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The structure of GL(n)

The structure of arbitrary reductive groups over a p-adic field £ is an intricate subject. But for GL,,,
although things are still not trivial, results can be verified directly. and another is to make available at
least one example One reason for doing this is to motivate the abstract definitions to come, for which the
theory is not trivial and for which the abstract theory is not necessary.

An important role in representation theory is played by the linear transformations which just permute
the basis elements of a vector space, and I therefore begin this essay by discussing these as well as
permutations in general.

Next, I'll look at the groups GL,,(F') and SL,,(F') for an arbitrary coefficient field F. This is principally
because at some point later on we shall want to make calculations in the finite group GL,,(F,) as well
as the p-adic group GL,, (£). But also because procedures to deal with p-adic matrices are very similar to
those for matrices over arbitrary fields.

Then, in the third part of this essay I'll let F' = ¢ and look at the extra structures that arise in GL,, (¥)
and SL,, (¢). Much of this is encoded in the geometry of the buildings attached to them, which will be
dealt with elsewhere. This part of the essay is much different from an earlier version, in which I grossly
over-simplified things.

In any n-dimensional vector space over a field F, let ¢; be the i-th basis element in the standard basis €
of F'". Its i-th coordinate is 1 and all others are 0.
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Part I. The symmetric group
1. Permutations

A permutation of a finite set / is just an invertible map from I to itself. The permutations of / form a
group &1, which will be written as &,, if I = [1, n].

There are several ways to express a permutation o. One is just by writing the permuted array (o(¢;)).
Another is as a list of cycles. For example, the permutation whose array is (3,4, 5,2, 1) is expressed as
(1[3]5)(2]4).

If 0 is a permutation of I then its

I(o) ={(i,j) i < j,o(i) > o))}

Let {(o) = |I(0)].

A pair in this set is called an inversion of o. They can be read off directly from the permutation array of
o—one first lists all (o/(1),o(i)) with 1 < iand o(1) > o(i), then all similar pairs (¢(2), o (7)), etc.

Remark. This method of counting inversions requires n(n — 1)/2 comparisons, and is essentially the
well known bubble sort., which rearranges any array in increasing order But recursive merge sorting
(as explained in S5.2.4 of [Knuth:1973]) can compute the number of inversions in time proportional to
nlogn. To get a rough idea of how this works, suppose you want to count inversions of the array
[1,2,7,0,3,4]. (1) You split it into two halves [1,2,7] and [0, 3,4], and sort each of these, by recursion.
In this case, these are already sorted. (2) You merge the two sorted halves. This means looking in turn at
their first elements, then removing the least of the two from its half and adding it to a new array. Here,
you start off the new array with 0 because 0 < 1, chosen from the second array. Since the choice is from
the second array, 0 comes after 1, and there is at least one evident inversion. But at that point you know
not only that 0 < 1, but that 0 is less than every item in the first array, all of which are at least 1. So the
inversion count increments by 3, the length of the first array.

0 ———= 0

A transposition (i | j) in &, just interchanges ¢ and j, and an elementary transposition s; = (j|j + 1)
interchanges two neighbouring items.

1.1. Proposition. (a) The only permutation with no inversions is the identity map;

(b) if o is any permutation other than the trivial one, there exists i such that o (i) > o (i + 1);

(c) an elementary transposition s; inverts only the single pair (i,1 + 1);

(d) an elementary transposition s; permutes all pairs j < k other thani < i+ 1;

(e) foralli, o

silI(o) N (4,i+ 1)) =1(os;) N (i,i+1);

(f) foreveryo, I(c™1) = cl(o).

Proof. To prove (a), it suffices to prove (b), which is just a reformulation. Suppose o (i) < o (i + 1) for all

i<nIfk;=0(i+1)—0(i) theno(n) —o(l) = ?71 k;, but since also 1 < ¢(1), o(n) < n we must
haveall k; = 1.

For (c), (d), and (e) the pairs (j, k) with j < k can be partitioned into those with (i) neither j nor k equal
totori+1; (i) j <torj <i+1;(i)¢ < kori+1 < k; (iv) ¢ < i+ 1. The transposition s; inverts only
the last pair.

