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Suppose G to be a Zariski-connected reductive group. Fix a minimal rational parabolic subgroup Fy and a
maximal split torus Ay contained in it. Let A be the set of simple roots associated to these choices, 3 the set of
all roots. To each subset © C A is associated a parabolic subgroup Pg whose unipotent radical is generated
by root subgroups Ny with X in £ — ¥ The classification of rational parabolic subgroups is very simple:
Every rational parabolic subgroup is conjugate in G to exactly one Pg.

This essay is mainly interested in the analogous question about pairs of rational parabolic subgroups, and will
produce an analogous answer. One of the basic notions involved is that of associated parabolic subgroups.
Two parabolic subgroups of a reductive group are associates if their Levi factors are conjugate. In analysis
on reductive groups over local and global fields, they play an important role. They are needed in particular
for understanding the structure of representations induced from parabolic subgroups, for computing the
constant terms of Eisenstein series, in Jim Arthur’s analysis of truncation operators, and for computing
Plancherel measures.

The final discussion requires a few basic facts about Weyl groups of root systems, but I shall begin in the first
section by dealing with general Coxeter groups. In the second W will be a finite Coxeter group, and in the
last the Weyl group of a finite integral root system.

The standard reference for this subject is [Bourbaki:1968], but many major results there are only exercises,
and only for finite systems. I have taken some important material from [Bergeron et al.:1992].
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1. Cosets

Throughout, W will be a Coxeter group of finite rank. and suppose we are given a Cartan realization on the
vector space V. Let C be the Tits cone, C' a choice of positive chamber. For example, if W is finite C is all of
V.

In this section, W is arbitrary.

Let X be the set of roots, which are to be identified with certain closed half-spaces A > 0, or equivalently
rays in the dual V of VV. Let A be the simple roots, those tightly enclosing C. For a root J, let s be the
corresponding reflection, and let Sa be the set of all of the s, for o in A. A root is positive if it contains C,
or equivalently if its ray is contained in the closed cone spanned by A.

SINGLE COSETS. Every w on W may be expressed as a product of elementary reflections s, in the walls
of C. Let {(w) be the minimum length of such an expression. It is immediate from the definition that
l(wsq) = £(w) £ 1. One basic fact relating combinatorics and geometry of W is that if « is in A and wa: < 0
then {(wsy) = £(w) — 1.

For win W, let
Ry, ={A>0]w\ <0}

Ly = Ry
={A>0lw'A<0}.

A second basic fact is that Rs, = {a}.
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From these we deduce:
o Ifw(a) >0 (xin A) then {(ws,) = £(w) + 1.
o Ifw(a) >0 (ainA) then Rys, = sq Ry U {a}.

For suppose o in A, w(a) > 0, s = $,. It is immediate that R,,s 2 sR,, U {a}. Suppose A > 0, wsA < 0,
A # a. Then sA > 0, hence s\ isin Ry,.

e Forallw, {(w) = |Ryl.
By induction from previous claims.
These lead to:

1.1. Proposition. The following are equivalent:

(a) L(zy) = () + L(y);

(b) Ry, is the disjoint union of R, and y~'R,;
(c) y 'R, C X7,

Something similar holds for L.

Proof. The only difficult point is to show that if w™' R, > 0 then ¢(yw) = £(y) 4+ £(w). This can be done by
induction on #(y). If y = s, this claim is the basic fact I have already referred to. Otherwise, write y = s,
with y > 2. Then

w 'Ry =w ' ({a}UR,) >0.
By induction {(sw) = 1 + £(w), and {(xsw) = £(x) + £(sw). 0
1.2. Corollary. The set R,, determines w.
Proof. By induction on /(w), because if w(a) < 0 and x = ws,, then £(x) < f(w) and R, = s4(Ryw — {a}. 0

Recall that to each subset © C A corresponds the face Cg of Cwhere A=0forAe©,\>0for\c A—0.
An element of W fixes a point in Cyg if and only if it lies in Wg. The roots in © generate a root system in
V/Ker(O. Its Coxeter group is the subgroup We.

