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Suppose G to be a split reductive group defined over a field F. It is natural to ask, how does one do
computations in it? For arbitrary groups, there are two methods explained in [Cohen-Murray-Taylor:2005].
One of them applies formulas of Chevalley and Tits involving generators and relations, along with the Bruhat
decomposition. This is not usually very pleasant and often barely possible to do by hand, although it is quite
reasonable to use a computer for the task (and indeed the program macya implements these methods). This
is a rather abstract process, and the difficulty of doing it seems to have intimidated many.

However, the so-called classical reductive groups are those with simple defining realizations as matrix
groups, in which computation is straightforward. Another significant property of the classical groups is that
they occur in infinite families: SL,, for n > 2; Sp,,, for n > 2; SO,, for n > 3. There are also the spin groups,
which one may work with either in terms of the Clifford algebra or as coverings of the orthogonal groups.
For each of these families there is an infinite series of inclusions such as

. CSL, CSL,41 C ...

This makes possible proofs and constructions by induction.

I deal with the spin groups elsewhere, because they are somewhat complicated, and require a more extended
treatment. Here I mention only that they are responsible for most of the ‘accidents:

Sp2 = SL2
Sping = SLgy
Spin4 = SL2 X SL2
Sping = Spy
Sping = SLg .

After a brief introduction to root data, I'll discuss the classical groups in terms of these.

I'should add, this essay is incomplete. It begain as notes to help me program calculations in classical groups,
and is updated often as I find additions useful.
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In all cases, ¢; is the character of the diagonal matrices taking z to z; ; and € the corresponding co-character
taking x to the diagonal matrix with z; ; = x but x; ; = 1 for ¢ # j. Thus

sy ={y i)

0 otherwise.

In this note I shall not usually distinguish multiplicative characters from their (additive) differentials.
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1. Root data and the structure of reductive groups

A reductve group defined over an algebraically closed field is is an algebraic group that does not contain a
unipotent normal subgroup. Equivalently, its maximal solvable normal subgroup is an algebraic torus. In
characteristic 0, it is one all of whose finite-dimensional algebraic representations are semi-simple. Without
further mention, I'll require also that a reductive group be Zariski-connected. Over any field of definition
there exists a unique split reductive group defined by descent from its algebraic closure.

ROOT DATA. Split reductive groups are characterized by root data .

Suppose given a lattice L, which is to say a free module over Z of finite rank. Let L be the dual lattice
Hom(L,Z), A C L a finite subset of L, and o — «” a map from A to L”. These data define a (based) root
datum £ = (L,A, LY, AV) if the integral matrix C = ({«, 3")) indexed by A? is a positive definite Cartan
matrix . This means that

(a) ca,o =2forall o;

(b) ca,p < Oforall o # 3;

(c) thereexists a diagonal matrix D with positive diagonal entries such that C'D is symmetric and positive

definite.

Modulo trivial variations, for example, the possible Cartan matrices of dimension 2 are

R R R R )

The first is reducible , the last three irreducible . All possible irreducible Cartan matrices have been classified.

For each « in A the linear transformation
Sat Ar— A — (A a")a

is a reflection in L, fixing vectors in the hyperplane o = 0. The Weyl group of the datum is that generated
by the s,. If d, is the diagonal entry of the matrix D in condition (c), then

aefi=(f,a")da

defines a W-invariant metric on the lattice LA spanned by A. The group W acts trivially on a complement.
Therefore there exists on L a Euclidean metric invariant under the Weyl group. Because the group W takes
L into itself, it is finite.

The set X of roots of the datum is the smallest W -stable subset of L containing A, which is therefore also the
W-orbit of A. The coroots are the transforms of A under the dual transformations of the Weyl group.

The Cartan matrix gives rise to its Dynkin diagram . This is a finite graph whose nodes are indexed by A,
with a directed edge from « to (3 precisely when («, %) # 0. In this case the edge is indexed by («, 3). For
the groups we are looking at

0< Na,p = <O‘aﬁv><ﬁ7 aV) <3,

and in the graphical representation of the diagram this is indicated by an arrow from « to 3 if [(a, 3¥)| > 1,
as well as the multiplicity of edges.

Here are the Dynkin diagrams of the non-trivial systems of dimension two:

o——o0 o——0 [o===0]

The Cartan matrix is irreducible if and only if the Dynkin diagram is connected. The classification of Cartan
matrices reduces to the classification of irreducible ones. The map A — ((\, ") is a homomorphism from L
to Ly v The root datum is said to be semi-simple, for reasons that will be apparent later on, if this is injective.
The classification of semi-simple data is well known. But in general the classification of root data involves
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the K-theory of certain group algebras. For example, there are two inequivalent root data of dimension two.
As we shall see later, one corresp[onds to the group GL; and the other to SLy x G,,.

