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Introduction to ordinary differential equations

Bill Casselman
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This essay will summarize what is needed about ordinary differential equations in representation theory,
particularly that of SLo(IR), as well as a bit more involving fundamental solutions of ordinary differential
equations. All differential equations will be linear.
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Part I. Equations on R
1. Linear differential equations

This section will be concerned with solving a system of differential equations with initial condition:

y'(x) = A(z)y(z), y(0) = yo

where A(z) is a smooth matrix-valued function defined on a possibly infinite interval (—C,C') and
y = (yi(x)) is a smooth vector-valued function.

What's special about linear equatiosn is that solutions of this equation form a vector space.

If A= (a;;)isanr x ¢ complex matrix define its norm:
A = ¢ sup |ai |

where ¢ = colA is the number of columns in A.

1.1. Lemma. For any matrices A and B

sup |a; ;| < |A]
|A+ B| < |A] +|B]|
|AB| < |A[[B].
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Proof. The first and second are immediate. As for the last:

|AB| = colAB szukp ‘ ; al-_,jbj_,k’

= colB sup‘ a-_-b-_k‘

IN

colB sup E |ai ;| [0,k
] J

IN

colAcolB sup |a; ;| sup |b; k|
i, gk

|A||B]. 0

1.2. Lemma. The function y satisfies the differential equation y' = A(x)y if and only if it satisfies the
integral equation

y(x) = yo + /OI A(s)y(s)ds.

This is the simplest example we’ll see of an intimate relationship between differential and integral
equations. This relationship is essentially just an elaboration of the fundamental theorem of calculus.

Proof of the Lemma. The fundamental theorem asserts that if y satisfies this integral equation then
y' = Ay, and clearly y(0) = yo also. On the other hand, if ¥’ = Ay then

@) =0 = [y ds= [ Au(s)ds. 0
0 0
1.3. Lemma. A solution of the system y’ = Ay is uniquely determined by its initial value.

Apply the following Lemma to the difference of two solutions.

1.4. Lemma. Suppose I to be a finite closed interval in (—C, C') containing 0 and M = sup; |A(z)|. If y
is a solution of y' = Ay then for z in I

Mial _
ol <) (1+ ) -

Proof. If y is a solution then for x > 0in I

Set
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Then Y’ (z) = |y(x)|, Y(0) =0, Y (z) > 0, and hence
Y'(z) - MY (z) <§
e~ Ma (Y’(:c) — MY(:C)) < Je M

—Mz
dY(x)e S 567Mz
dx

e My (z) < 5/ e Ms s
0

1 —e M=
=9 (T)

The argument for < 0 is almost the same. 0

1.5. Theorem. Suppose A(z) to be a smooth M, (C)-valued function on the interval (—C, C) (with C
possibly co). For every yo in C" the linear system of differential equations

has a unique smooth solution on (—C, C') satisfying y(0) = yo.

In other words, the vector space of solutions of the differential equation has dimension n, and the map
taking y to y(0) is an isomorphism with C".

Proof. Uniqueness follows from the previous Lemma. For existence, we define a sequence of functions
yo(z) =0

Yr+1(w) = yo + /09” A(8)yr(s) ds.

and a sequence of differences
Ap(x) = Yrtr(2) — yu(2) -

For the A, we have
Bl = | " A(s) Du(s) ds
Ben@)] < [ 146 1au(s) s
< Mz/o |Ak(s)| ds <Mz = oilgz'A(S)')

and therefore by induction

k |]*
which means that the sequence
k
vk =10+ YA
1

converges uniformly on any bounded subinterval of (—C, C) to a solution of the integral equation.  [J
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CONSTANT COEFFICIENTS. There are very few cases where a simple formula for solutions can be found.
One of them is that where A is constant. For X a square matrix define

X X
X

The following is immediate:

1.6. Proposition. If A is a constant matrix then the solution of
y'=Ay, y(0)=yo

is

Yy = eAmyo .

SCALAR FUNCTIONS. Another is that where y is a scalar-valued function.
1.7. Proposition. If y and A are scalar-valued functions, the solution of
y'=A(s)y, y(0)=uyo
is
xT
y=e@yy,  alz) = / A(s)ds.
0

WRONSKIANS. Suppose now that ®(z) is a square matrix whose columns are solutions. The determinant
of ®(z) is called a Wronskian of the system.