For (f), o inverts (i, j) if and only if 0! inverts (o(j),0(i)). So I(o7!) = o1 (o). 0

Every simple cycle may be written as a product of transpositions:

(i1 |2 33| . Vimet |im) = (i1 | i2)(i2 |43) - .- (imet | im) -
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In particular, if j and £ are neighbours—i.e. if k = j £ 1—then s, s}, is a cycle of order three, but otherwise
s; and s; commute and the product has order two:

sisip1 = (li+ D)0 +1i+2)=(|i+1]i+2)
sjsk = (j1J+1)(k[k+1)

= SkSj -

1.2. Corollary. (a) For any 0 in S, |I(0s;)| = |I(0)| + 1 if and only if (i, + 1) is not an inversion of o,
and in this case
I(os;) = s; (o) U{(i,i +1)}.
(b) Similarly, |I(os;)| = |I(c)| — 1 if and only if (i, + 1) is an inversion of o.
Proof. From (e) of the Proposition. 0
Another formulation:

1.3. Corollary. For any o in G,,

(o) +1 ifo(i) <oli+1)
l(os;) = {E(U) —1 ifo(i) > o(i+1).

Consequently:
1.4. Corollary. The map o + (—1)“?) is a homomorphism from &,, to {+1}.

Since every cycle may be expressed as a product of transpositions and every permutation may expressed
as a product of cycles, every permutation may also be expressed as a product of transpositions. Better:

1.5. Proposition. Every permutation in G,, may be expressed as a product of |I(c)| elementary transpo-
sitions.

Proof. The proof will describe an algorithm to find such a product.
By induction on ¢(o). There is nothing to prove if ¢ is the trivial permutation.

So now suppose o to be other than trivial. According to (b) of Proposition 1.1 it must have at least one
inversion. Read along in the array (o(i)) until you find i with o(i) > o(i + 1). Let 7 = o s;. Then
(,7+ 1) is not an inversion for 7, so by (d) of Proposition 1.1 the number of inversions for 7 is exactly
one less than for o itself. We can keep on applying these swaps, at each point multiplying on the right by
an elementary transposition. The number of inversions decreases at every step, and hence it must stop,
which it does only when the permutation we are considering is trivial. So we get an equation

0Siy ... 8, =1, o=s5;, ... 8. 0

n

Let /(o) be the minimal length of an expression for the permutation o as a product of elementary
transpositions.

1.6. Corollary. The minimal length (o) is the same as |I(o)|, the number of inversions.

Proof. The Proposition asserts that £(c) < |I(c)|. But Corollary 1.2 implies that |I(0)| < ¢(0). 0
1.7. Corollary. Two permutations o and 7 are equal if and only if I(c) = I(T).

For example, the permutation with array (n,n —1, ..., 1) is the unique permutation that inverts all pairs.

In the next section I'll exhibit a geometric explanation for the relationship between ¢(o) and I (o).
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2. The geometry of permutations

For a moment, let k be an arbitrary field. The group &,, acts on the n-dimensional vector space k™ by
permuting basis elements:
0. Ei 7 Eq(i) -

Its matrix w, is that with the corresponding permutation of the columns of I. Thus

U(insi) = insg(i) = Z.To-fl(i)&_i .

In other words, it permutes the coordinates of a vector. We thus have an embedding of &,, into GL,, (k).
There is also a dual representation on the space of linear functions on V—by definition

(@(f),v) = (f.o7 ().

Among these linear functions are the coordinate functions z;, and then
(@ (:),v) = (2,07 (v))

so that (i) = (s

A transposition (i | j) swaps coordinates x; and x;, hence has determinant —1.

2.1. Proposition. If o can be represented as a product of m transpositions then det(w,) = (—1)™;

This gives a second proof that the map o + (—1)%(?) is a homomorphism.

Proof. Because det(xy) = det(x) det(y). 0

ROOTS. Some of the basic facts about combinatorics in &,, and related groups are explained intuitively
by applying the ridiculously simple fact that if f is a linear function on a real vector space V' then the
regions where f < 0 and f > 0 are separated by the hyperplane f = 0, which means that if f(P) < 0
and f(Q) > 0 any line from P to ) will possess exactly one point where f vanishes.