Example. Take L = Z" with basis ¢;, dual basis ;. Let A be the set of ; — ;41 for 0 < i < n — 2. The
simple reflections swap ¢; with ¢;41, which generate the symmetric group &,,. The elements of A" are the

\ \
g, — Ei-l—l'

ROOT DATA OF REDUCTIVE GROUPS. How, exactly, do root data relate to reductive groups? Suppose G
to be reductive defiend over F', which is algebraically closed. Let B be a maximal solvable subgroup of G,
and 7" a maximal torus in B. All choices of B are conjugate in (, and all choices of 1" are conjugate in B. The
group 1" acts by the adjoint action on the Lie algebra g. Since 7' is a torus, g decomposes into eigenspaces.
That corresponding to the trivial character of T is the Lie algebra t of 7" itself, and the other eigenspaces
are one-dimensional. The non-trivial characters A for which gy # 0 are the roots of g with respect to 7.
Those A occurring in the adjoint action on b are the positive roots . The roots are a subset ¥ of X*(7T'). Let
¥ the subset of positive roots. There exists a subset A of ¥* with the property that every root in X" is a
non-negative integral combination of elements in A. These are the simple roots determined by the choice of
B.

Example. The simplest examples are the groups GL,,, with 7" the diagonal matrices, B the upper triangular
matrices. (We’ll see more about this later.)

Fix for each o in A an element e, # 0 in g,. All choices are conjugate with respect to the adjoint action
of T'. This choice now determines a frame for g, the triple (B, T, {es}). The set of frames is a principal
homogeneous space under the adjoint action of the quotient of G by its center. There exists in g_,, a unique
€_q such that hy = [eq, €_,] satisfies a(h,) = 2. These data determine a unique embedding of sl into g,
taking

0 1] e
o o] ™
o

0 1) e
0 o]
10 o

Applying known generators and relations for SLy, one deduces that this gives rise in turn to a homomorphism
Y from SLs to G. Define the coroot

a: G, — T CQGqG, $I—>(pa(|:g 1(/)17}) .

It depends only on the choice of B and T, not on the choice of frame. Let AY C X, (T') be the set of coroots.

There exists a unique involution 6 of G acting as ¢ — t~! on T and inducing the map e, — —e_,, called
the canonical involution  determined by the frame. There exists for each root A ¢ A a choice of ey # 0in gy
such that f(ey) = —e_x. The e, are unique up to sign and, together with a suitable basis of t, make up a
Chevalley basis of g. (There are different definitions of this in the literature, but in all cases f(e)) = +e_y.)
To each e} is associated a homomorphism ¢y from SLs to G.

o]

with respect to . Hence [ey, e_5] = t). Furthermore

Let ¢ be the image of

[Exs en) = (1, A )ey



The classical groups 4

If we set L = X*(T), then (L,A,LY,AV) is a root datum. The group LY may be identified with the
cocharacter lattice X, (T'). The group G and frame (B, T, {e, }) are said to realize the datum.

For every o in A, let $,, be the image under ¢, of

ol

If w is any element of W, it can be expressed as a product of m elementary reflections s; of least length. The
product
W=351...5m

depends only on w. The normalizer of T"in G fits into an exact sequence

1—T— Ng(T) — W —1
and the map w + 1 is a section. Since $2 = «a(—1), computation in Ng(T') reduces to computation in
W and T. The group G(C) is the disjoint union of double cosets BwB, and every element of G(C) has
a canonical representive. Using formulas of Chevalley and Tits, one can multiply explicitly (see [Cohen-
Murray-Taylor:2005]).

Chevalley proved in 1955 the astonishing result that every root datum can be realized, even in arbitrary
characteristic. In effect, root data classify reductive groups up to isomorphism. I say ‘astonishing’ because,
as will become apparent later on, small characteristic—especially characteristic two—causes serious trouble
in finding explicit realizations. In any case, if the base field is not assumed to be algebraically closed, root
data classify split groups.

The rest of this essay will describe the root data of what are called the ‘classical” groups—essentially those
with explicit realizations as matrix groups in relatively small dimensions. Thus orthogonal groups are called
classical (dimension O(n?) if n is the rank), but the spin groups (dimension 2") are not.