1.8. Proposition. Any Wronskian W () of the system y' = A(z)y is of the form e™ @)W (0) where

T(x) = /OI trace (A(s)) ds.

Proof. We start with:
1.9. Lemma. If ®* is the transposed adjoint of ®, then the derivative of det at ® is the linear map

X — trace(X ")

Proof. What this means is that

{ddet(@ +1X)

pn ]t_o = trace(X ®*).

Now det(® + ¢ X)) is a polynomial in the coefficients of ® and X, as well as ¢. Its constant term is det(®),
and what is to be shown is that the coefficient of ¢ in this polynomial is trace(X ®*).

The basic property of the transposed adjoint is that $®* = det(®)I. Itis easy to see that
det(I +ty) = 1+ ttrace(y) + - -
and if we multiply by det(®) we get

det(® + tPy) = det(P) + t det(P)trace(y) + ...
det(® + tPy) = det(®) + ¢ trace( det(P)y) + ...
= det(®) + t trace(P* Py) + ...
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so that det(® + tX) = det(®) + ttrace(XP*) 4 --- if X = ®y. If ® is non-singular, any X can be
expressed as ®y, but since the invertible ® are an open set in the space of all square matrices, the equation
remains true for all X. 0

Now to prove the Proposition. The equation ®®* = det(®)I and the chain rule imply that the derivative
of W = det (®(z)) is
trace(®'®*) = trace(A - dP*)
= trace(A - det(®)I)
= det(®)trace(A(z))

so that W satisfies the differential equation W’(z) = trace (A(z)) W (). 0
If ®(z) is a matrix whose columns are solutions of the system, it is called a matrix solution.

1.10. Corollary. If ®(x) is a square matrix solution such that the columns of ®(0) are linearly independent,
then the columns of ®(x) are linearly independent for all x.

A matrix whose columns are linearly independent functions forming a basis of solutions of the equation
Yy’ = A(x)y is called a fundamental matrix for the system. If ®(z) is a fundamental matrix then ®(x) is
invertible for all z. If A is constant, then e“* is a fundamental matrix.

N-TH ORDER EQUATIONS. An n-th order differential equations is that specifies relation between its first
n-derivatives:
y(n) —+ a/nfl(x)y(nil) + -4 ao(l‘)y = O .

It is equivalent to a system of equations for y, where Y is a vector function whose entries are y(x), y'(x),
11

2. Change of independent variable

Very often we are given a function y(x) of one variable z satisfying a differential equation

y"(x) + a(z)y'(x) + b(x)y(z) =0

and a change of independent variable from z to ¢, and wish to discover the differential equation satisfied
by the new function Y (¢) = y(z) = y(x(t)).

The coefficients a(z), b(x), ¢(x) are replaced by A(t) = a(x(t)), B(t) = b(x(t)), C(t) = c(x(t)), and y(z)
is replaced by Y (t). As for the derivatives, the basic identity is one of operators:

a
4 _ a
dx d_UC
dt

which is a variant of the chain rule. Applying this rule just once we see that

dy  dY/dt

dr  dx/dt

which allows us to subsitute
B dY/dt B Y'(t)

dx/dt  2'(t)

y'(x) = dy/dux
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in the original equation, which is what we want to do because the right hand side will be an expression
in t. Applying the rule to dy/dx instead of y(t) we see that

y'(z) = L

dr dx
_ d(dy/dx)/dt
-~ dx/dt

(d/dt)(Y'(t) /(%))

Example. As a first example, suppose we start with the constant coefficient equation
y"(z) +ay'(z) + by(z) =0, =z = logt.
Then dx/dt = 1/t so we derive the translations

y'(x) = tY'(t)
d dy

" _ way

yi(z) = dr dx

d
2/ dz)

dx

dt
d
2 (Y1)

1/t

=2Y"(t) + tY'(1)

When we substitute these into the original differential equation we get the Euler’s equation
Y (t) + tY'(t) + atY'(t) + bY () = 7Y (t) + (a + 1)tY'(t) + bY () = 0.

This tells us is a general way how to solve Euler’s equations. The constant coefficient equation has a
solution y(x) = e** where ) is a root of the characteristic equation. But this means that the Euler’s
equation has a solution of the form Y'(t) = t*. If the characteristic equation has a double root, then the
original differential equation has a solution y = ze**, which translates to t* log t.

