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Algebraic structures and fields of definition

I have written this essay in order to summarize in one place what one needs eventually to classify algebraic
groups, mainly reductive groups over local fields. Since this essay is partly directed to those who work
mostly with groups defined over R, who might not be familiar with algebraic geometry, I include a very short
introduction to affine algebraic varieties.

Although my original motivation for this essay was to understand the classification and structure of reductive
groups, I deal with this topic elsewhere.

I wish to thank Christophe Cornut for correcting an embarrassing error in my original explanation of Weil’s
restriction of scalars.
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Following [Springer:1966], I take the action of a Galois group to be on the left, and in a superscript: z — “z.
Thus " = ?("z). If g and h are in the same group, then

9h=ghg™', h?=g 'hg.

1. Introduction
I explain the basic problem by an example. The equation zy — 1 = 0 determines an algebraic variety defined

over R, and its set of R-rational points may be identified with the non-zero elements of R through projection
onto either axis. This algebraic variety is an algebraic group, with multiplication defined coordinate-wise:

(1, 91) - (22,92) = (T122, Y1Y2) -
On the other hand, the unit group of z in C with |z| = 1 may be identified with the points (x,y) in R? such
that 22 + y* = 1. This also is an algebraic group defined over R, where the group operation is defined by
complex multiplication as described in terms of real and imaginary components:

(1,y1) - (22, y2) = (T122 — Y1Y2, T1Y2 + T2y1) -

As algebraic varieties over R these two are certainly distinct, since the set of real points on one is compact,
while on the other it is not.

But now consider the set of points (,y) in C? such that 2% + y? = 1. Since we can write this as

(z+iy)(z —iy) =1,
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there is a map from this set to the complex hyperbola xy = 1, taking (z, y) to (z + iy, x — iy). The map is
invertible, since given (u, v) with uv = 1 we can solve for z, y:

u=x+1y
V=T — 1y
x=(u+v)/2
y=(u—0)/2i.

Thus the two varieties 22 +y? = 1and 2y = 1 are isomorphic over C, although not over R. This demonstrates
a common and important phenomenon, which is what I hope to explain in this note and a sequel specifically
about algebraic groups.

More precisely, what I want to do in this essay is explain very generally how to classify algebraic varieties
and other algebraic structures defined over a field F' that become isomorphic to a given one over a Galois
extension E/F. This general theory will be useful in classifying and describing reductive groups over
arbitrary fields although, as I have already mentioned, in the present version I do not say much about these
problems.

The algebraic varieties above are affine algebraic varieties—those defined by a set of polynomials in some
vector space—and in fact I am going to work only with affine varieties. Since I am writing for those who are
not necessarily experts in algebraic geometry, I include a short explanation of what’s important here.

The origin of results about descending fields of definition is [Weil:1956], but this used Weil’s own terminology
in algebraic geometry, now obsolete. The current standard reference is §V.4 of [Serre:1959]. [Milne:2009] is a
somewhat different account of much of the same material.

2. Galois conjugation on vector spaces

If U is a vector space over the field F' and E/F is a finite Galois extension, define for each o in G = G(E/F)
the F-linear automorphism

(2.1) oRI: eQur— %e®@u

on the space E ®p U. Using a basis of U, and knowing that EY = F, one sees that the subspace of fixed
points of all these is U itself. This section is concerned with the converse problem: given a vector space V'
over I/, how to classify all F'-subspaces U of V such that E @p U = V'?

If V' is a vector space over E, and o in G, a o-linear automorphism of V is an F'-linear automorphism ¢ such
that

p(ev) = %ep(v).

forall ein E, v in V. I'll call a homomorphism o + ¢, from G to Aut (V') conjugation-compatible if each
o is o-linear. The maps in (2.1) define such a homomorphism.

There is one way to characterize such homomorphisms that will be useful later on. Let £ be the set of all g in
Autp(V) that are o-linear for some o = o(g) in G. It is a group with a canonical projection to G. If (v;) is a

basis of V' over I/, then the map
invi — Z %ivi
is in &, so this projection is surjective, and the sequence
1—GLg(V) —&—G—1

is exact. The following is just a matter of definition.

2.2. Lemma. A conjugation-compatible homomorphism from G is equivalent to a splitting of this exact
sequence.
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Given a conjugation-compatible homomorphism ¢, let
Ve ={veV|ps(v)=vforallec € G}.

For example, a basis of V over E gives rise to a splitting ¢ with V¥ equal to the F'-space spanned by the
basis.

Here is the basic result of Galois descent:

2.3. Theorem. Let I/ be a finite Galois extension of I', and suppose V' to be a vector space over E. The
map taking ¢ to V¥ is a bijection between conjugation-compatible homomorphisms from G = G(E/F) to
Autp(V') and subspaces U such that the canonical map from E @ U to V' is an isomorphism.

In this case, the conjugation 0 ® I on ¥ ® U is identified with ¢,-.

Proof. The only troublesome point is to show that E®@ g V¥ = V. The proof of this will occupy the rest of this
section, and will involve a sequence of rather elementary results in linear algebra. In following the argument,
it might be useful to keep in mind that if V' = E we are recovering a basic theorem of Galois theory.

2.4. Lemma. The Galois transformations of I/ are linearly independent over E.

This is a basic result from Galois theory, but I'll sketch the proof here. Suppose

degcgg =0.

For each ¢ in G the map taking e to o(e) is multiplicative. So the result follows from this well known
proposition:

2.5. Lemma. If GG is a group and F a field, any set of distinct homomorphisms
x: G — E*

are linearly independent over E.