DERIVED ROOT DATA. Suppose G to be a reductive group with root datum (L, A, LY, AY). There are
several other groups associated to G—its derived group Gger, the simply connected covering G of Gger,
the centre Z¢ of G, its adjoint quotient GG,4;, the maximal torus S in Zg, the maximal torus quotient. How
are all these determined by the root datum of G?

o The center Zg is contained in 7. It may be disconnected, but it is a diagonalizable group, determined
by its character group X*(Z¢). For example, if G = SL,, then Z¢ is isomorphic to the group p, of n-th
roots of unity, and X*(Z¢) is isomorphic to Z/n. More generally, the embedding determines a surjective
homomorphism from X*(T) to X*(Z¢). The roots are trivial on the center, so that the root lattice LA is in
the kernel. This gives an isomorphism

X*(Zg)=X"(T)/La -

o Asa consequence, the center is finite, or equivalently G is semi-simple, if and only if L /L is finite. In this
case,
La CLC dualof LAy .

In programming, it is useful to distinguish between weights—i.e. elements of L—and root vectors—i.e.
weights in the span of A. Any weight determines an element of the dual of L., and may be assigned the
partial coordinate vector ((v, @”)). Any root vector may be expressed as a sum » _ ¢, but also as a weight
vector.

o A semi-simple group is in addition simply connected if the embedding of L\ into L" is an isomorphism.
In this case, a weight v is therefore completely specified by the array ((v, a¥)). The fundamental weights are
the basis of L dual to AY. Row « of the Cartan matrix C holds the coordinates (a, ") of the root a with
respect to the basis of fundamental weights. These rows span the root lattice. The fundamental weights may
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be expressed as fractional linear combinations of the simple roots in terms of C~!. The quotient L/ LA may
be computed by finding the Smith normal form of the transpose of the Cartan matrix. This gives us a basis
A; of L and an array of n; > 0 such that (n;);) is a basis of La.

o The derived group Gger of G is the maximal semi-simple subgroup of G. What is its root datum? The
embedding of Ggc, in G' determines an embedding of its maximal torus T4, into 7', hence a surjection from
L to Lger = X*(Tyer). This induces an isomorphism

der = L/AHHL(AV) .

o Let Tyuot be the maximal torus quotient of G. Then X*(Tuot) embeds into X *(7T'). Its image is equal to
Annp (AY). This is the same as X *(G).

e What is the root datum of G,q;? Because of the exact sequence
1—Zg— G— Gy — 1,
we have also an exact sequence
0 — Lagj — L — X*(Zg) — 0,

so that Laq; = La.

e The group Z¢ contains a maximal torus .S. The embedding of S into Zg is equivalent to a surjective map
from X*(Z¢g) to X*(5). Its kernel is the torsion subgroup of X*(Z¢).

If G is the simply connected covering of Gqer, the product map from S x Gy to G is surjective. Hence:

1.1. Proposition. Any reductive group can be represented as a quotient of a product of a semi-simple, simply
connected one and a torus.

This enables a classification of root data.

CONSTRUCTION. Root data are the DNA of reductive groups—from a small amount of data an enormous
and complicated structure is assembled.

In the previous section I have recalled how a reductive group gives rise to a root datum. Conversely, and
perhaps more miraculously, every root datum L gives rise to a reductive group, which can be constructed
through a series of steps.

Step 1. The root datum gives A C L, as well as the formula for simple reflections. From this one can
construct all the roots and coroots, distinguishing the positive ones.

Step 2. The construction of the split semi-simple Lie algebra corresponding to a given root system was done
initially for almost all systems case by case, depending on particular representations. This has been done
uniformly for all systems by an idea due originally and independently to Chevalley and Harish-Chandra. The
precise result is Theorem 1 in §VIIL.1 of [Jacobson:1962]. A version of this was later applied to the construction
of Kac-Moody algebras. If n = |A|, the Lie algebra in question is defined as a certain quotient of the free Lie
algebra determined by 3n generators eq, hq, fo for ain A.

Step 3. In general, whenever g is a reductive Lie algebra, suppose e to be a generator of gy. Then

an elementof t if u=—A\
lex,eu] = Ny pertp if A + 1 is a root
0 otherwise.
In particular, if X is a negative root and y positive, [ex, e,] = 0 unless A = —p. Furthermore, if [ey, e,] =

Ny ue, then
0 071 _ 0
[8)\7 ep,] - N)\-,#eu :
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In practice, for classical groups it seems easiest to compute Lie brackets by machine as you would by
hand. First find a Chevalley basis in the sense I have defined above. Then to each root associate a matrix,
implementing it as a list of pasrticular e; ;. At the same time as this list is registered, associate also to each
(4,7) the corresponding root. This is well defined. Use the rule for products of elementary matrices to
compute the brackets of the ey.