Example. As a second example start with the equation
(@) + a@) f'(z) + b(z) f () = 0
and make a change of variable x = 1/¢, setting F(¢) = f(z) = f(1/€). Here dv/d¢ = —1/£2, 50

PG
T =e
——eF(g)

f%@:—féeﬁF%»

- g%<5y@»
= () 1+ 260F ().
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and we get the new equation

ELF(€) + (267 — EA(E))F'(€) + BE)F(€) = 0.

where
A(§) = a(1/¢), B(§) =0b(1/¢) .
Example. Now let z = t". Then
o' (t) = nt" !
2" (t) = n(n — 1)t" 2

SO

Y'(t)
o) —
Y (.I') - ntn,1
po o nY" (@Ot —n(n - 1)Y'(0)t" 2
y'(x) = n33(n—1)
CY(t) = (n = 1tY'(2)
- n2t2(n—1) :

3. Change of independent variable

Very often we are given a function y(x) of one variable z satisfying a differential equation

y'(z) + a(2)y (z) + b(z)y(z) = 0
and a change of independent variable from z to ¢, and wish to discover the differential equation satisfied
by the new function Y (t) = y(z) = y(z(t)).

The coefficients a(x), b(x), c(x) are replaced by A(t) = a(z(t)), B(t) = b(x(t)), C(t) = c(x(t)), and y(x)
is replaced by Y (t). As for the derivatives, the basic identity is one of operators:

d
4 _ ar
dx dx

dt

which is a variant of the chain rule. Applying this rule just once we see that

dy  dY/dt

dr  dx/dt

which allows us to subsitute avd v
y(z) y/de dx/dt 2/ (t)

in the original equation, which is what we want to do because the right hand side will be an expression
in t. Applying the rule to dy/dx instead of y(t) we see that

" d dy
y'(z) = de do
_d(dy/dx)/dt
dx/dt
_ (d/at)(yY (t))/ilf (t))

Y'(t)a"(t)

a'(t
Y'(t)a'(t) —
! (t)?
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Example. As a first example, suppose we start with the constant coefficient equation
y"(z) +ay'(z) + by(z) =0, =z =logt.
Then dx/dt = 1/t so we derive the translations
y' () = tY'(t)
d dy
" _ 49y
y'(@) dz dz

d
—(dy/d
= (dy/de)
dx
dt
d
— (tY'(t
= (7' (1))
1/t
=t2Y"(t) + tY'(t)
When we substitute these into the original differential equation we get the Euler’s equation
Y (t) + tY'(t) + atY'(t) + bY () = Y (t) + (a + 1)tY'(t) + bY () = 0.

This tells us is a general way how to solve Euler’s equations. The constant coefficient equation has a
solution y(x) = e** where \ is a root of the characteristic equation. But this means that the Euler’s
equation has a solution of the form Y'(t) = t*. If the characteristic equation has a double root, then the
original differential equation has a solution y = xe**, which translates to t* log .

Example. As a second example start with the equation
f(@) + a@) f'(x) + b(2) f(x) = 0
and make a change of variable z = 1/¢, setting F'(¢) = f(z) = f(1/€). Here dz/d¢ = —1/£2, s0
oy 6
T =e
= —$"F'(¢)
17 o d /
f(@) = —§2d—€(—€2F ©)
= LR
= EUF(€) + 26°F'(€).
and we get the new equation
EF"(€) + (267 — EA(E)F'(€) + B()F(€) = 0.
where

A(§) = a(1/€),  B(&) = b(1/¢) .

Example. Now let z = t". Then

SO

Y'(t)
o) —
() = —3
wo o YOt —n(n — )Y/ (02
y'(@) = n3¢3(n—1)

1Y (t) — (n — 1)Y'(t)
n2¢2n—1)
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4. Inhomogeneous equations

An inhomogeneous differential equation is one of the form Ly(z) = ¢(z), where Ly is a linear expression
iny. A simple example is y'(z) = e*. The solutions of this equation are of the form y(z) + a(x) where
y is an arbitrary solution of Ly = 0, and a is some particular solution of La = ¢. There are several
ways to express solutions to inhomogeneous differential equations, but the basic fact is that solving
an inhomogeneous equation reduces to an integration if you know enough about the homogeneous
equation.