Sonow let k = Rand V' = R". Assign to it the usual Euclidean inner product. Let A = ); ; be the linear
function x; — x; on V. The functions \; ; are called the roots of the group &,,. The ones with ¢ < j
are called positive roots. The roots a; = \; ;41 fort =0, ... ,n — 1 are called the simple roots. Every
positive root is an integral linear combination of simple roots, since for i < j

Aij = Qi+ aj

The dominant root @ = A; ,,—; is the sum of all simple roots. This terminology is motivated by a
relationship with the structure of the Lie algebra of GL,,.

The group &,, permutes the roots: o takes A; j to A;(;),0(;)- The linear transformation s, ; determined

by the transposition (i | j) amounts to Euclidean reflection in the hyperplane z; = x;. It fixes all points
in this hyperplane and acts as scalar multiplication by —1 on the line perpendicular to it. There exists a
unique vector A" on this line such that

sx(v) =v = (A 0.

From a familiar formula in vector geometry

(Av) =2 <i§> .

The coordinates of A ; are all 0 except for z; =1, z; = —1.

The coordinates of any vector may be permuted to a unique weakly decreasing array. In other words:
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2.2. Proposition. The region C in which x1 > x9 > ... > x, is a fundamental domain for the action of
S, onR".

This is the same as the region where o; > 0 for 0 < i < n, and its walls are open subsets of the root
hyperplanes a; = 0. Its faces Cg are parametrized by subsets © C A = {0,... n—1}—to © corresponds
the face where a; = 0 for ¢ in ©, otherwise a;; > 0. The open cone itself is Cj.

Remark. There is a somewhat arbitrary choice involved here. Equally valid, and valuable in some
circumstances, is that of weakly increasing arrays as the fundamental domain. I'll probably shift between
these two choices without explicit comment.

0 ——= 0

Any vector in v is the permutation of a vector in a unique face of C. The vector space V' is therefore
partitioned into transforms of these faces labeled by subsets of A. The transforms of C' = Cj are the
connected components of the complement of the root hyperplanes. They are called chambers of the
partition. Every face of a chamber is the transform by &,, of a unique face Ce of C, and in particular
every wall is the transform of some unique Cl,,. A root y is positive if and only if v > 0 on C.

Every root y corresponds to a hyperplane v = 0, and conversely, every such root hyperplane is the zero
set of two roots, exactly one of which is positive. A root A separates C' and ¢ (C') if and only if A(C) > 0
and A(o(C)) < 0, or equivalently if and only if A > 0 and o~ (\) < 0.

2.3. Proposition. Suppose o to be a permutation and i < j. The following are equivalent:
(a) therooto(\; ;) is negative;
(b) the hyperplane \; ; = 0 separates C' from o(C);
(c) the pair (i, ) is an inversion for o.

Proof. (a) and (b) are equivalent by definition. As for the remaining equivalence, the vector
p=(n,n—1,...,2,1)

lies in C, so v < 0 if and only if (7, p) < 0. The i-th coordinate of p is n — i + 1. But then

(0(Xig).p) = (Nij, a7 (p))
=n—-o@)+1)—(n—0(j)+1)
=0(j) —o(i)
so that o(\; ;) < 0if and only if o(2) > o(j). 0

In other words:

2.4. Theorem. The number of inversions of ¢ is exactly the same as the number of root hyperplanes
separating C' from o(C').

To understand more precisely how geometry explains that the length of ¢ is the cardinality of |I(c)| we
must find a geometric interpretation for products of elementary transpositions.

This involves the notion of galleries. Two chambers are neighbours if they are distinct and share a wall.
The neighbours of C' are the sC' for s = s;. If w is an arbitrary permutation, then wC and wsC' are
neighbours, and all are of this kind. If sq, so, etc. is a sequence of elementary transpositions, then C,
510, s152C), etc. is a chain of neighbouring chambers. A gallery is a chain of neighbouring chambers.
Elements of &,, transform one gallery into another. The wall separating wC and wsC ' is the w-transform
of a; = 0, hence the root hyperplane the v = 0 where 7 = was. If wC'is its terminal chamber the gallery
corresponds to an expression for w as a product of elementary reflections.