If the ey are part of a Chevalley basis, the structure constants N, ,, are integers, relatively simple to determine
up to sign. Explicit formulas for Lie brackets and group products are due originally to Chevalley. They
are explained in [Carter:1972], and in slightly greater generality in [Cohen-Murray-Taylor:2005]. Chevalley
discovered how the ey # 0 for each root A can be specified, and then how to find (A, 11) such that

lex,en] = e\, ) (pa + 1)e—y

whenever A + u + v = 0. Here p) , is the distance of 1 from the left hand end of the A-string through it. Tits
discovered how to describe N¢(T') explicitly. One can also find simple formulas for the action of N¢(T') on
g.

Step 4. The last step is from the Lie algebra to the group determined by the root datum. The final result is of
a smooth reductive group scheme over Z. There are in the literature many ways to do this, but as far as I can
see none are perfect. It is perhaps best done in a uniform way by ideas explained roughly in [Kostant:1966],
but this is not a complete account. Other relevant references are [Demazure-Grothendieck:1962/4], [Conrad-
Gabber-Prasad:2015], [Steinberg:1967], and [Lusztig:2009].

In the rest of this essay, I'll define the classical groups, and determine for each one a certain subset of
fundamental data. Eventually, these will include

o a maximal torus T’

o a Borel subgroup B containing 7'
o the lattice X*(T")

o the centre Zg

o the Lie algebra

o a Chevalley basis of g, as matrices
o the roots X

o the simple roots A

o the coroots ¥

o the subset A

o the special embeddings of SLy

o the Weyl group W

o the fundamental weights, as elements of the dual of L}
But at the moment I am content with less.

Every classical group G comes with a fixed embedding into some GL,,(C). In all cases, I shall normalize
things in such a way that the subgroup of upper triangular matrices will be the Borel subgroup of G, the
subgroup of diagonal matrices will be the torus 7', and the canonical involution will take X to X ~!. Because
I am interested in writing programs, I'll label the simple roots for a group of semi-simple rank r by indices
in [0, — 1]. With a shift of 1, I'll follow the conventions of [Bourbaki:1965].
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2. The general linear groups
The simplest reductive groups are the general linear and special linear groups. The group GL,, contains the
subgroup SL,, of all n X n matrices of determinant 1.

The group GL,, contains as maximal torus the subgroup 7" of diagonal matrices, and as Borel subgroup the
group B = T'N of upper triangular matrices. The centre Zg is the group of scalar matrices. The center Zg,
of the derived group SL,, is isomorphic to the group (i, of n-th roots of unity. For general fields of definition,
its group of rational points may hence be quite small. The dual X *(Zgy,) is canonically isomorphic to Z/n.

CHARACTER LATTICE. The lattice X*(7T') has as basis the characters ¢; (for 0 < ¢ < n), with
= (t) = ti,i .
LIE ALGEBRA. The Lie algebra of GL,, is the vector space of n x n matrices, with bracket [X,Y] = XY -Y X.

That of SL,, is the subspace of matrices of trace 0.

The elementary matrix e; ; is that with zero entries everywhere except in location (4, j), where it is 1. The
matrix product is

o fj=k
2.1 :{W if J
2.1) Cisj " Chit 0 otherwise.

This is one of the basic formulas underlying all computation in matrix groups. It can be roughly visiualized:

(i,) (i

The canonical involution takes ¢; ; to —e; ;, and the e; ; make up a Chevalley basis of g = gl,,. The ¢; ; span
the Lie algebra of T'. If ¢ = (¢; ;) is in T then

treij tTh = (tii/tig)eis
so the e; ; with i # j are the generators of the root spaces. The roots are parametrized by such pairs.
Lie brackets follow from (2.1) :

€ii — €55 1fz:€and]:k
€i ifi #fand j =k
—er,; ifi=/Llandj#k

0 otherwise.

[ei,jv ek,l] =

Computation in GL,, is the basis of calculations in other classical groups.

The roots are (in additive notation) the a; j = €; — €; for i # j. The corresponding root space is spanned by
the elementary matrix e; ;. The positive roots are those with ¢ < j. The simple roots are the a; = &; — £441.
Every positive root can be expressed as a linear combination of simple roots:

Oél'_’j:Oéi—i-"'—i-Oéj,l.
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COROOTS. Let ey be the homomorphism from G, to GL,, taking ¢ to the diagonal matrix with s; ; = t and
S4,5 = lforj }é 1.

The coroots are the ¢} — ¢ with i # j. The simple ones are those with j = i + 1, and these are a basis of
X (T4er) for SL,,, which is simply connected.