4.1. Theorem. If ®(z) is a fundamental matrix for the differential equationy’ = A(x)y then

x

y() = yo + D () / 31 (s)p(s) ds

Zo

is the solution of y' = A(z)y + ¢(x) withy(zo) = yo.
Proof. A straightforward exercise in the fundamental theorem of calculus. 0

The real point is that the function ®5 = ®(z)®~!(s) is the fundamental solution of the system satisfying
the initial condition ®(s) = I. This will motivate what we are about to do, which is to show how to
solve similarly a higher order differential equation

Yt ana @)y -t ao(a)y = ().
The corresponding system is of the form

Y' = A(2)Y + F(x)

where
0 1 0o ... 0 0
Alz) = 0 0 1 ... 0 C F= 0
—ao(z) —ar(z) ... —ap-1(x) fx)

Let’s look first at a familiar case. The formula derived by the technique called “variation of parameters’
solves the differential equation and initial conditions

Y+ a1 (2)y + ao(x)y = f() { y‘y{fcﬁ) _ 0

by the formula

=l / W9017<P2 d st ale / W<P17902 )d
/ £(s Cp2(w)pr(s) — <P1(17)<P (S)d
W (1, p2)(s)

)

where W is the Wronskian determinant

Y1 P2
w , =
(‘Pl 902) ‘ 90/1 90/2

With the usual derivation, this formula seems to come from nowhere. It is in fact a special case of a
formula valid for any higher order equation, one which fits into the general theory of partial as well as
ordinary differential equations. Let

Ly=y"™ +an_1(2)y" Y + -+ ag(2)y,
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and for each s let ¢ be the solution of

; 0 ifi<n—1
L =0, s‘72)(8):{1 ifi=n—1.

4.2. Proposition. The solution of
Ly =y™ + an_l(x)y("_l) + - tag(a)y = f(x), y® (x0) =0for0<i<n
is

F(z) = /x ws(2)f(s)ds.

Zo

Proof. This is a special case of the formula in Theorem 4.1, but I'll derive it directly. I recall first a Lemma
from calculus:

4.3. Lemma. If N
F(o)= [ fla.s)ds
0

then > g
F(x) = f(x,x) —i—/o féﬁ’ ?) ds.

Proof. More gneerally, set
b
F(a) = [ f(w5)ds = 8la.b),
and then let a and b be functions of x. By the chain rule

Y oaos Tt os 0

Remark. One can also prove this in a way that suggests generalizations. The basic result in calculus is
that if f(z,s) = f(s) (no dependence on s) then F”(x) = f(z). This can be interpreted as saying that if
X[0,2] is the characteristic function of [0, 2] then if

then

P@ = [ Sxonf()ds = 1) = [ 6050 ds,

X
oo dx 00

which can in turn be interpreted as saying that

dX[O,x] -
de 0u -

But then if . -

F(z) = / f(,5) ds = / Xo.)(8)f (@, 8) ds
we have F, B 00 dX[O,ac] (S) af(l', S) p

@ = [ [P )+ xpa(s) - L s
& 0
[ 8 s 4 o) L as

T Of(x
:f(x,:c)—l—/o %ds.

o —~= 0
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Given this Lemma, take up again the proof of Proposition 4.2. We have
F@) = [ pua)f(s)ds
zo
T dog(x
@) = f@heno) + [ 2 g a
o xz
* dps(z)
= —_— d
| pe s
xT dn s
FM (@) = f@)pt" ™ (@) + / L fs) s
2 dx"
z dn—l(ps (.I')
= —_— d
s+ [ T s
LE = f(@)+ | Lou(a)f(s)ds
o

= f(@). .
There are useful variants of the same idea. Here is one that occurs in representation theory.
4.4. Proposition. Suppose f(z) to be a smooth function on (0, 00), such that for some M > 0

f(z) = 0@™)
as x — 00. Suppose a > 0. Then the function y satisfies the equation
y' —a’y = f(x)
on (0, 00) if and only if
1 (oo}
y=cpe® +c_e 4 % /1 e~ o=l () ds
for suitable c.
Proof. The integrand ¢, = e~%7~ satisfies
ps(s) =0, ¢(s) =1

so the calculation is the same as that of Proposition 4.2. 0

There remain a few fine points that I take up in detail elsewhere. We know that there exist smooth
solutions and that they are uniquely determined by initial conditions. But what about solutions that are
not smooth? Say, with only continuous first derivatives? This question can be handled directly, but it

turns out that all solutions of the differential equation ¢y’ = A(x)y are smooth everywhere:

4.5. Theorem. If f(x) is a smooth function on an interval and ® is any distributions such that L® = f in

the interval, then ® is a smooth function.