1.3. Corollary. An elementw in W lies in W if and only if R,, C Eg.

1.4. Corollary. In each coset Wo\W there exists a unique representative x of least length. This element is
the unique x in its coset such that z=1© > 0. For any y in Wg we have {(yx) = ((y) + {(z).

Proof. Existence: start with x = w, t = 1, and as long as there exists s in S = Sg such that sz < x replace =
by sz, t by ts. At every moment we have w = ¢tz with ¢ in Weg and ¢(w) = £(t) + (). At the end we have
sz > x forall sin S.

Uniqueness: suppose w = yz with y in We and 2710 > 0. Corollary 1.3 and Proposition 1.1 imply that
L, C ¥t — Eg, and L, C Eg. Hence yL, > 0 and therefore L,, = yL, U L,. The set L, is therefore
L,NYe,and L, is L, N (X — £J). Corollary 1.2 implies that = and y are also determined. 0

From now on:
Wo\W] ={weW|w'e >0}

W/ We] ={we W|wO > 0}.
According to Corollary 1.4, the product maps

We x [W(—)\W] — W
[W/W@] xWo — W

are bijections.

Among the elements of [Wg\W] are those in the set

[We\W] = {w|w™'® C A}.
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DOUBLE COSETS. Next I want to do something similar for double cosets. The clearest approach to this
apparently first appeared as Lemma 2.2 in [Bergeron et al.:1992], whom I'll follow.

1.5. Lemma. Suppose © C A. If w© > 0 then ANwXe = A NwO.

Proof. Let Dg be the region where o > 0 for all & € O. It is convex, and the cone D of functions that are
non-negative on Dg is spanned by ©. Therefore wD is spanned by w®, and its extremal points are the w(«)
with o in ©. By assumption on w, the cone wD is contained in the cone C' spanned by A.

Suppose 3 to in A N wXe. Since wO > 0, this is actually in w¥{. It certainly spans an extremal ray of C.
But since wD > 0, it also spans an extremal ray of wD > 0, which means that it must lie in wD. 0

Let [W@\W/WQ] = [W@\W] n [W/WQ]
1.6. Proposition. Suppose O, {2 C A.

(a) If
u € [Weo/Wenuwa)l, v € [We\W/Wa], ()

then uv € [W/Wq)].
(b) Conversely, suppose that = in [W/Wq] is expressed as

z=uv (u€ We, ve[We\W]).

Then u and v satisfy conditions (*).
Proof. Suppose that conditions (*) hold. We want to deduce that uv2 > 0.

The assumptions on u and v mean that

Since XT = (T - Xf)uxy,

But by Lemma 1.5
Qnv'Ei=anv'e,

S0
vQ C (X7 =25 U0

and
uv§) C u(EJr — Zg) U u(Egm}Q) cut.

This concludes the proof of (a).

For (b), factor z = uv as in Corollary 1.4, with u € Wg, v=1(0) > 0. Since £(uv) = L(u) + {(v), Ry =
R, Uv™!'R,. This implies that (i) R, C R, C ¥ — Eg, hence v(2) > 0 and

S [W(—)\W/WQ] ;
(i) by assumption on z, u(v(£2)) > 0, hence in particular

u(©Nv(Q)) >0. 0

We can therefore write every w as zvy with x in Wg, v in [We\W/Wq], y in Wq. The elements x and y are
not unique without further restriction. For example, if x lies in W, then zv = v-v~ Lzv. But the previous
result suggests what one can expect.
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Suppose given an arbitrary w in W. Factor it as uy with v in [W/Wgq], y in Wq. Factor u = zv with = in W,
vin [We\W]. Then by (a), z will be in Wgn,q and

Hence:

1.7. Proposition. Every w in W may be expressed uniquely as w = xvy with z in [We/Wenual, v in
[Wo\W/Wgq|, y in Wq. In this situation, {(w) = £(x) + £(v) + £(y).

Uniqueness is because every w is determined by R,, or L,,.
1.8. Corollary. If x is in [We\W/Wgq] then Wo N 2Waz ™! = Wonza.