Another basis of weights is made up of the fundamental weights

wo = €0

w1 =€&p + €1

Wp-1=¢€0+€1+ - +En-1

If o is the standard representation on C", then w; is the highest weight of /\iJrl 0. The dominant weights are
those of the form 23—1 ¢;w; with ¢; integral, ¢; > 0 for i < n.

For SL,,, the lattice X*(Tyey) is the quotient of X *(7T') by w,,. The images of the &; with i < n form a basis of
Lder =X" (Tder)~

The the projection from X*(Tgey) onto X*(Zsy,) takes (¢;) to Y ¢; modulo n. The quotient Lge,/La is
isomorphic to Z/n, and we can see this very explicitly. Let

P =€k — Ek—1 (2§k<n—1).
Then the 1); clearly make up a basis of Lge,. But since g + - - - + &,—1 = 0, the weights

nyy = neop
=ngo — (Bo+ -+ +En-1)
= (8o —E1) + -+ + (B0 —En-1)
=n—-Dag+(n—2)ar+-++ap_2
Yy = -1 (k>1)

make up a basis of L.

SL(2) EMBEDDINGS. For a positive pair (4, j), the embedding of SLs into G corresponding to o; maps a 2 x 2
matrix into a block in entries [i, j] X [i, j]. For j = i+ 1 this is a simple 2 x 2 block. For example, with n = 4,
i=0,j=2
a o b o
|:CL bj| . [} 1 o [}
c d ¢ o d o
o [e] [e] 1

WEYL GROUP. The Weyl group is &,,, acting by permutation on diagonal entries. There are in this case two
natural sections of the sequence

1—T — Ng(T) — W — 1.

One of them takes place in GL,,, with image the permutation matrices, and is a homomorphism. The other
takes place in SL,,, and is Tits’ map w — . In general, this sequence does not split.
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DYNKIN DIAGRAM. The Cartan matrix has

2 ifi=j
(ai,a)) =4 -1 ifj=i+1
0 otherwise.

For example, that for SL4 is

2 -1
-1 2 -1
-1 2 -1
-1 2
The diagram is
0 1 n—2 n-—1

3. Preliminaries concerning isometry groups

Fix for the rest of this essay the n x n symmetric matrix

0o ... 1

Wy =

It is its own inverse. The operator
Xr—wXw

swaps entries of X along the SW-NE axis, and in particular takes diagonal matrices to diagonal matrices.
Explicitly, it takes the elementary matrix e; ; to e,—1—jn—1—;. For convenience I set™ = n — 1 —m, and
write this as e .

Suppose (2 to be either

0 —wm
Wy Or ,
Wm0
anon-degenerate symmetric or anti-symmetric matrix of size n x n. It satisfies the equation Q? = +1. Define
Ggq to be the group of all m x m matrices such that

XOQX =cQ
in which ¢ = (X)) is a scalar. We can rewrite this equation as

(3.1) X*X =*XX =cl with "X =Q7''XQ.
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It is a Zariski-closed algebraic subgroup of GL,,, since the condition to be a scalar amounts to a set of
polynomial identities. The map X +— u(X) is then a character of G. Let S be the subgroup in which
(X)) = 1. Its Lie algebra is the space of all X such that

(3.2) XQ+0X=0o0or X =—"X.
Because Q7! = +(), the transpose adjoint ‘X ~! will lie in G when X does. This will be the canonical

involution of GG. It is also true that €2 itself lies in S.

The diagonal matrices in G will form a maximal torus 7". The subgroup of upper triangular matrices will be a
Borel subgroup (i.e. maximal solvable), because the involution X — X2 takes an upper triangular matrix
to another one. Every ¢ in T" will satisfy the condition ¢; ;{; ; = (t) for all i. I recall that ¢; is the character of
the diagonal matrices taking ¢ to ¢; ;. Let &; be its restriction to 7T".

The group Sq will also contain elements

X 0 0
0 I 0 (X € GLy)
0 0 wX'w
I 0 0
0 X 0 (X € 9y)
0 0 I

for every m such that 2k < n and ¢/ < n. Here Sy is the group defined by the central £ x £ minor of 2.

To help mental calculation later on, I offer the diagram

4. The symplectic groups

Now let G = GSp,,,, the group of symplectic similitudes of a non-degenerate alternating form in 2n
dimensions. Here, I take
0 wn
Q—QQn—[_wn 0]7

and then
GSp,,, = {X|'XQX =cQ}

for some non-zero scalar ¢ = p(X).
The associated alternating form is
n—1
>, (@i =)
There is an exact sequence
1 — Sp,,, — GSpy,, = G, — 1.

