homomorphism of R-algebras.

PBW Theorem ( [24] page 8). Let Ly be an R-Lie algebra and (e, Uy) its univer-

sal enveloping algebra. Then:
e ¢ isinjective.

o If Ly is identified with its image in Uy and if {x1,x2,---} is an ordered

R-basis for Ly, then all monomials

a,-l a,-2 a[k
Xp X Xi s
inwhichiy <--- <igandaj, - ,aj €N, form an R-basis for lly.
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Appendix C

Hopf Algebra

C.1 Definition

Let i be a commutative ring with a unit. A Hopf algebra over R is a 6-tuple,
(D, i, €,v,¢&,y) such that:

e Oy is an N-algebra with p, € defining product and unit.
e 9y is an NR-coalgebra with v, { defining co-product and co-unit.
e These two structures are compatible, i.e. v, { are Ri-algebra homomorphisms.

o ¥y Hn —> Hn is an R-algebra homomorphism, usually called antipode,
such that the following diagram commutes:

1Qy

On On On Hn On Hn
/ x
o ‘ R « o
\ /
On On On Y D On On

Given a Hopf algebra $y over it we can equip HOMgp—a1¢ (D9, R) with the structure
of a group scheme over .
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C.2. Enveloping Algebra

C.2 Enveloping Algebra

Let g be a h-Lie algebra and consider the following Lie algebra homomorphism:

gn — {0} an — gn D an a9 — Gy

bl bl

x—0 x = (x,x) X = —X
Then we have the corresponding maps for enveloping algebras:
¢ : Un(g) — Un({0}) = R,

v : Ug(g) — Ux(g @ q) = Ux(g) ®x Un(g),
Y Un(g) = Un(g®?) = Un(g)*®.

Consider gy as a subset of Uy (g) then for x € gy then: {(x) =0,v(x) =1 Q x +
x® 1land y(x) = —x.

Definition C.1. An element x € Uy (g) is called primitive if: v(x) = xR 1+ 1R x.
Lemma C.2. (llgq (@), n,€,v,8, y) is a co-commutative Hopf algebra, where:
e [ is the multiplication,

e ¢ is the unit,

v is the co-multiplication,

¢ is the co-unit,

e y is the antipode.

C.3 The Dual of the Enveloping Algebra

The material in the section follows [9] §2.7.8.

Consider the transpose of the co-product:

v (llg)q(g) Rn 119%(9))* — Ugx(g)*
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C.3. The Dual of the Enveloping Algebra

combined with the restriction:

g (0)* ® Un(@)* € (Un(g) ®n Un(9))”

we get a linear map: v* : Uy(g)* ®xn Un(g)* — Ux(g)*. More explicitly for
f. g € Ugx(q)* the product is give by:

(f9)w) =v*(f ®g)u) = (f ®g)(v(u)).

The vector space Uy (g)* is thus equipped with the structure of an algebra.

Notation C.3. Let Z3 be the set of all infinite sequences of non-negative integers

and for v € Z‘f define:

o0
x¥ = nx,‘;” € R[xy,x2,-+-]

n=1

oo
ey = 1_[ eln] € 115 (g).

n=1
Lemma C4. Forv € fo we have:
v(ey) = Z ey ®ey.
At+p=v
Proof. We have:

1 1
[vily — viy V1
v(el 1 ) = 1)l!v(el ) = vl!v(el)

1

=— (@ ®1+1®e)”
1)1!

1
= Z , ef‘ ®e11“

Al+u1=v;

Hence:
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C.3. The Dual of the Enveloping Algebra

1 Al
—e.
Ailpi! 't

I
—]
]

® el
=14 +ui=v;

1 A A
— 21 o ®?M ?IL

Z Al'/”“l"'.k 'I‘L | 1 ln ‘ll.“ ‘ln
M1 n:MUn:

Al -Hf.] =V
An+in=vp

= Z ey ®ey ]
A+u=v

Theorem C.5. There is an isomorphism of the R-algebras: Ny (g)* =~ R[x1,x2,--]
given by the map:
fspi= Zf(ev)x”.
Y

Proof. Since {ev Ve Zf} is a basis for lly (g) the mapping f > sy is bijective
(in the same way that the dual of an infinite direct sum is an infinite direct product).
Moreover if f, g € Uy(g)*, then:

sre =Y (f9)(ey)

ver

= Y (f®2)W(e))
ver

=D (e Y, a®e
veZﬁ_o Atu=v

=Y D fle)®glew)

VEZPL A+pu=v
= Y flengle)x* = spsg. O

AMEZf

In particular, the algebra 11y (g)* is associative and commutative. Its unity, 1%,
is a linear form such that Ker(1*) = Ay(g) and 1*(1) = 1. The unit map then

is the transpose co-unit map in Uy (g), that is we have: &* : R — Uy (g)*, where
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C.3. The Dual of the Enveloping Algebra

£*(1) = 1*. Moreover the transpose of the principal anti-automorphism of 1y (g)
is an automorphism of 1y (g)* and is called the principal automorphism of Uy (g)*.
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Appendix D

Amalgams and Tits Systems

The material of this appendix follows [21].

D.1 Direct Limits

Let (G;)ies be a family of groups such that for each pair we have a homomorphism
Jij : Gi = Gj. A group G and a family of homomorphisms (g; : G; — G)iey is
called the direct limit of the family (G;); ey relative to (f;;) if:

(1) gjo fij =giforalli,j el.

(2) If H is a group with a family of homomorphisms (k; : G; — H);ey such
that h; o f;j = h; foralli, j € I. Then there is exactly one homomorphism
¢:G — Hsuchthath; =¢og;

Proposition D.1. The pair consisting of G and the family of homomorphisms (g; :

G; — G)jey exists and is unique up to unique isomorphism.

D.2 Tits Systems

A Tits System is a 4-tuple (G, B, N, S) where G is a group, B and N are subgroups
of G, and S a subset of W = N/(B N N) satisfying the following axioms:

(1) The set B U N generates G and B N N is a normal subgroup of N.
(2) The set S generates W = N/(B N N) and consists of elements of order 2.
(3) BsB BwB C BwB U BswB fors € Sandw € W.

(4) Foreachs € S one has sBs™! # B.
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D.3. Tits’s Theorem

The group W is called the Weyl group of (G, B, N, S); the pair (W, S) is a Coxeter
system, that is S and the relations:

(st)™st =1, s,t € S and myg; < o0,

is a presentation for W. The group G is the disjoint union of double cosets
BwB,w € W. This is called the Bruhat decomposition.

If S C S, let Ws- be the subgroup of W generated by elements of S’; then
Ps: = BWg/B. Then S’ — Pg: is a bijection of the set of subsets of S onto
the set of subgroups of G containing B. Py is then called the standard Parabolic
subgroup of type S’.

D.3 Tits’s Theorem

Let G be a group, and let (G;);cs be a family of subgroups of G. We say G is the
product of G; amalgamated along their intersections if G is the direct limit of the

system formed by the G;, the G; N G; and the inclusions:
GiﬂGjCGi, G,‘ﬂGjCGj.

Theorem D.2 ([25]). Let (G, B, N, S) be a Tits system; Then G is the product of

N and (Psy)ses amalgamated along their intersections.
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