Proof. Suppose w to be in Wg N xWax~t. Write it as wyws with wy in [We /Wonzal, w2 in Wenzq, Then

wr = wlxm*lng =z 'wz.

Because of uniqueness, we deduce that w; = 1. 1]
2. Associates

From now on, I'll assume W to be finite, although it should not be difficult to make suitable modifications if
this is not the case. I'll also use a W-invariant Euclidean norm on V¥ to identify it with its dual.

The space V'V is partitioned by chambers and their relatively open faces. The chambers partition the
complement of the root hyperplanes, and are a principal homogeneous set with respect to the action of .
In this section I'll look at the induced partitions of lower dimensional linear subspaces in the partition.

Fix a fundamental chamber C' = Cj with associated A. With our assumption on finiteness, there exists a
longest element wy = wy, A in W. Let s, be the root reflection in the hyperplane A = 0.

For each © C A let
Vo = m Ker(a), V© = linear span of © .
ac®

The roots that vanish identically on Vg are those in Yg. The space Vg is partitioned into chambers by the
hyperplanes A = 0 for A in 3 — Y. The relative roots of Vg are the open half-spaces A > 0 for A in ¥ — Yg.

One of the chambers of Vg is the face Cg of the chamber C'. I leave the following as an exercise:
2.1. Lemma. If A liesin ¥ — Xg, then A > 0 if and only if its restriction to Vg is positive on Co.
Such restrictions are the positive relative roots.

In general, the chambers of Vg are the faces of full chambers, and in particular we know that each is the Weyl
transform of a unique face of C'. I want to make this more precise.

The basic problem to be dealt with is that the chambers in the partition of Vg do not generally form a
homogeneous set for any group. They might well even have different shapes, as in the following figure,
taken from the root system Cs. (The vectors shown are transforms of the fundamental weights.)
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Ce

Any chamber in Vg will be wCy, for some w in [We \W/Wq]. Because a chamber of Vg is open in it, we also
have w¥q = Yg. In particular. wE;g = Eg.

2.2. Lemma. Suppose © and (2 to be subsets of A, w in W. Then w ¥, = ¥ if and only if w(2 = ©.

In these circumstances, © and €2 are said to be associates. Let W (O, ) be the set of all w taking €2 to ©. It
is a subset of [We\W]).

Proof. This is a consequence of Lemma 1.5. 0

If Q = w 'O C A—e. if w lies in [Wo\W]—then wCyq is a chamber in V. The following is now
straightforward:

2.3. Proposition. In these circumstances, the map taking w to wClg, is a bijection between [We\WT| and the
chambers in Vg.

There is a special case of importance. Suppose O to be a subset of A whose complement is a singleton
{a}. Then Vg is a line, the union of two rays, hence two chambers. One of these is Co. According to the
Proposition, the other corresponds to a unique w # 1 in [We\W]. It can be specified explicitly:

2.4. Lemma. In these circumstances, the unique w # 1 in [[We\W]] is the inverse of w; oWy o.

Proof. The involution wy,e takes © into its negative, which corresponds to a face of the negative chamber
—C. The element w; A takes —O back to a subset © of A. The involution wy g acts trivially on Vi, and we, A
takes Co to —Cfg.

The set O is the conjugate of © in A.

I call each wy, Awy,e an elementary conjugation. Its inverse wy Aw, g is also one, and lies in [We\W].
_ _ vt +
2.5. Lemma. If s = WeAW, 5§ then Ry = X5 — Eé.

It can happen that © is its own conjugate. This will happen all the time if © = (), but also happens in more
interesting situations.

Examples. If the root system is A,, with simple roots o and 3, the conjugate of {a} is {3}.

If the root system is Cy with simple roots « and [3, each singleton in A is its own conjugate.

A gallery in Vg is a sequence of chambers Cy, C1, ... , C;,, where Cy = Cg and each C;_; and C; share a

panel. If © = (), galleries correspond bijectively to arbitrary sequences of simple reflections. What happens
in other cases?