One section of the map  takes c to

co-[i 2]
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Remark. Other choices of alternating matrix are common. They are all equivalent, since any two non-
degenerate symplectic forms of the same dimension are equivalent. One common choice is

0o -1,
I, 0 |°
This would be convenient in many circumstances, but the choice I have made has the great virtue that the
upper triangular matrices in G form a Borel subgroup.

The group Sp,,, contains the matrices
X 0
|: O thlwl} (X € GLn)
I 0 0
0 X 0 (X € Spay,)
0 0 I
[é )I(} (wXw t=X) .

This last condition means that X is symmetric with respect to the NE-SW axis.

LIE ALGEBRA. The Lie algebra of Sp,,, is the vector space of 2n x 2n such that ‘X + QX = 0. There are

four distinct types making up a basis. Two of these come from the embedding of GL,,,, and two from he
skew-symmetric matrix S. I list those in b:

(a) the semisimple elements

(eii — €iv1,i41) T (65174, —€57) (0<i<n);

(bi) the elements in the copy of gl,,:
eiyj—e}; (O§Z<]<TL>,
(bii) the cross-diagonal elements:
e;;7 (0<i<n);

(biii) the remainder in the upper right block:

€i7j+€37; (OS’L<HS]<2TL—1),

(c) the transposes of elements in (b).

Each of these elements contains in its expression some unique e; ; in the region

{0<i<n, 0<j<i}.
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In computation it is useful to index it by (, ).

MAXIMAL TORUS. The maximal torus is the group of diagonal matrices

an o o o
o aq o o
a =
o o co. Q9n—2 o
o o ce o aomn—1
with agagn—1 = a1a2p—2 = ... = an—1a, = pu(a). If ; is the restriction to T of €;, then X *(T') has as basis

the ;, for 0 < i < n together with 1, which is in additive notation the common sum &; + €2,,—1—.

ROOTS. For0 < i < nlet
Qg =& —Eit1-

The «; are the simple roots. The last one is a1 = ,—1 — €y, but in terms of the chosen basis it is 2,1 — /..

The positive roots on T4 may be expressed in two ways.
Ei —Ej =D ichej %k (0<i<j<n)
2§i:2zigk<n_1ak+an,1 0<i<n-1)
gi+gj:2:i§k<jak+2Zj§k<n—1ak+O‘7I—1 0<i<j<mn)

There are n(n — 1)/2 +n(n — 1)/2 + n = n? roots in all.

WEYL GROUP. The Weyl group is the semi-direct product (£1)* x &, acting by signed permutations
(8i) = (gf(li))

SL(2) EMBEDDINGS. For 0 < ¢ < n — 1, the embedding of SLy into G corresponding to «; is that for the
copy of GL,,. For o, 1, it is the central embedding of SL5. For example, when n = 2:

1 o

CLb'_)o
c d o

o o o 1

b o
d

[SIERS]

(o)

This is consistent with an earlier remark, since SLy = Sp,,.

LIE BRACKETS. This subsection is meant to help in detailed calculations. It will give very explicit formulas
for elements of the Lie algebra of upper triangular matrices in sp,,,. The non-trivial cases come in two
flavours: (1) those pairs lying the embedded copy of gl,,. This we already know; (2) those pairs with the first
in the embedded gl,, and the second associated to the upper right square.

(a) The site (k, ¢) lies on the cross-diagonal. We are looking at
leij — e 6.7 = leig ez — 57 €, 7]
=Cij €T T Ck Gk T €T CE T ELT 6

i s

This vanishes unless j = k, and is in that case equal to €+ e Furthermore, i < j = k, so that these are
two distinct terms.

(b) It does not, so that we are therefore looking at

[eij — €57 €re + €z 7]
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with0 <i<j<n 0<k<n—1<n<{<2n— 1. This comes in two pieces. The first is

[€ij>ere + egz] = [eigh enel + e, ez7]
=€ijChe ~Che€ijteijeir T € Cij

=€ijehet i€y

Keep in mind that 77 lies in [0, n) if and only if m lies in [n, 2n).
The second is
[—837;, €kl + GZE] = —[637;, ekyg] - [637;, eZ,E]

= €gyp-€z;— €

70T €kl T e €5 T €55 €y

Jyt Jt
= Ok CGF TR

Comparing these expressions, we see that they vanish unless j = k or j = 0. If j = k, two terms sum to
eio+eg If j =, wegete, - + ¢, ;. These two cases do not overlap. But it can happen that i = k, in which
case we get 2¢; .