2.5. Proposition. Reduced expressions correspond to galleries that cross any given root hyperplane at
most once.

Proof. Suppose we are given a gallery that crosses a hyperplane twice—say the first crossing is from
zC to xsC while the second is back again from zsyC to xsytC. Applying x ! to this segment, we see
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that we have a gallery from C to sytC. The two galleries syC and sytC' are neighbours, by assumption
separated by the same hyperplane, must therefor be the root hyperplane a; = 0. Reflection by s must
therefore interchange them, so syC' and yt are the same chamber, hence sy = yt, syt = y, and the gallery
with intermediate segment from xC' to zyC has the same terminal as the original, but has length 2 less.
So the original expression was not reduced.

On the other hand, any gallery from C' to wC must cross every separating hyperplane, so the length is
at least the number of such hyperplanes. 0

3. Permutations in GL(n)

The matrix w, of the linear transformation associated to ¢ is the permutation matrix with ¢-th column
equal to €,(;). Thus

o J1 ifi=a(j)
(wo )i, {0 otherwise.

If m = (m; ;) is an n X n matrix then multiplication on the left by the permutation matrix w permutes
its rows, and multiplication on the right permutes its columns. Explicitly:

(Wem)ij = Mo-1(i)

(mawr)ij = M7 (j)

and hence

3.1. Lemma. We have
(wgmw:l)m = mo.—l(i)ﬂ_—l(j) .

Conjugation by a permutation matrix permutes the diagonal entries of a diagonal matrix. Conversely,
suppose that conjugation by z leaves stable the group of diagonal matrices. This means that zaz~! = b
is diagonal for all diagonal a. Thus za = bx. In the 2 x 2 case, for example, we would have

11 x| e 0| _ Jawin aewip| _ (b1 0 11 x| _ by birig
To1 Xa2| |0 a a1T2,1 A2T22 0 b2 |21 222 baxa1  bawao
Then z; ja; = b;x; ; for all 4, j. Since x is non-singular, in every row of x there exists at least one entry
% (i) # 0. Thus for all i, j we have
ajxij = biti
@j(0)Tij(i) = biij(i)

;i) = bi

aj
Tij = Tij
(i)

We are free to choose the a; arbitrarily, so we see that x; ; = 0 for j # j(i). Therefore in each row only
one entry is non-zero. In short, z is the product of permutation and diagonal matrices. All in all:

3.2. Proposition. If A is the group of diagonal matrices in G = GL,, then the permutation matrices
induce an isomorphism of &,, with Ng(A)/A.

The contents of this section elaborate in a special case what a later chapter will say about general root
systems. The group A acts by conjugation on the Lie algebra of GL,,, which is the vector space of
matrices M,,. It acts trivially on the diagonal matrices, and the complement decomposes into a direct
sum of A-stable spaces M, ; (i # j) spanned by the single matrix e; ; with a single non-zero entry in row
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i, column j. The corresponding eigencharacter is a;/a;. Let X*(A) be the lattice of characters of A, the
algebraic homomorphisms from A to the multiplicative group G,,. It has as basis the characters

gt ar——a; .

Multiplication of characters is written additively—the character a — a;/a; is v; ; = €; — €.
Assign V' = X*(A) ® R the Euclidean norm in which the ¢; form an orthonormal basis. Let «; for
1 <@ < n be the root ;41 — &;. Every root can be written as a unique integral combination of the «;.
The dominant root is
a= Y ai=(1,...,1).
1<i<n

The vector p lies in what is in these circumstances the positive chamber where all a;; > 0 or equivalently

1 <a < ...<xy .