Each C; in a gallery is of the form w;Ceg, for a unique w; in [We\W] and ©; C A. Also, the common face
of w;llCi_l and w;llCi must be equal to a face of C, say Ca,. Here A; = 0,1 U {«;} for some «; in
A — 0O;_;. Apply Lemma 2.4, with ©;, A; replacing ©, A. This tells us that

w;llC’i = (weyAin,@ifl)ilc(?)i,l :
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Therefore

®’i = 61'71
= we,A, W0, ,Oi-1
—1
Wi = wifl(wl-,Aiwfy@ifl)

Conversely, suppose (0;) (for 0 < ¢ < m) to be a sequence of subsets of A, and («;) (for 1 < i < m)tobea
sequence of simple roots. Suppose these satisfy the inductive conditions:

(a) ©g =0;
(b) ajisin A —©;_y;
(€) ©; =wra,wre,_10i1 (A =6,_1U{a;}).

I call such a pair of sequences a gallery pair.
Given a gallery pair (0;), («i), define by induction the sequences (w;) in W, chambers C; in Vg:
Ai = @1‘71 U {Oél}

W; = Wi—1 (wgyAin,@iA )

Ci = wiC@i .

-1

In this way, every gallery gives rise to a gallery pair, and every gallery pair gives rise to a gallery. These are
clearly inverse to each other. Hence we have proved:

2.6. Theorem. The map taking a gallery to the corresponding gallery pair is a bijection.
If © = 0, then £(ws,,) > £(w) if and only if wa > 0. What is the analogue here?
2.7. Proposition. We have {(w;) > ¢(w;_1) if and only if w;_1c; > 0.

2.8. Proposition. Every element of W (O, ) can be expressed as a reduced product of elementary conjuga-
tions.

Proof. Each such expression corresponds to a gallery from Cg to wCq. 0

If Cy, C4, ..., C, is a gallery in Vg, it is called primitive if ©;_; is never the same as ©;, and I'll call two
chambers primitively associated if they can be connected by a primitive gallery.

2.9. Proposition. (a) The group W (0, O) acts transitively on the chambers of type © in V. If © and € are
associates, and C' a chamber of type O, there exists a primitive gallery from C' to a chamber of type €.

Proof. The first is immediate. For the second, because of the first claim it suffices to find a primitive gallery
linking a chamber of type O to one of type 2. But there certainly exists at least gallery linking the two types,
and the tail of the gallery starting out from the last occurrence of type © is primitive.

The figure above suggests that the geometry of such equivalence classes might be of interest. For example,
do they correspond to convex regions? I am not aware of anything in the literature taking up this suggestion.

3. Parabolic pairs

Fix a reductive group (G, a minimal parabolic subgroup F), and a maximal split torus Ay in Py. Let ¥ be the
set of relative roots, A the subset of simple roots. For © C A the Levi factor Mg is the centralizer of Ag.

CLASSIFICATION. Every parabolic subgroup of G is conjugate to a unique Pg, and every parabolic subgroup
of G is its own normalizer. Thus Po\G parametrizes subgroups of G conjugate to Pg, and subsets of A
parametrize conjugacy classes of parabolic subgroups. What about pairs of parabolic subgroups?

I start with these three facts: (i) Any two parabolic subgroups contain a maximal split torus in common;
(ii) the minimal parabolic subgroups containing Ay are those of the form wPyw~! for some unique w in
[W/We; (iii) all maximal split tori in an algebraic group are conjugate.
3.1. Theorem. If P, () are two parabolic subgroups, there exist unique subsets ©, Q of A, unique w in
[Wo\W/Wq)], and g such that

gPg~" =Po, gQg " =wPow".
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The conjugacy classes of such pairs is thus in bijection with such triples (0, 2, w). The conjugacy class itself
is in bijection with Po N wPqw™'\G.

Proof. Conjugating P if necessary, we may assume P = Pg. If Qy is a minimal parabolic subgroup of @), it
contains a maximal split torus in common with Py. We may conjugate this by an element of P to Ay, and we
may therefore assume () contains Ap. There will exist a minimal parabolic subgroup @y in () that contains
Ap. If Qp = w™ Pyw then Q = wPqw ™! for some unique 2 C A.