Proof. I'll prove by induction on n that if

> exi=0
X

with n coefficients ¢; then all the ¢; vanish. For n = 1 this is immediate, since the values of the characters are
non-zero.

Suppose this to be true for m < n and suppose such a relation
(26) > cixi=0
i=1

where we may assume ¢,, = 1. Substituting 2g for x in

Z cixi(z) +xn(z) =0

weget
n—1
=1

n—1

(9)eixi(@) + xn (@)

HM
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and subtracting this from the original equation (2.6) we get

n—1
> cilxnle)  xailg) = Dxile)
i=1

for each z. By induction, each coefficient vanishes. Choose g such that x,,(g) # x1(g). But then by induction
each ¢; = 0fori? <n — 1, hence also ¢,, = 0. 0

The cross product E oy G is the vector space F @ F'[G] with product
(e@o)-(foT)=€e’fRo0T.

Its multiplicative identity is 1 ® I.
The following is immediate:
2.7. Lemma. Suppose 0 — @, to be a homomorphism from G to Auty (V). It is conjugation-compatible if
and only if
(e®0):v— ep,(v)
defines V' as a module over E o G.

As a particular case of Lemma 2.7, the Galois action on £ makes E into a module over Ef op G. Lemma 2.4
implies that the associated ring homomorphism into Endz(E) is injective. Since dimensions agree, it is an
isomorphism.

Now for a last step. Say [E: F] = n. The vector space V is a module over E op G, hence by the previous
remark over M = M,,(F'), and with this isomorphism goes one of E with F'".

2.8. Lemma. Suppose V' to be any module over M = Endp(U) with U a vector space of finite dimension
over F'. The canonical map from U @ Hom (U, V') to 'V is an isomorphism.

Proof. There is a canonical map from U @ Uto M , taking © ® @ to the linear transformation
v — (U, v)u.
It is a bijection, and therefore
V = Homy (M, V) = Homy (U @5 U, V) = U @ Homy (U, V)

for trivial reasons. 0

Inour case U = E asamoduleover Eop G = Endp(F). If fisin Homp(E, V) thenitis in Hompg,,g(E,V)
if and only if
f(e%r) = epo(f(2))

forall e, z in E. This happens if and only if ¢, (f(1)) = f(1) and therefore
HOInEXg(E, V) =V,

This concludes the proof of Theorem 2.3. 0

Remarks. The isomorphism of F op G with Endp(FE) is a special case of a more general construction of
central simple algebras over I, as we shall see in a later section.

Later on, we shall be interested in applying Theorem 2.3 to vector spaces with added structure. In that case,
GLE (V) will be replaced by a group Autg (V') of automorphisms preserving structure.
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3. Extensions and cohomology

In this section I'll recall what we'll need to know later about cohomology groups H*®(G, A) in low degree,
where (Gis a group and the group A—possibly non-abelian—is one on which G acts through a homomorphism
to Aut(A). My principal reference has been [Maclane:1963].

ZERO-COHOMOLOGY. If A is any group on which G acts, the group HY(G, A) is the subgroup of a in A such
that a = a° for all o in G. A G-equivariant map from A to B gives rise to a canonical map from H°(G, A) to
H°(G, B). A short exact sequence

l—A—Br—Cr—1

thus gives rise to an exact sequence
(3.1) 1+— HYG,A) — H(G,B) — H°(G,C)

of groups. The last map is not necessarily surjective, but the disparity can be measured., as we shall see
shortly.

ONE-COHOMOLOGY. Suppose given a short exact sequence
1 —A4A—=€&—G—1

in which G is a finite group. At first I do not make any further assumption on the extension. Given g in G,
choose s, in &€ projecting onto it. The map
T sgxsg_l

is an automorphism of A, which in general will depend on the particular lift s,. Any other choice projecting
onto g will be of the form as 4, and conjugation by it will differ from the original one by an inner automorphism
of A. We therefore get a canonical homomorphism from G to the group Out(A) = Aut(A)/Int(A) of
outer automorphisms of A, which is called the kernel of the extension. These do not necessarily lift to
automorphisms of A, unless we make some further assumption. One possible assumption is that A be
abelian. We shall look at this case in a later section.

Another interesting assumption is that the extension splits, which means that there is a homomorphism from

g backto £. Any choice of splitting s gives rise to a conjugation action of G on 4, a — 9a, where %a = sgas, .

It is important to realize that this may well vary with the particular splitting. A splitting gives a bijection
from A x Gto &, (a,g) — asgy. This is an isomorphism of £ with the semidirect product A x G, made up of
pairs (a, g) and multiplication

(aag)(bv h) = (agb,gh) .

There will in general be many splittings. If we are given one, we can get another by composing the first with
conjugation by an element of A, in which case the two are said to be equivalent. The problem that H!(G, A)
solves is to a classify equivalence classes of splittings.

Fix one splitting, so we may identify £ with A x G, in which s, = (1, g). We get also a fixed action of G on
A. Any section of the projection from A x G to G takes g to some (a4, g). The following is straightforward:

3.2. Lemma. The section g — (a4, g) is a splitting if and only if
agn = ag’ap

forall g, h in G.
Let Z'(G, A) be the set of maps G — A satisfying this cocycle condition.

Suppose we are given splitting defined by the cocycle (ag4). Since

(bv 1)(agv g)(bilv 1) = (baggbilv g) )
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the conjugated splitting is defined by the cocycle
(3.3) bay9b .

which is said to be cohomologous to the original one. I define H'(G, A) to be the set of cocycles Z1(G, A)
modulo this equivalence. It is a set, not necessarily a group, but it does have a distinguished element—the
cocycles equivalent to the trivial one, those of the form b9~ L.