This is a special case of a general theorem about elliptic differential operators, and I do not know any

simple proof.

Another point concerns a more systematic approach to Proposition 4.2. What's really going on is that
this is an example of Laurent Schwartz’s theory of a fundamental solution to a differential equation.

Continue to let
Ly g y(n) _|_ a/nfl('r)y(n_l) _|_ N _|_ aO(I)y
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Recall that ¢4 () is the solution of Ly, = 0 such that
() :{0 ifi<n-—1
P = dimn
Now define a variant of this. Suppose ¢(x) to be any solution of Ly = 0 and define ®, by the formula
() ifr <s
®s(z) = { o(x) + ps(z) ifx > s.

If n = 1 this will have a jump discontinuity from 0 to 1 at = s, but if n > 1 it will be continuous at
x = s, with value ¢(s).

4.6. Proposition. The function ¢4(x) is a solution of the distribution equation

Loy = 0.

Proof. 1recall that a distribution is defined to be a continuous linear functional on the space of smooth
functions with compact support. The derivative of a distribution ® is defined by the characterization

<(I)/7f> = _<(I)7f/>7

which by the formula for integration by parts is an extension of the definition of the derivative of
functions. What we want to show is that (L®,(z), f(x)) = f(s), which we at least now know how to
interpret.

4.7. Lemma. If the function F is smooth on each interval (—oo, s] and [s, 00) then considering F as a
distribution

(.1 = ) (Fe) - @) + [ P de.

Proof. Applying integration by parts we have

(Ff) = (. f)
_ /_Z Fa)f (z) do
__ /; F(a)f(«) do + — /:o F(a)f'(x) dx
——F@I@E + [ F@@d - FOf @t [P ds
— FO(Fs) P + [ Pla)f)de. 0
The Proposition now follows if we apply this to I = &, &/, ..., &), 0

We now have two formulas involving ¢ (z), one involving an integral against ds, the other against dz.
The first formula implies that (if we choose x( suitably) that if f has compact support in R then
LF = f(z), where F(z)= / D (x)f(x)

— 00

is a solution of LF' = f(x), and the second asserts that
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which means that

/OO O (z)L* f(x)dx = f(s)

— 0o

where L* is the differential operator adjoint to L. The proofs of these look quite different. But there is in
fact a formulation essentially equivalent to both. Define on R? the function

O(z,y) = Py(z).
4.8. Proposition. We have an equation of distributions in two variables:

L,®(z,y) =6(x —vy).

I'll not say more about this here, except to remark that both of the earlier formulas are consequences.

Part Il. Equations on C
5. Differential equations with analytic coefficients
We now look at differential equations in which the independent variable is complex. Assume the

functions making up the entries of the matrix A(z) to be analytic in a neighbourhood of 0.

5.1. Theorem. Given a linear system of differential equations
y = A(2)y
with coefficients analytic for |z| < r there exists a unique analytic function y(z) in the complex disk

|z| < r withy(0) = yo.

The connection between this result and previous ones on differential equations on subsets of R is that
if z(t) is a path in the disk with z(0) = 0 then the composite y(z(t)) to R solves the lifted equation

y'(t) = A(2(t))y(®).
Proof. I'll do here just the case where A(z) = a(z) is a scalar-valued function. We may as well assume
y(0) = 1. We express

a=ap+arz+agz>+ -
y=1+ciz+cpz®+---

ay = ag + (ager + a1)z + (apea + arcr + ag)z? + -
Y =1+ 22+ 3c32 + - -

leading to
C1 = Qo

C2 = 5(%61 +a1)

3 = g(aocz +aicr + a2)

1
Ck = E(aockfl +Fap-1)

I now follow [Brauer-Nohel:1967]. The method is a variant of that of majorants invented by Cauchy,
which compares the solution of the given differential equation to one that can be solved explicitly.
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We want to show that the series Y ¢;2* converges for |z| < r. It suffices to show that for every R < r we
can find a sequence C}, with (a) |cx| < Ck and (b) limy_, oo Ck11/Ck = 1/R. We know that since 3" ax 2"
converges for |z| < r that for some M > 0 we have |a;| < MR™* for all k.