It remains to show that if (Pg,zPor 1) is conjugate to (Pe, yPoy~!) with z, y in W then z is in WeyWa.

So suppose that
g(P@u :EPQx_l)g_l = (PG)u yPQy_l) .

Since a parabolic subgroup is its own normalizer, g must lie in Pg. The torus gAgg~" lies in both Pg and
yPqy !, and mustbe conjugate in the intersection to Ay. So we may assume g to be in the normalizer of Ayp. If
wis itsimage in the Weyl group, then on the one hand w lies in W, while on the other wzWoz ~tw ™! = yWo.
This implies that y~lwaz is in Wq, and hence z is in WexWq. 0

3.2. Corollary. The map taking w to PowPq induces a bijection of [We\W/Wq] with Po\G/ Pq.

STRUCTURE. Suppose P, (), to be parabolic subgroups. The group () acts transitively on the double coset
P\ Pw(Q. The orbit is isomorphic to the quotient w~! Pw N Q\Q. This leads naturally to the question, what
can we say about the intersection P N @) of two parabolic subgroups, or the quotient P N Q\Q?

The Lie algebra pe is the sum of pp and the direct sum of root spaces g for A in ¥5. The roots occurring are
those in the union Q of ¥ and Xg. The set (2 satisfies two conditions:

(a) it contains all positive roots;

(b) itis closed in the sense that if A and p are in it sois A + p.

Since —© = —A N, the set O is uniquely determined by §2. Conversely:

3.3. Lemma. Suppose X to be a subset of ¥, © = —X N A. Then X satisfies the conditions (a) and (b) if and
onlyif X =¥t UXg.

Proof. Closure implies immediately that X* U X5 C X. For the other half, it suffices to show that
XNXYX~ CXg. suppose Atoliein X NX7, say

A== A

with Ay in N. Let h(A) = > M. If A(A) = 1 then A liesin —A N X = —0O, and we are done. Otherwise,
suppose jt = A — « for some o in A. Because X is closed and contains all positive roots, ;1 = A + « also lies
in X. By an induction argument, we may assume that x lies in ¥5. But since —a = A — i1, —«v also lies in X,
hence in —©. So A must lie in ¥ as well. 0

3.4. Proposition. Assume w to be in [Wg\W/Wg]. The image of Po NwPow ™! modulo Ng is the parabolic
subgroup PS¢ of Me. Its unipotent radical is the image in Mg of wNqw ™! N Pe.

Proof. Because w™'© > 0, the image of the intersection contains PQ? , and is hence some parabolic subgroup
Px. The root spaces of Pg N wPaw™1! are those with roots in

(3.5) (Etusg) Nw(Ztuzg).
The intersection of this with —A certainly contains —(© Nw<?), and according to Lemma 3.3 it must be shown
that it is equal to it. Suppose that « € —A lies in the intersection(3.5) . It lies in —©, and since w™'0 > 0, it

also lies in —wXq. But then by Lemma 1.5 it lies in —w(2. Therefore the image of Pg N wPow™! modulo Ng
is the parabolic indexed by © N s€2. This implies also that

—(Ye NwXgq) = —Xonuwn -
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The roots of the radical in Mg are then Eg — Egmwn But by the equation , this is the same as Yo NwXq,
which are the roots corresponding to the image of wNqw ™! N Pg in Me. 0

As shown in the proof:
3.6. Corollary. If w lies in [We \W/Wq] then ©§ NwE{, = & .o

Two parabolic subgroups P, () are said to be associates if Levi subgroups Mp and Mg are conjugate in G.
I call them immediate associates if the image modulo Np of P N Q is all of M p and that modulo N is all
of Mq. The groups Pg and wPaw™! are immediate associates if and only if w() = ©.

If © = wS then Po and wPqw™! share the Levi subgroup Mg, and PoewPo = PowNq. The orbit is the
homogeneous space w™! Ngw N Nq.

3.7. Corollary. If © = w2 then
P@’U)PQ = P@’U)Nw
in which N,, is the product of the Ny with A > 0, w A < 0.

One important special case is when w = wy, aAwy o, and wPaw™! is the opposite of Pg.
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