Remark. In one common convention, the sections are of the form ob, rather a,o. The functions b, satisfy
the condition
bor =b70r.

The formula b, = af translates between the two conventions.

o ———=0

In partial summary:

3.4. Proposition. The map taking a, in Z' (G, A) to the corresponding splitting of A x G induces a bijection
of H'(G, A) with the classes of splittings modulo conjugation by elements of A.

So far, all I have done is to make a more or less tautologous translation from one language to another. What
are the advantages of this translation? One is the existence of long exact sequences. Suppose given

l1—A+—B+—C+r—1.

A G-equivariant map from X to Y gives to one from H!(G, X) to H!(G,Y). In addition, suppose given ¢
in H°(G,C). Choose b in B with image c. Then for each g in G, a; = b% ™! lies in A4, and (a,) defines a
cocycle in Z1(G, A). In this way we get a connecting map from H(G, C) to H'(G, A).

3.5. Proposition. A short exact sequence
l— A—Br—Cr—1

of groups on which G acts compatibly gives rise to an exact sequence
H°(G,B) — H°(G,C) s HY(G, A) — H'(G,B) — H*(G,0)

of pointed sets.
Proof. Left as exercise. 0

This means, for example, that the subset of H°(G, C') that maps to the distinguished element of H'(G, A) is
the image of H°(G, B). It answers a question raised by (3.1) , but raises a new one: can we measure how far
the right hand map is from being surjective?

Example. I'll give here a variant of the well known Hilbert’s Theorem 90. The following is a basic result in
the cohomology of Galois groups. We'll see later why one could have predicted it.

3.6. Proposition. Suppose E/F to be a Galois extension with group G. Then H*(G, GL,,(E)) = {1}.

Proof. Every element v = (g,0) in the semi-direct product corresponds to a linear transformation in
Autp(V):
Ty ¢ — g2,

is a o-linear map from E" to itself. Here v is expressed as a column vector. A 1-cocycle (g, ), which amounts
a splitting of the semi-direct product, therefore gives rise to a Galois-compatible homomorphism 7 from G
to Aut (V). We may therefore apply Theorem 2.3 to deduce that if U is the space of all v in E™ such that
7o (v) = v for all o in G, then U is an F-vector space such that E" = U @5 E.

Let (u;) be an F-basis of U, expressed as a matrix u of column vectors. Let # = uy. Then u is fixed by the

Galois action, so

Tx=u%.
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But then
Ty® = g6 T = ¢ Uy = u%
o)

o =uu"t. 0

This is all really just a rephrasing of the of elementary fact that if U and W are any two F-subspaces of V'
such that E ®@p U = E @p W =V, then there exists g in GLg (V') taking U to W.

O— o0
TWO-COHOMOLOGY. Suppose now A to be abelian, and again consider a short exact sequence
l—A—=&—G—1.

As we have seen, this gives rise to an action of G on A. Suppose we choose a section g — s, from G to £. If
g and h lie in G then

SgSh = Qg ,hSgh

for some unique ag4 5, in A. Associativity imposes a condition on the factors a4 ;. Since

(89 5h)8k = g,nSghSk
= Qg ,hGgh,k Sghk
Sq(Sh Sk) = SqQh. kShk
= sgahyksgl “SgShk
= Sgah,ks_(;l Qg hk * Sghk

=Yan 1 ag,nk Sghk

we deduce the identity
(3.7) g nGgh,k = %an 1 ag nk -

Define Z2(G, A) to be the set of maps from G x G to A satisfying this condition.

Suppose we replace the given section by b, s,. Then

ngg . thh = bggbhsgsh
= by%bnag, hsgn

= byg%bnag, hb,, -bgnsgn -

The cocycles a,;, and are said to be cohomologous, and H?(G, A) is defined to be the set of equivalence
classes of two-cocycles. It contains the cocycles

bybnb,,

equivalent to the trivial two-cocycle.

Two extensions of G by A are said to be equivalent if there exists an isomorphism between them that induces
the identity on both G and A.

3.8. Proposition. The map from extensions to Z*(G, A) induces a bijection of equivalence classes of extensions
of G by A with H%(G, A).

THE CONNECTING MAP. Suppose we are given a short exact sequence of G-modules

1—A—B—C—1,
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with A contained in the centre of B. The projection from B to C gives us a map

H'(G,B) — HYG,C).

Suppose we are given a cocycle ¢, representing a cohomology class in H' (G, C). Let b, be any element of B
projecting onto c4. Define
ag.h = by%bub,, -

It defines a two-cocycle in Z?(G, A), and we get in this way a map

HY(G,C) — H?*(G, A).

3.9. Proposition. Suppose given the short exact sequence of G-groups
l1—A—B—C—1,

with A in the centre of B. The corresponding sequence
HY(G,B) — H'(G,C) — H?*(G, A)

is an exact sequence of pointed sets.
It would be instructive to see this interpreted in terms of extensions of A by G.
Remark. We'll see later how H? classifies central simple algebras over F.

THREE-COHOMOLOGY. [Maclane:1963] and [Springer:1966] define sets H2(G, A) when A is not necessarily
abelian, in terms of the kernel G — Out(A). [Borovoi:1993] shows how useful this construction is.

4. Tensor structures

In this section I'll explain some simple examples relating Galois cohomology and isomorphism classes of
certain structures on a vector space.