Now consider the differential equation

V(o) = T (0 =
Its solution is > Cy (z/R)* with
Co=M
Cry1 = ler1 (MCy + MR *Cy—1 +---+ MR™").

The previous inequalities allow us to see that |cx| < Cj, for all k. But

(k+1)Cry1 = MCy, + R kCy,

=Cy(M +kR™)
Cry1 M+E/R
Cr  k+1
— 1/R as k— 0. 0

This result applies only to disks in the complex numbers, but it can be extended to more general regions.
There is an important feature of solving differential equations in regions in C, however. Consider the
differential equation ¥’ = y/2z, which is analytic in the complement of 0. Formally, its solution is
y = 2'/2, but this does not make sense in that region. In general, there exists solutions to differential
equations in a region of C only if that region is simply connected.

5.2. Corollary. If A(z) is analytic in a simply connected open subset U of C, then for each v in U and
each vector y,, there exists a unique solution y(z) of the system y' = A(z)y withy(u) = vy, defined and
analytic throughout U.

In general, suppose u and v to be any points of a region U that is not necessarily simply connected and
~(t) to be a path in U with 4(0) = u, v(1) = v. Let U be the covering space of U. The differential
equation lifts to one on U, and if @ is any point in U over u the path ~ lifts to a unique path starting
out at &. Since U is simply connected, there exists a unique solution on U agreeing with some initial
condition at u. If u = v then the endpoint of the lifted path will lie over v, and we shall get a vlaue of the
solutiuon at v. The map from C" to itself is called the monodromy of the path. It depends only on the
homotopy class of 7. For the equation 3 = \y/z it is multiplication by e>™**, so for the equation above
the monodromy is multiplication by —1. F or the equation " +3'/z = 0 a basis of solutions is 1, log(z).
The monodromy associated to one positive revolution is

1 2m
0o 1 |°
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6. Regular singularities

Now suppose that A(z) is analyticin 0 < |z| < r. The system ¢y’ = Ay has a possibly multi-valued basis
of solutions in 0 < |z| < r, in the sense that it has a fundamental matrix analytic in all of the region
—00 < RE(z) < logr for the lifted system arising through the the exponential map e?.

The prototypical example is one of Euler’s equations

/

A
y ==y orzy = Ay
2

where A is a constant matrix. If we make a change of variables z = e, y(w) = y(z), the operator z d/dz
becomes d/dw so the system becomes

y' =4y
Aw

which has constant coefficients and the solutions y = e

solutions z4 2.

o and the original system has the multi-valued

In general, a system is said to have a simple singularity at 0 if it is of the form

The relationship between the two is close—the Euler system picks out the leading terms of the solution
to the original system. I'll explain in detail for single higher order equations.

Let D be the differential operator xd/dx. If we interpret higher order equations in terms of systems, we
see that a higher order equation

D"y + ap_1(x)D" 'y + - +ag(z) =0
has a regular singularity at 0 if the ax () are analytic at 0. In that case there exist solutions
2" (1+ iz +cox® +---)
where r is a root of the indicial equation
™ 4 a1 (0)r" ™ 4+ a,(0) =0
Equivalently, an equation
"y™ 2", (2)y™ - Fagy =0
has regular singularities at 0 if each ay () is analytic at 0, and and the indicial equation is then
a1 (0)r U g (0) = 0

where
M= -1 -2)... (= (k-1).

I'll say more only for equations of second order.
6.1. Theorem. Suppose that r; and r are the roots of the indicial equation of the differential equation

=2y + zai(x)y +ap(z) =0.
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(a) If r1 — ro is not an integer, then for either root r the equation has a solution of the form
2" (14 1o+ cox? + ez +--4);
(b) if 1y = ro = say r then there exists a solution of the form
y1=2"(1+ 1z + cox® +cza® 4+ -+ )
and another of the form
Yo = 2" (dyx + dox® + dzx® +--- ) +y1 logx;
(b) if 11 = r9 + n withn > 0 then there exists a solution of the form
Y1 = a:”(l—i—clzc—i-cQ:cz Y )
and another of the form
Yo = "2 (1 + dyx + doa® + dzx® 4+ -+ ) + pyy logx

where 11 might be 0.