To each root v = 7, 4 corresponds an embedding, which I express as " in spite of the obvious conflict,
of SL5 into GL,,. The matrix
v — [a b]
c d

Yij = 6i,; unless {45} = {p,q}

Ypp =0, Ypg=Db, Ygp=0¢ Ygq=40d.

has as image the matrix y with

The conflict of notation is that v now denotes an embedding of both the multiplicative group and of
SL, into GL,,. The two uses are at least weakly consistent, since the embedding of the multiplicative
group can be factored through SLj. At any rate, there will be no serious problem since the two maps "
can be distinguished by what sort of things they are applied to. (This is called operator overloading in
programming.)

Part Il. The Bruhat decomposition
4. Gauss elimination and Schubert cells

In this section, let
G = GL,(F)

B = the subgroup of upper triangular matrices
N = the upper triangular unipotent matrices
N = the lower triangular unipotent matrices

A = the diagonal matrices
W=6,.

A rectangular matrix is said to be in permuted echelon form if it has the following two properties:
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e the last non-zero entry in each column is 1;
e all entries to the right of such an entry (which I call a pivot) vanish.

It may happen that there are no such entries in a column—i.e., that all its entries vanish.

For example, all such 2 x 1 matrices are of the form

HAHAHE

and the 2 x 2 matrices are those of the form

R e B A e Y O Y O R

In these, * is arbitrary.

There is a simple recursive criterion for an r x ¢ matrix to be in permuted echelon form: (a) Either the
first column vanishes identically, or the last non-zero entry in its first column is equal to 1. In the first
case, it is required that the matrix made up of the remaining columns, which is of smaller size than the
original, be in permuted echelon form.

In the second case, suppose this first non-zero entry to be in row :. (b) All entries in row ¢ and subsequent
columns must vanish. (¢) The matrix extracted from it by removing the first column and row ¢ must be
in permuted echelon form.

This leads easily to an algorithm for generating all possible forms of such matrices of a given size—i.e.
lists of possibilities like those above—and in executing the main result of this section:

4.1. Theorem. If m is any matrix, then there exists a unique matrix in permuted echelon form that can
be obtained from it by multiplying on the right by an invertible upper triangular matrix.

Proof. I shall prove the existence here, but deal with uniqueness in a later section.
The proof given here, which amounts to an algorithm, is a straightforward variation of Gauss elimination.

Multiplying on the right by an invertible upper triangular matrix amounts to performing some combi-
nation of these two elementary column operations: (a) multiplying a column by a non-zero constant, or
(b) adding to (or, of course, subtracting from) one column a multiple of an earlier one. For example

a b|l|1l | |a ar+Dd
c d|l|lo 1| |e¢ cx+d]| "

Inow proceed by induction on the number of columns c. If ¢ = 1, just multiply the column by the inverse
of the last non-zero entry. Otherwise, suppose m to have ¢ > 1 columns. Locate the last non-zero entry
in the first column. If there is one, say in row ¢: (a) multiply the column by its inverse to make it 1; (b)
subtract suitable multiples of the first column from subsequent columns to make the last ¢ — 1 entrie in
the i-th row vanish. Then apply induction to the matrix made upf those column. 0

Note that the rank of a matrix in permuted echelon form is the number of its non-vanishing columns.

We can proceed further. Suppose x to be an 7 X ¢ matrix in permuted echelon form. For 1 < i < ¢, let
r = r(i) be the pivot row of column i. Thus z,; = 1 and z,,,; = 0 for m < r. (I take r(i) = r + 1 if
column ¢ vanishes.)

Order the indices of the non-zero columns into a list (i) such that (i) > r(i¢) if K < ¢. Dealing with
each column 7, in turn, we can apply elementary row operations, multiplying « on the left by lower
triangular matrices, to arrange so that all entries in column ¢;, except the pivot vanish. Doing this in the
specified order means that at no point do we undo what previous operations have done.
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For example, we might start with the matrix

O O = %
O O O

= % O O
O — O O

for which the ordering is 3, 4, 1, 2, and get the sequence of operations:

¥ 1 o o * 1 o o o 1 o o
1 o o o 1 o o o 1 o o o
— —

o o *x 1 o o o 1 o o o 1
o o 1 o o o 1 o o o 1 o

At the end, we are facing what I call a special kind of permuted echelon matrix, in which each column
and each row has at most one non-zero entry, which is equal to 1. I call one of these a partial permutation
matrix. I have proved:

4.2. Theorem. Given any matrix m, there exist an upper triangular matrix u, a lower triangular unipotent
matrix v, and a partial permutation matrix w such that m = uwo.