CcOROOTS. The torus 7 is identified with a subtorus of the diagonal torus in GL,,, and hence the lattice
LY = X, (T) with a subtorus of the lattice spanned by the €. Cocharacters in X, (7') may therefore be
identified with their images in Z>". As a basis:

gl =¢e —€3,1-; (0<i<n)

v 2n—1 v
n = E g; -
n

The simple coroots are
o= 8 TEn 0<i<n
¢ Er 1 otherwise.

FUNDAMENTAL WEIGHTS.
o = €0

w1 =€Eg+ €1

Wn—1 = €0 tE1+ - +En1
together with p.

THE CENTRE. The weights a; = ¢; — ;41 for 0 < ¢ < n — 2 together with ¢,,_; make up a basis of weights,
while the «; for 0 < i < n — 2 together with a,,_1 = 2¢,,_; make up a basis of roots. S0 Lge;/La = Z/2.

DOMINANT WEIGHTS. The dominant weights are integral linear combinations

n—1

Z CkT) + Cpft
0

with ¢, > 0for0 < k < n.

The weight gy is the highest weight of the defining representation of G, its embedding into GL2,,. The
other weights of this representation are the z,, with 1 < m < 2n (recall that for m < n < 2m we have
Em = b — 52n—1—m)~

The highest weight €y = w is minuscule —i.e. all weights are in a single Weyl orbit.

DYNKIN DIAGRAM.
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The Cartan matrix has
2 ifi=y
-1 ifi<n—landj=17+1
-2 ifi=n—-1,7=n-2
0 otherwise.
For example, when n = 2:

2 -1
-1 2 -1
-1 2 -1
—2 2
The Dynkin diagram is
0 1 n—2 n-—1
o—o--

5. Even orthogonal groups
In this section and the next I'll look at orthogonal groups—in this section for quadratic forms of even
dimension, and in the next those of odd. But there are certain features in common.

ALL DIMENSIONS. Let Q = wy, with uow the associated inner product. Let (u;) be the standard basis, so
that

1 ifj=N—-1—i

51 ; 0 »:{
®-1) viot; 0 otherwise.

The group Gg is that of all X such that
XOQX =cQ

for some ¢ = p(X) # 0, Oq is the subgroup with 1 = 1, and SOgq to be subgroup of Og with det = 1. The
maximal torus of SO is made up of the diagonal matrices

Zo

Z1

1/$1
1/$0

The Lie algebra is the set of N x [N matrices such that
XQ+QX =0 or X =-Q'XQ.

This translates to the condition z; j = —xn_1—; N—1—s. In other words, the matrix is hence skew-symmetric
around the NE-SW axis where i 4 j = n — 1. Its entries are determined by the ones in theregioni+j < n—1,
and the dimension of the Lie algebra is hence N (N — 1)/2. It has as basis the matrices

€ N—1—5 — €j N—1—i
for 0 <i < j < N. The corresponding linear transformation
u;, ifk=N-1-j
ug ¢ —u; ifk=N-1—1
0  otherwise.

otherwise expressed as
v (vouy)u; — (voui)uy,

because of (5.1) .
There are some types of these in common to both V odd and N even. Letn = | N/2].
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(a) the semisimple elements

(bi) from the copy of GL,,:

(bii) from the upper right block
ere—ez 0<k<n—-1<n</l<2n-1);

(c) transposes of elements in (b).

The group Oy contains the matrices

I, 0 O
0 X 0 (XEON_Q]C),
0 0 I

which allows induction.

EVEN DIMENSIONS. Now assume N = 2n. Let w = w,,, so that

Q_[g ﬂ.

It corresponds to the quadratic form

2x0T2n—1 + + 2T 1%y .

The group SOg contains the matrices

X 0
[ 0 th1w1:| (X € GLy)
[é )I(} (WiXw ! =-X).

This last condition means that X is skew-symmetric with respect to the NE-SW axis.

The simple roots are the o; = €; — ;11 for 0 < i < n — 1 and &,_2 + &,,—1. The first few come about from
GL,,. The last from the nilpotent matrix

(e} ] 1 (e}

(e} ] (e} - 1

o [e] o o

in SO4

The positive roots of SOg are the
g —Ej 0<i<j<n-1)
gi+g (0<i<j<n-—-1)

SO(4). What happens in general is best understood if one looks first at the case n = 2. Here, there is a
homomorphism from SLy x SLy to SO(4) that accounts for, among other things, the basic embeddings of
SLs in general. In effect, although I won't elaborate, this product is Spin(4), and the map to be described is
the canonical quotient.
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This is clearest of one uses a different realization of ). Identify the vector space with A5 and

o X1
T2 T3

Qz) = det(z): [

:| —— XT3 — L1T2 .

The sign is not quite right, but I'll adjust that in a moment.