TENSOR STRUCTURES. If V is a finite-dimensional vector space over I, let V bethe space of F-linear functions
on it. A tensor structure T on V is a finite set of tensors in ®°'V ®r ®°V. An isomorphism of tensor
structures is one of vector spaces taking one tensor structure into the other. The group Autp(T") of F-rational
automorphisms of (V,T') is a subgroup of GLp (V). If V is assigned a basis, it becomes a group of matrices
with entries in F'.

Here are some examples:

¢ Suppose the characteristic of F' not to be 2. A quadratic form on V' may be identified with a linear function
on the symmetric tensors S?V.

¢ Again suppose the characteristic of F' not equal to 2. An alternating form A is a linear function on /\2 V.

¢ A ring structure on V is a product V ® V' — V satisfying certain properties. A unit in the ring is an element
of V.

Suppose given (V,T') defined over F. If E/F is any field extension, this structure gives rise in the obvious
way to a tensor structure on £ @ V.

The following problem is very natural:
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Suppose (V,T) to be defined over F' and E/F Galois. Classify all the F'-rational tensor structures
on V that become isomorphic toT' over .

o Suppose V to be F'? (assumed not to be of characteristic 2) and 7" to be the quadratic form zy. Those tensor
structures isomorphic to this one over E are those nondegenerate quadratic forms Q(v) which possess an
isotropic vector in Vg = E ®p V (i.e.a v # 0 with Q(v) = 0). In particular, if E is separably closed then
these are all the non-degenerate quadratic forms on V.

There is a very useful, if somewhat tautological, way to solve the problem I posed above. Suppose S and
T given on V. They will be isomorphic over E if and only if there exists an element o of GL(Vg) such
that «(S) = T. But since S and T are both F-rational, this implies that % will also take S to T, and then
f» = a% 1 will lie in Autg(T). The map o + f, will be a cocycle. The map taking S to this cocycle is a
map from structures S to Z1(G, Autg).

4.1. Theorem. The map defined above from S to Z*(G, Aut (T')) induces a bijection of isomorphism classes
of tensor structures (V, S) that become isomorphic to T over E with H (G, Autg(T)).

Proof. The only slightly tricky point is surjectivity. If given a cocycle f, in Aut (1), according to Proposition
3.6 there exists a in GLg (V) with a’a™ = f,. Then S = o !T is fixed by the Galois action, hence
F-rational. 0

o The group GL,, is the automorphism group of vector spaces. Therefore H' (G, GL,,(E)) should parametrize
isomorphism classes of vector spaces over I’ that become isomorphic to ™ over E. Of course all vector
spaces over I of the same dimension are isomorphic, which leads us to Proposition 3.6.

o Symplectic structures on a vector space are unique, so this tells us that (G, Sp(V)) = {1}.

o Butif Q) is a non-degenerate quadratic form on E", then H' (G, O(Q)) classifies quadratic forms on F™™ that
become isomorphic to ) over E. It is not generally trivial.

¢ As I have already remarked, if A is abelian then any extension of A by a group G gives rise to a unique
action of G’ on A. How can we classify extensions like this

(4.2) 1—C*—€&—GC/R)—1

in which G acts by conjugation? The extension is completely determined by a single element o whose image
is conjugation z — Z. Its square a = o2 will lie in C*. Since

o(oo) = o

we deduce that « lies in R*. Conversely, any choice of a in R* will determine an extension.

4.3. Lemma. Up to isomorphism, there are two extensions like (4.2) , depending on whether o? is positive or
negative.

In other words, H?(G, C*) hs two elements.
Proof. Conjugation of o by z changes « to zZa. 0

The extension determines an algebra over R of dimension 4 whose center is R. It contains a copy of C and
an C-basis 1, € such that
£z = ZE, 2 =a.

If @ = 1, we recover the algebra C o G which, as we have seen, is isomorphic to M2(R). Otherwise, we
recover the Hamiltonian quaternions H.

In general, a central simple algebra over F' is one that becomes M, (E) over some Galois extension
E/F. They are classified by H'(G(E/F),PGL,(FE)), and also constructed explicitly by using cocycles
in Z2(G(E/F), E*) derived from the connecting map H! — H2.
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5. Affine varieties

From a naive point of view, an algebraic variety defined over a field F' is the set of points in some I
satisfying a set of polynomial equations P;(x) = 0. But this is certainly not the right definition. For example,
the variety 2% + y* + 1 = 0 has no points at all with coordinates in R, but it would not be wise to think
that it is trivial as an algebraic variety. The same equation specifies points also in C, and there are lots of
(z,y) in C? satisfying it. Very generally, a collection of polynomials P; with coefficients in a field F is also a
collection of polynomials with coefficients in any extension field E/F. An algebraic variety defined over F’
also determines an algebraic variety defined over every field extension E/F, and this should be considered
as part of its nature. Base field extension is one feature of algebraic varieties that must be taken into account.

Another thing to be aware of is that an algebraic variety can have several incarnations. For example, projection
onto the z-axis allows us to identify the real line © = y with the z-axis. An algebraic variety must not be
identified with a particular set of points or with an explicit realization in a vector space.

So I ask:
What is the proper definition of an (affine) algebraic variety defined over a field I'?
The answer is, its coordinate or affine ring Ar[V]. Let F be an algebraically closed extension of F.

If V is defined by polynomial equations P;(x) = 0 (wherex = (1, ..., x,)) with coefficients in the
field F' then Ap[V] is the ring made up of the restrictions of all polynomial functions P(z1, ... ,2,)
in F[z] to the points in F " satisfying these equations.

There are a number of things to keep in mind when considering this definition, which is slightly subtle.