It will follow from results in the later discussion on flags that w is unique. In case m is invertible, we
shall also see uniqueness results for u and v.

Proof.  Uniqueness follows from uniqueness proved in the next section, Theorem 4.1, but in one
circumstance—when the matrices are invertible—it can also be shown directly.

This amounts to showing that if u is upper triangular invertible and v is lower triangular, and o and 7
permutations such that w; 'uw, = v, then o = 7. But from the hypothesis and Lemma 3.1,

Vi,j = Uo(i),7(4)

for all 4, j. Since the diagonal entries vy . do not vanish, us(;) ;) 7 0 for all 4. But u is upper triangular,
souge = 0if ¢ < k. If 0 # 7, then 7(i) < o(i) for some i, a contradiction.

4.3. Corollary. Suppose m to be a matrix in M, (F') of rank r. Then there exist g1, g2 such that

I o
mgl[: 0}92-

Proof. Because if w is a partial permutation matrix there exist permutation matrices x, y such that

o o

wy[fr ] 0

Let G = GL,(F). The product G x G acts on left and right on the set of matrices of a given rank.
preserving rank. The corollary asserts that this action is transitive.

4.4. Lemma. The matrices g1, g2 such that

are those with

wherea = A.
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We have exhibited a decomposition of the set of matrices into double cosets B\G/B, in which B is the
subgroup of upper triangular matrices. But if wy is the skew-symmetric permutation matrix swapping
e; with ey, 41—, then B = wyBwy is the subgroup of lower triangular matrices, and we have

G = |_| BwBwy, = |_| Bwy -wyBwy = |_| BuwB.

In many situations this is particularly useful.

One final remark: the algorithm laid out above shows that an invertible matrix g is in the largest double
coset Bw, B if and only if the square matrices extracted from the lower left of g are all invertible.

5. Flags

Fix a basis (¢;) of E = F™. In this section, I'll prove the claim of uniqueness in Theorem 4.1.

A flag V in I is a weakly increasing sequence of subspaces
Vi€V - SV

I put no restriction on length or on repeats. The single space {0}, for example, is a flag. Even if repeated
a number of times.

Any ordered set of vectors v = (v;) determines the flag [v]], in which [[v]); is spanned by the v; with
j < i. In particular, the basis (e;) determines the standard flag £. The flag 7 (m) associated to any
matrix m is that determined by the order of its columns, preceded for convenience by 0.

If 7 and G are two flags, of lengths f and g, the coincidence matrix of the pair is the f x g matrix A with
Ci_’j =dim F; N g]- .

If F is a single flag, its coincidence matrix is that of £ and F.

The coincidence matrix of a flag F with respect to itself is the n X n matrix (min, j). In any coincidence
matrix C' the entries in each row and column are weakly increasing, and that C; ; < mins, j for all ¢, j.
If F is the flag associated to the reversed matrix

= O O O
O —= O O
O O = O
O O O ==

which is that defined by the array (0, e4, €3, €2, €1), its coincidence matrix is

o o o o 1
o o o 1 2
1) o 0o 1 2 3
o 1 2 3 4

The point of introducing flags is that two matrices of the same size determine the same flag if and only
if one of them can be obtained from the other by multiplying it on the right by an invertible upper
triangular matrix. Therefore Theorem 4.1 can be reformulated:

5.2. Proposition. Every flag is represented by a unique matrix in permuted echelon form.
Or, equivalently:

5.3. Proposition. Suppose m to be any matrix. If ¢; and cp are matrices in permuted echelon form that
are obtained from m through multiplication on the right by upper triangular unipotent matrices, they
are equal.
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The proof will characterize certain properties of the matrix m by properties of the flag 7 (m). Let I be
the coincidence matrix of 7, and then let

[AT];j =Ti; —Tij-1 (G >1).

I call the matrix AT the profile of the flag F.