The coefficients of the series may be found by recursion. Any series found will automatically converge,
because of this:

6.2. Theorem. Any formal series solving a differential equation with a regular singularity at 0 will
automatically converge.

It is instructive to compute the monodromy of the third type of solution. Write

y1=2"f1
y2 = 2" fo + pyr log(z) .

Then since 271 = 272

27Ty

Yy e Y
Yo > €2 2572 fo 4 e My (log(z) + 27i)

27Ty

= 2™ 2y + 2mipe Y1 -

To every differential equation with singularities among a discrete subset of C one gets a representation
of the fundamental group of the region into C". The Riemann-Hilbert problem, posed most notably by
Hilbert as the twenty-first among his famous list of 1906, is to ascertain whether every such representation
arises from a differential equation with regular singularities. Many variations on this have been shown
to be true.
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7. Irregular singularities

A differential equation may also have a regular singularity at co. This may be tested, and the solution
found, by a change of variables w = 1/z. Consider the equation

y' +a(x)y +b(x)y =0

where each of a and b is analytic at oo:

a(z) = Zaix_i, b(x) = Z biz™".
0

0

Setting t = 1/x, y(t) = y(x) this becomes

23 — 2 Z a;w'

0

t4y//+ y/_|_

Zbiti] =0,
0

which has a regular singularity at 0, and the original equation at oo, only if ag = by = b1 = 0.

If the equation does not have a regular singularity at oo it is said to have an irregular singularity there.
The prototypical case here is the equation with constant coefficients, and it turns out that the general
equation with an irregular singularity at co is modeled to some extent on that one.

Differential equations with irregular singularities also have series solutions, but they are not convergent—
they are, instead, asymptotic series.

7.1. Theorem. Suppose that the indicial equation
A+ agh+by=0.
has two distinct roots A1, A2. Then for each i there exist formal solutions of the differential equation
y" +a(z)y +b(x)y =0

of the form
N (14 ey /x4 eafa® + )

where
(2AZ + aO)Ti = —/\Z—al - b1 .

Each of these formal solutions describes the asymptotic behaviour of a true solution.
Part lll. Applications

8. Separation of variables I. The Laplacian in the plane

The Laplacian in the Euclidean plane is

02 o

=2 2
oxr?  Oy?
It commutes with rotations, hence preserves the eigenspaces of the rotation group. If f is an eigenfunction
of A and also one of rotations corresponding to the character e’?, it is determined by its restriction to
the z-axis. By the traditional method of separation of variables, it will satisfy an ordinary differential
equation there. This will be determined by expressing the Laplacian in polar coordinates.
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I'recall now how coordinate changes affect partial differential operators. There is one small trick to take
into account, that occurs already in dimension one. In changing from the independent variable x to the
new variable ¢, we first wrote down the chain rule

dy  dydw

dt — dx dt
and then divided to get

dy _dy jdv

de — dt/ dt
which I wrote as the operator equation

d_djds

do — dt/ dt

The point of this was that these two steps were necessary in order to get on the left an expression all in
terms of z, and on the right one all in terms of .

Something similar happens for several variables. We apply the chain rule for two variables

of _dwof  dyof
or  Jrdx  Ordy
af dxdf yof
6 060r 900y

which we can write as a matrix equation
of/or Ox/Or Oy/or | | 0f/0x
of/o0 0x/00 0Oy/00 of /oy

and the way to get the equation we want is to solve this equation by multiplying by the inverse of the
2 x 2 matrix of partial derivatives, the Jacobian matrix of the coordinate change. We then get

-1

of)0x] [0x/or Oy/or| " [Of/or

of/oy | B | 0x/00 0y/00 | | 0f /00
which I write as an operator equation

8/0x  [ox/or oy/or] ' [8/or

d/0y | B | 0x/00 0y/00 | | 0/00

For polar coordinates, x = r cos#, y = rsin 6, and the Jacobian matrix is

cosf sin 6
—rsinf  rcosf |’

There are many ways to see what its inverse is, but one illuminating way to start is to notice that this
matrix may be factored as a product of matrices

1 0 cosf sinf
0 r —sinf cosf |’