The first is that the condition of algebraic closure is important. As I have already said, one feature of an
algebraic variety defined over a field F' is that it determines also an algebraic variety over any field extension
of I'. If two varieties are to be considered the same, a minimal condition is that there must be a bijection
between the points on each of them with coordinates in every field extension of I, and in particular in an
algebraic closure F. This is a fairly straightforward requirement. What is not quite so obvious is to what
extent looking only at ' is sufficient. This is what the Nullstellensatz asserts, as I'll recall in a moment.

There is another problem. Let I be the ideal of F[z] generated by the P;. The set of points where all the P;
vanish is the same as the set where all P in I vanish. There is hence a canonical map from the quotient ring
F[z]/I to the ring of functions on the zero set of the polynomials P; in F " Why don’t I define the affine ring
of the variety defined by the P; to be F'[x]/I? Because the map from F[z]/I to the ring of functions on the
zero set is not necessarily an injection. The ring Ap[V] that L have defined is the quotient of F'[x] by the ideal
of of all polynomials that vanish on the points on the variety with coordinates in F'. It includes the original
P; as well as all of the ideal I in F'[X] that they generate, but it might include other polynomials as well. To
see a simple example, let P; (z,y) = 2 and P2(z,y) = y*. The set of common zeroes for this pair is just the
origin, but the polynomials = and y also vanish there, and are not in the ideal generated by z2 and .

Hilbert’s Nullstellensatz clears up these matters. This was formulated originally in §II.3 of [Hilbert:1893].
(Violating the usual convention of naming theorems, this result is both non-trivial and due to Hilbert.) The
traditional approach to it, which is somewhat abstract, is presented succinctly in [Grayson:2000]. The theorem
has been taken up more recently in [Ta0:2007], in which a constructive version is formulated. Another recent
exposition can be found in [Arrondo:2006].)

The Nullstellensatz asserts roughly (even in Hilbert’s version) that if I is a polynomial ideal of F'[x] the set of
points in F " in the zero set of I is sufficiently large. If P(z) = 0 for all P in I and Q" € I, then we also have
Q(x) = 0. So certainly every polynomial in the radical v/T of I, the ideal generated by all such (), vanishes
on the zero set of I. If the zero set were small, there might well be other polynomials that vanish on this set.
This is exactly what happens if F' is not necessarily algebraically closed. But the Nullstellenatz tells us that
this does not happen if F' is algebraically closed:

5.1. Proposition. (Nullstellensatz) If F is algebraically closed and Q(x) = 0 for all points x in the zero set of
I then Q) lies in the radical of I.
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The projection from F[z]/I to Ap[V] factors through F'[x]/v/I. Therefore the definition above says that the
affine ring A [V] determined by the ideal I in F[x] is the ring F'[z]/+/I. As one consequence, the ring Ar[V]
possesses no nilpotent elements other than 0—it is said to be reduced. (Grothendieck has generalized the
notion of variety to that of scheme, in which he allows non-reduced affine rings. This is in many circumstances
exactly the right thing to do, but schemes will not play a role here.)

The affine ring alone does not determine the structure of an affine algebraic variety. Thereis an extraingredient
only implicit in what we have been discussing. Suppose V' to be an affine variety in /" determined by the
ideal I in F[z]. For o an automorphism of F' the conjugate “V will be the affine variety determined by the
ideal “I. It will contain, for example, all the points %z as « ranges over the zero set of I in I'". The affine
ring of °V is the quotient F'[z]/?I. It is isomorphic to F[z]/I, since P +— °P is an isomorphism. But the
two varieties V and 7V are generally distinct. What goes wrong is that an embedding of a variety into F™"
embeds I into the ring of functions on the variety. The isomorphism P — “P is not compatible with that
embedding. It is necessary to take into account not only the isomorphism class of the ring Ap[V], but also
the embedding . = vy of F' into Ap[V] that makes it into an F-algebra. Different embeddings may in fact
correspond to non-isomorphic algebraic varieties.

In this essay, therefore:

Definition. An affine algebraic variety defined over the field F' is a pair (A,.) where A is a ring
and v: I — A an embedding, such that (a) A is finitely generated over the image of F' and (b) A is
reduced.

Two algebraic varieties (A1,11) and (As, t2) are isomorphic when there exists an isomorphism
p: Ay — Ag such that p(11(x)) = t2(x) forallz in F.

I'll often write A as A to emphasize succinctly the role of the embedding of F'.

The simplest examples of affine varieties are the affine spaces A, over F, with affine rings F[z] =
Flzy,...,zy,). If Ap[V]is generated by n variables, then V' may be embedded into A,,.

This definition is due to Chevalley, although it was extended greatly by Serre and Grothendieck. It has many
virtues, although they are not all immediately manifest. It is not obviously geometric in nature, but it still
somehow manages to encapsulate the geometry in algebraic geometry without losing an algebraic flavour.
But in order to see this, certain natural questions must be answered.

e What does this definition have to do with the usual one in terms of zero sets? This question has several
different components. One is, how does the zero set of a collection of polynomials determine its affine ring?
I have already answered this, in two statements—(1) if I is an ideal in the polynomial algebra F/[z] then the
affine ring defining the variety where P = 0 for all P in [ is the quotient ring F[x]/v/I; (2) if F is algebraically
closed, the affine ring may be identified with the restrictions of polynomials to the zero set of I.

o A second component of the same question s, if the variety is to be dissociated from any particular incarnation
in some affine space, what are the points of the variety? That is to say, we would like to identify these points
independently of a representation of A as a quotient of some F[z]. How can we do this? If A = F[z]|/], a
point z = (z;) in the variety with coordinates in any field E containing F' is one for which P(z) = 0 for P
in I. Every such point x determines by evaluation at = a ring homomorphism ¢, from Ar[V] to E, taking
P to P(x), compatible with the embedding of F' into E. Conversely, any such homomorphism ¢ determines
the point (¢(z;)) in E™. This identifies the F-rational points of the variety with such homomorphisms. The
natural answer to the question is therefore:

A point of the variety V determined by the affine ring (Ar, t), rational over the field E containing
F, is a homomorphism from A to E' compatible with the embeddings of F' into both.