The group SL2 X SLg maps to SO(£2) through the action
X—AX- B

At first, I take as my basis of M5 the matrices
milO m,()l m,OO m,OO
1o ool "o ool TP oo Yo 1)

With respect to this basis, left multiplication takes

-l

o0 O 9
o o8 O
o U O o
QU O o O

and right multiplication takes

Note that

so that if I change the right action to

the matrix of the right action becomes

-b 0 0

—c d 0 0
0 0 a —b
0 0 —c d

Now I finally adjust the sign of ). Instead of
LoL3 — L1L2

I'want
oLy — X1 .

so I change the sign of my second basis matrix. The left and right action matrices now become

a 0 b 0 a b 0 0
0 a 0 =b c d 0 0
c 0 d (N 0 0 a —b
0 —c 0 d 0 0 —c d
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This can be seen more intelligently by identifying My & M; with the four-dimensional Clifford algebra of 2
and SLy x SLy with the spin group.

SL(2) EMBEDDINGS. The first n — 1 embeddings from SL, are the ones into GL,,. That for «,, embeds the
Lie algebra as it does for SO, which itself is embedded into every SO,,.

LIE BRACKETS. These are much like the ones for sp,,,, and  won't give details.
DYNKIN DIAGRAM.

The Cartan matrix has

2 ifi=y
-1 ifi,j<n—landj=1+1
-1 ifi=n-3,j=n-1

0 otherwise.

Forn = 2:
2 -1
-1 2 -1 -1
-1 2 0
-1 0 2
The Dynkin diagram is

o : n_3<l_2
n—1

There is an automorphism swapping ¢,,—; and —¢,, hence «,,_; and «,,, which comes from conjugation by

the matrix
I o

o [e]
o o 1 o
o 1 o o
o o o I

in Og,,, which swaps the two embeddings of SL» exhibited above.
The fundamental weights of the covering spin groups:
g1 +--+¢; fo<i<n-—3

Wi = (1/2)(gl+"'+gn73+gn72—gnfl) ifi=n—-—2
(1/2)(§1++gn—3+gn—2 +§n—1) ifi=n—1

CENTER. The center of GO is made up of the scalar matrices. That of SO2,, is made up of {£I}.
6. Odd orthogonal groups

Letw = w,, and

o o W
0= o o
W o o

It is the matrix of the quadratic form

2x0xon + -+ 2Tp—12p41 + :vfl .
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The elements in the Lie algebra are those X in Moy, 11 such that ‘X Q+QX = 0. In addition to types occurring
in both even and odd dimensions, we have here the matrices

The group GO contains matrices

The simple roots are o; = ¢; — €541 for 0 <7 < n — 1 and €,_;. The first several come about from GL,,, the
last from the nilpotent matrix

[e] (o) [e] [e] [e]
o o 1 o o
o o o —1 o
[e] o [e] [e] [e]
[e] o [e] [e] [e]

on which the torus acts as z,,_1.

SO(3). Iwant to explain here the map from SLs to SO(3) that identifies SLo with Spin(2) and PGLy with
what is sometimes called Pin(€2).

6.1. Proposition. There exists a unique homomorphism from SLy to SO(3) taking

2

1 2 1 x —2%/2
01 — 0 1 —=x
0 0 1

0 0 1/t
0 1 0 0 1
1 0 0

Proof. The standard three-dimensional representation of SLy acts on symmetric vectors eZ, egeq, e3. With
respect to the basis with —e} /2 the matrices of this representation are as above.

We have already seen that the image is contained in SO(3). Uniqueness is because these matrices generate
SLo. 0

Explicit formulas for an arbitrary matrix in SLy are messy, but for any fixed matrix they can be found from
the Bruhat decomposition SLy = B U BwB.
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SL(2) HOMOMORPHISMS. The first n — 1 maps from SL; arise through embeddings into GL,,, while the last
through the map into SO(3).

Why does the copy of SLy corresponding to c,,—1 not embed, while those for the others do? For n = 5 this is
OK because the standard copy of SLy contains the centre, while that of the central SLs does not. So it is the
first that collapses. This agrees with the fact that although the root systems for By and C5 are the same, the
indexing of simple roots is different.

DYNKIN DIAGRAM. The Cartan matrix has
2 ifi=j
-1 ifj<n—landj=:i=£1

ifj=n—-1,i=n-—2
0 otherwise.

For example when n = 2:

2 -1
-1 2 -1
-1 2 =2

-1 2

The diagram is

0 1 n—2 n—1

FUNDAMENTAL WEIGHTS. Of the covering spin group.

wi=ecp+--+e (0<i<n-—1)
wn-1= (1/2)(e0 + -+ &n-1)
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