If A= BC (matrices A, B, C) then A=! = C~'B~!. Each of these factors has a simple inverse, the first
since it is a diagonal matrix, the second because it is orthogonal—i.e. each row is a vector of length 1 and
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the two rows are orthogonal. The inverse of an orthogonal matrix is simply its transpose (its flip about
the diagonal). Thus the inverse of our Jacobian matrix is

cosf —sinf | |1 0 | [cosf —sinf/r
sinf  cos@| |0 1/r|  |sinf  cosf/r

and so
B P 0 sinf O
or  Var T T o0
—sind 0 +cost9 0
oy M ar T T e

gives the basic operator equation we are looking for. To get second order partial derivatives, such as
O?f /0x?, we apply these formulas twice. First setting for example F(z) = df/0x, we get

Of _OF _  OF sinb OF
92~ ox or T v 09
0% 2sinfcos® 9%  sin®0 9%  sin’6 Of
_ 2990 Pf | sin®0 0f
= cos® 0 972 ” 900 + 7 992 + — 5
5_2f . 295_2]‘ n 2sinfcosf O3f cos? 6 8_2f cos 0 ﬁ
o2 sin or? r o100 2 902 o
2 2
Ap_Of ror 10

AR RN

If a function f is an eigenfunction of A with eigencharacter e"? with respect to rotation, it is of the form
e F'(r) in polar coordinates with

A+ n?
2

Frr) + %F’(r) F(r)=0.

Itis singular at 0 and co. At 0 itis regular, and the indicial equation depends on n butnot on A. Ar oo the
opposite is true, the behaviour does not depend on n. If A = 0 the solutions are polynomials in = + iy
or x — iy, but the functions one obtains in general are Bessel functions of order n. Their graphs are the
wave patterns you see in a vibrating cup of coffee.

9. Separation of variables Il. The Laplacian in non-Euclidean geometry

In non-Euclidean geometry, the Laplacian in polar coordinates is

F 10 1
Or?2  tanhr Or  sinh?r 002

An eigenfunction of A and the rotation group satisfies

1 n?

£10) + o £10)

f(r) =Af(r).

tanhr sinh?r

This has a regular singularity at 0 and an irregular one at oco. But there is a major difference between this
case and the Euclidean one—if we change variables y = ¢ we get

142 22 -
D*f — (1_y2>Dpff—7(1_y2)2 f=Af,

where D = y d/dy. This has a regular singularity at both 1 and cc.
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10. Whittaker functions

Let’slook at an example that arises in the theory of automorphic forms. Suppose F' to be an eigenfunction
of the (non-Euclidean) Laplacian on the quotient SLo (Z)\ H (where H is the upper half plane). We assume
it further to be an automorphic form, which means that it is of moderate growth on the fundamental
domain —1/2 <z < 1/2, |y| > 1. Thus

or  OF
2 (OF 0N o
4 (8172 * 8x2> Ay

|F| < CyM

and

for some C' > 0 on the strip |z| < 1/2,1 < y. Since F(z + 1) = F(z), we can express
F= Z Fn(y)e%rinm

with .
F.(y) = / F(x +iy)e 2™ dg .
0

The function F},(y) also satisfies |F,,| < CyM for 1 < 3. Because AF = —\2F and A commutes with
horizontal translation, the function F,,(y)e?™"* satisfies the same eigen-equation. Therefore

Y2 (F)(y) — 4n°n’F,) = —X\*F, .

Thus we are led to consider very generally solutions F'(z) of the differential equation

where |F| < Cz™ on [1,00) and a # 0.
This equation has two singularities, at 0 and co. The singularity at 0 is regular; that at oo is irregular.

We can write the equation as

and according to the previous section we can find formal series solutions
T (14 ¢/ +cofa? +---)

that are in fact asymptotic. For automorphic forms, the condition of moderate growth forces us to
discard the solution of exponential growth, and leaves us with one of exponential decrease. I do not see
an elementary way to derive this asymptotic expansion, but Proposition 4.4 allows us to see that it is
rapidly decreasing.

The functions F,, are special cases of the Whittaker functions W, ,,,(x), which satisfy the differential
equation
1k  1/4—m?
wr g (S B AT g,
4 z x?
They possess the asymptotic expansion

(m? = (k=1/2)%) | (m® = (k=1/2")(m? — (k=3/2)*) ) .

12 2022

Wiem (z) ~ =%/ 22" <1 +
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