This definition does have peculiarities—it allows E to be the quotient field of A itself if it exists. This is called
a generic point of the variety. Such points are a major part of Weil’s approach to algebraic geometry, the
precursor of Grothendieck’s.

The truly geometric points of the variety are those whose coordinates are algebraic over F'. Since Ap[V]
is finitely generated over F’, the image of the corresponding homomorphism ¢ will be a finite algebraic
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extension of F. Its kernel Ker(e) will be a maximal ideal of Ap[V]. This suggests a second answer to the
question:

A point of the variety V determined by the affine ring (A, t), rational over the field extension E/ F,
is a maximal ideal m of Ap.

There is something to be proven, namely that if m is a maximal ideal of Ap[V] then Ap[V]/m is an algebraic
extension of F'. This is in fact another version of Hilbert’s Nullstellensatz. In many expositions, for example
[Grayson:2000], this is its principal formulation.

e What are maps from one variety to another? If ¢: U — V is an algebraic map of algebraic varieties and f is
in the affine ring of V/, then the pull-back fo¢ is an affine function on U. This induces a ring homomorphism
©* from Ap[V] to Ap[U] compatible with the embeddings of F'. Indeed, as a matter of definition an algebraic
map ¢ from U to V is neither more nor less than such a homomorphism:

¢

Ap[V] —— Ap[U]

Lv%
F

Such a homomorphism determines, for example, an associated map from points of U to points of V, since if
weare givene: Ap[U] — E then e o " is an E-rational point of V. Itis important to realize that an ‘algebraic
map’ from one variety to another is defined by its formula, not its action on E-valued points. There might
be none!

Of course

()" =Y ",

e What are the irreducible components of the variety? A variety can be the union of several subvarieties. For
example, the variety zy = 0 is the union of = and y axes. The characteristic feature of a reducible variety is
the existence of zero-divisors in its affine ring—here, x and y. The product xy vanishes on the variety, but
neither of its factors vanishes identically on it. A variety is irreducible if Ax[V] is an integral domain, and
absolutely irreducible if A @ F is irreducible. The variety defined by 22 + y? = 0 is irreducible over R but
not over C, where it breaks into the lines  + 7y = 0 and  — ¢y = 0. In general, a variety is the union of a
finite number of irreducible components. An affine variety is said to be Zariski-connected if its affine ring is
not the direct sum of two subrings. If F' = C, this means that the variety is topologically connected.

e What is the direct product of two varieties? If f and g are functions in A[U] and A[V], then f(u)g(v) is an
affine function on U x V. This map induces an isomorphism of A[U] ® A[V] with A[U x V].

e Tangent vectors. If ¢ is a ring homomorphism from Ar[V] to the ‘dual ring” F'[¢]/(£?), the coefficient of ¢
is a derivation. Such homomorphisms parametrize points = of V' together with a tangent vector at .

e Restriction of scalars. If E/ F is a finite field extension of degree d then a variety defined over E of dimension
n determines one of dimension nd defined over F'. This construction is called restriction of scalars. The
non-canonical way to construct it is to assign a basis to I as a vector space over F', and write out the equations
defining E' in terms of the coordinates of elements of £. I'll present a coordinate-free definition later on.
For example, the multiplicative group of C is a one-dimensional group over C, but by assigning it real and
imaginary coordinates it becomes a two-dimensional group over R. More specifically, the complex points of
C* may be identified with the pairs (w, z) in C? with wz — 1 = 0. If we set w = u + iv, 2 = z + iy this
becomes a pair of equations with coefficients in RR:

ur —vy =1

ve +uy =0.

Therefore the complex points of the variety wz — 1 = 0 may be identified with the real points of the
two-dimensional variety in R* defined by this pair of equations.
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e What is the conjugate of a variety? Suppose E/F to be a finite Galois extension with group G. Suppose V/
to be defined by equations P; = 0, where the P; have coefficients in E. If 0: 2 — °x is the automorphism
of E™ induced by one of E/F, the o-conjugate “V is that defined by the polynomials ?P; whose coefficients
are the o-conjugates of the coefficients of the P;. The Galois group also acts on points in =" by conjugating
coordinates. Since P (%) = “(P(x)), the E-rational points on “V are the %z with = an E-rational point of V.

If the coordinate ring of V' is Ag[V] = E[z]/I then the coordinate ring Ag[?V] of its conjugate is E[xz]/°I.
For both, the embedding ¢ of E is the restriction of the canonical one into F[z]. The map taking P to °P
from Ag[V] to Ag|?V] is an isomorphism of the two rings, but the two varieties may very well be distinct,
because the isomorphism is not compatible with the corresponding embeddings of E. Instead:

5.2. Proposition. If o is an automorphism of I then the map taking P to °P is an isomorphism of
(Ag[V],teo™t) with (Ag[°V], ).

Proof. Because the following diagram is commutative:

Elz]/I——Elz]/I°

o,

E——F 0

We therefore have a definition of the conjugate variety independent of an embedding into some £™.

e What is the Galois action on points? If E/F is a Galois extension with Galois group G, V' is embedded in
affine space, and x = (z;) is a point on V' with coordinates in E, then the conjugate % by o in G is the point
(°z;), which is a point of V. How do we translate this operation in terms of the intrinsic definition of points?
An E-rational point of V' is a homomorphism ¢ from A making the left hand diagram below commutative.

V]——E V] —/—E
\ / \-U‘/
F F
The right hand one is an F-rational point of V. So if € is an E-rational point of V/, its conjugate is ooe. If

corresponds to the maximal ideal m, “z corresponds to the same maximal ideal, but the embedding of F' is
different.

Ag| Ag|

e What is the conjugate of a map? An algebraic map from one variety to another is defined by its graph, or
equivalently by a ring homomorphism in the inverse direction. This corresponds to the observation that if
f:U — V is an algebraic map between two algebraic E'-varieties, composition with f is an E-map and a ring
homomorphism from A[V] to A[U]. The map is uniquely determined by this homomorphism.

5.3. Proposition. If ¢ is an algebraic map from U to V, then (%p)* = ¢*.

In other words, the map of affine rings is the same, but with twisted embeddings of E:

Ap[V] =2 A [U]

Tuail L'aflT
I

E—F
Equivalently, it is the map determined by the graph conjugate. Explicitly:

—1

Cf1(2) = 2)).
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6. Descending fields of definition

An affine variety defined over F), say with affine ring Ay, determines one over any extension field £ of F.
Its affine ring is
A E = E ® F AF )

together with the canonical embedding of E. This is called extending the base field. Under what circum-
stances does a variety defined over I arise in this way? When can one descend the field of definition? In
how many different ways? What can we say about the structure of a descent?

DESCENT AND EXTENSIONS. Suppose E/F to be a finite Galois extension with group G. If V is defined over
F by the ideal I then °I = I, and V is may be identified with any of its G-conjugates. Thus in order for a
variety V' over I to arise from one over F/, it is necessary that it be isomorphic to each of its conjugates 7 V.
But—as shown by counterexamples in [Mestre:1991]—this is not a sufficient condition. What is required is
some coherence of the isomorphisms.

Suppose V to be defined over F' with Ap = Ap[V]. Then Ap = Ag[V] = E ®@p Ap is its affine ring over
E, with canonical embedding of E. For each 0 in G, ®, = ¢ ® I is a ring automorphism of A such that
®,(e) = %. Furthermore, A is the subring A% of A whose elements are fixed by all ®,,.

Conversely, suppose V' to be an arbitrary variety defined over E. For each ¢ in G, let £, be the set of all ring
automorphisms ® of Ag[V] such that ® = o on E. As I might have observed earlier, the map f + (f*)~ ! is
an isomorphism of Autg (V') with &J.

It might happen that &, is empty, but there is a simple criterion that this does not happen. Reformulating
Proposition 5.2 slightly, we see that an isomorphism ¢: V' — “V is equivalent to a ring automorphism ¢*
making the following diagram commutative, and hence lying in &;:

Ap[V] == Ag[V]
E———E
In fact, elements of &, are in bijection with isomorphisms of V' with V. If I assume that V' be isomorphic to
7V for all o, the sequence

(6.1) 1— Autp(V) — €& —G —1.

is exact.

A splitting of this sequence amounts to a map o — @, from G to Autp(Ag(V)) such that
(a) @o(e) = "“€;
(b) ®pr = O, P,
I'll call such a map a descent datum for V. Given a descent datum ®, the subring Ag [V]<I> is that of all

elements in Ag[V] fixed by each ®,,. Theorem 2.3 tells us that such subrings are precisely those subrings Ap
such that Ag [V] =FQFr Af.

6.2. Lemma. Given a descent datum ®, the subring Ag[V]?® is finitely generated over F.

Proof. Suppose z; to be one of the generators of Ag (V') and let N = |G|. Then

N
P(xz) = H(x —ad) = Z aima™
m=0

oc€eg

is a polynomial with coefficients in AY such that P(z;) = 0. If B is the ring generated by all the a; ,,, then it
is a Noetherian ring such that A is finitely generated as a module over B. Hence AY, which contains B, is
also finitely generated over B, and is also finitely generated as a ring. 0
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The ring Ag[V]?® is therefore the affine ring of an algebraic variety defined over F. This proves half of the
following, and the remaining half is straightforward:

6.3. Proposition. The map taking a descent datum ® to the subring Ap[V]?® is a bijection between descent
data and affine varieties over F' isomorohic to V over E. Two descent data give rise to isomorphic varieties
over F if and only if they are conjugate by an automorphism in Autg (V).

DESCENT AND COHOMOLOGY. Suppose now that we are given a Galois extension E/F and a variety V
defined over E, as well as descent data (®,) of the variety V to F. The space Ag[V]? is the same as Ap[V].
Conjugation by the automorphisms ®,, defines an action of G on Autg (V).

How can we classify all of the varieties defined over F' that are isomorphic to V over £?

Each one will be defined by a descent datum (g, P, ) with g, in Aut g(V'). The equivariance condition means
that (g, ) is a 1-cocyclein Z*(G, Autg(V)): gor = go°g-. Proposition 6.3 implies that two such cocycles give
rise to isomorphic varieties over F' if and only if they are cohomologous.

In other words:

6.4. Proposition. In these circumstances, equivalence classes of descents of V' from E to I are parametrized
by the cohomology set H*(G, Autg(V)).

CONJUGATION OF POINTS. In practice, the following question often arises: Given descent data (P, ), how do
we characterize the F'-rational points of V' among the E-rational ones?

If V is embedded in E™ and Ag[V] = E[z]|/I with I C F[z], then conjugation z — og(x) = (°z;) takes
E-rational points of V' to other E-rational points of V.

In fact, this conjugation of points can be characterized independently of an embedding into £™. A point is
determined by its evaluation of polynomials. If P(z) = Y p;z’ then

P(oo(@) =Y piws =7 (3.7 pia'),

which can be rephrased as
(6.5) P(os(z)) = 7([25-1 (P)])(2)) -

This formula defines the conjugate point o () purely in terms of descent data.

If the point z is in V/(E), then itis in V/(F) if and only if 7 (P(z)) = [®,-1 P](z) for all P in Ag. Hence, with
this definition:

6.6. Proposition. An E-rational point of V' is F-rational if and only if 0o (x) = x for all 0.

Suppose we are given the conjugation associated with one descent datum ®. What is the conjugation for the
datum ¥, = ¢,P,? Itis

(6.7) ou(x) = g,

You can easily check that with this definition (07)y = oy Ty.

RESTRICTION OF SCALARS. Suppose V' to be a variety defined over the Galois extension E// F'. LetU = [[5 V™.
There is a canonical isomorphism of U with U that just permutes the factors. This defines the structure of
a variety R/ pU defined over F' It is the same as what I called before the variety obtained by restriction of
scalars from F to F'.

6.8. Proposition. There is a canonical bijection of the F'-rational points of R, pU with the E-rational points
of U.

Proof. The conjugation on points (z.) takes z, to "z,. So the fixed points are the points with z, = % for
some x a point of V. 1]

Remark. Mestre’s examples of varieties for which £ does not split are not easy to explain, but there is a related
phenomenon that is rather simple. Consider the multiplicative group of Hamiltonian quaternions H, acting
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by left multiplication on H. This representation is irreducible, since its commuting algebra is the ring of right
multiplications, which may be identified with H. Itis also defined over R. But over C the commuting algebra
becomes M (C), and the representation decomposes into two copies of the spin representation of dimension
2. This irreducible representation is therefore isomorphic to its conjugate, but is not definable over R.

Remark. Grothendieck made a generalization of the theory of descent into a major component of algebraic
geometry. For this see [Grothendieck:1958-60]. For a short account, look at Chapter 16 of [Milne:2009].

7. Real varieties

The case E/F = C/R is special, since the algebraic closure of R has finite degree over it, and a descent can
be characterized entirely in terms of point conjugation. This is because the equation (6.5) can be rewritten
now, with o a complex conjugation, as

7(Poa(x)) = [@o(P)])(2),

since because C is algebraic an affine function is determined by its values on complex points.

I'll look now at some examples. Suppose G to be a split reductive group defined over R. There exists on
G(C) a well defined conjugation g +— g such that G(R) is the subgroup of g with § = g. Real forms of G are
parametrized by certain equivalence classes of algebraic automorphisms o of G(C) such that 5o = I—to o
corresponds the conjugation g — o(g)3.

Every reductive group posses at least one non-trivial automorphism, the canonical involution 6, which is
rational over R. For classical groups in a suitable coordinate system, this takes a matrix X to X ~!. Itis defined
over R by its action on a maximal torus and root spaces in the Lie algebra. The real form corresponding to
this is always a compact connected group.

Example. The conjugation defining GL, (R) in GL,,(C) takes X to X. That defining the compact unitary
group U(n) is
XX

Example. Let H = H,, be the skew-diagonal n x n matrix with

N :{1 ifj=n+1—i
J 0 otherwise.

for n = 2m + 1. For example
1

o

o

Hs =

o = o

1 0
Note that —H lies in SO(H). The real group G = SO(H,,) is the split form of the orthogonal group of
dimension n. Under the assumption that n be odd, there are no outer automorphisms of GG and the center
of G is trivial, and the real forms of G are parametrized by H'(G(C/R,SO(C)), which also parametrizes
real quadratic forms of dimension n. There is one of these for every k < m, with matrix Hoy, @© I,,_o. For
example, if n = 3 are just two, the hyperbolic form H3 and the positive definite one. The conditions that a
matrix X belong to SO(H) are that
det(X)=1, 'XHX=H

or
X '=HXH .

For many groups the canonical involution is an outer automorphism, but that is not the case here. The

compact form of G is the group of matrices X in G(C) such that 'X o X Itis clearly compact since it is
a closed subgroup of SU(n). Of course it must be isomorphic to the compact SO,,, but how does that work
out explicitly?
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I start with an observation in dimension 2. Suppose ¢, f an orthonormal basis of R?. Then

If we choose the complex basis
e—if e+if
V2 V2
then
(e—if,e+if)=2.
so that if .
11
i R
then
tSS: |:; 1:| = H2
7.1. Lemma. If
'FRX =Q
then

is an isomorphism SO(R) — SO(Q).
Proof. Because ‘X RX = R if and only if

X 'FQFX ='FQF . 0

In our case R = I, so then X — SXS~! is an isomorphism of SO(H>) with the orthogonal group V(2).
Sure enough

[ 1 1} [,z o H_l 1]‘1:i[i(2+1/z) 12—z ]: [cos(e) — sin(6)

—i i| | 1/z i 2| z—1/z i(z+1/z2) sin(f)  cos(6)
if z = e,
Similarly, if
1/V2 o 1/V2
S: o 1 o
N RN,
then

tSS = Hs.

Therefore X +— SXS~! is an isomorphism of SO(H3) with SO(3). But S = SH. This implies that if
X' = X then SX S~ is real. This in turn gives an explicit isomorphism of the compact form of SO(H3)

with SO(3). The same argument works for all n.
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