For example, let

00 001
10 0 00
m= |0 0 1 0 0
00010
01 00O

The basic fact is that a vector
€; —+ Zj<icj ej

is in Cy, if and only if £ > i. Hence its coincidence matrix is

00 0 01
1 111 2
cC=1|11 2 2 3|,
1 1 2 3 4
1 2 3 4 5
and
0 00 01
1 0 0 01
AC=11 01 0 1
1 01 11
1 11 11

Even better, a graph:

There is an obvious and simple relationship between the first and last matrices. This is a general fact.
Suppose ¢ to be any matrix in permuted column form. Recall that 7(j) is the row in which the pivot in
column j appears (equal to 0 if there is no pivot). Define the matrix v = . of the same size as c:

- _:{1 ifi > r(j)
J 0 otherwise.

The example above illustrates:
5.4. Lemma. If m is a matrix in permuted column form, then v, is equal to Al ().
I'leave this as an exercise.

The pointis that the shape of the permuted echelon form of a matrix depends only on the flag associated
toit. As a consequence, any two matrices in permuted column form representing the same matrix have
the same pivots (icluding 0 columns). To conclude the proof, it remains to show that if ¢; and c¢; are two
matrices in permuted column form’with the same pivots, and c; = c;u for some lower triangular matrix
u, then u = I and ¢ = ¢;. This can be done by induction on the number of columns in the ¢;. I leave it
as an exercise. 0

In any case, this concludes the proof of uniqueness in Theorem 4.1.
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6. Unipotent groups

Suppose N to be a unipotent algebraic group IV defined over a field I’ of characteristic 0. It possesses a
filtration
N,={1}CN,.1C...CNy=N

by normal subgroups such that (a) there exists an isomorphism ¢; of N; /N, 41 with F; (b) each quotient
N;/Nit1 is contained in the centre of N/N,11. An easy induction then shows every element can be
expressed as a product of elements ei(z; )

en_l(:nn_l)en_g(xn_l) s 20(.1‘0) .

expressed in decreasing order. I'll call it the normal form associated to the filtration and the splittings.

Example. Take IV to be the group of unipotent upper triangular matrices in GL,,. There is a very
simple filtration with an interpretation in terms of matrices. For a pair (7,7) with 1 < i < j < n let
r=r(i,j) = j(j —1)/2 — i, let N, be the group made up of the matrices ¢; ;(x), and let

N, = HSET-N[S] .
Thusifn =3
1 *x o 1 o o 1 o * 1 o o
Ny = o 1 o y Ny = o 1 = s Npgp = o 1 o y Nigp = o 1 o
o o 1 o o 1 o o 1 o o 1

Of course, given 0 < 7 < n(n — 1)/2 there exist unique (7, j) such that r = j(j — 1)/2 — i, so that N},
and N, are well defined.

I'leave it as an exerise to verify:

6.1. Lemma. If n is the unipotent upper triangular matrix with n; ; = x; ; then

n=1] ej@i;),
]

arranged in order of decreasing (i, j).

For example:

1 @12 w13 w147 °© o 14 o x13 O Ti2 O O
o 1 xo3 ®aa| 1 o w24 1 x93 o 1 o o
o o 1 x34| o 1 w34 o 1 o 1 of”’
o o o 1 4 L o o 1 1 Lo o o 11 L o 1]
where

(1 o o @147 1l o o 147 [l o o o 7T o o 7

o1l o x94| |o 1 o o o 1 o x4 1 o

o o 1 234 |o o 1 o o o 1 o o 1 m3a

Lo o o 1 4 Lo o o 1 1 Lo o o 1 /1 Lo o o 1 |

1l o x;3 o7 1 o x33 o]l o o 0]

o 1 x5 of |o 1 o o 1 mp3 o

oo 1 of Jo o ) o o 1 o

Lo o o 1 Lo o 11 Lo o o 1]

Tl z12 o o] (1l z12 o o]

o 1 o o o 1 o o

o 1 ol |o 1 o

Lo o 1] Lo o 1]




Structure of GL(n) 13

Revert to the case of a general unipotent group IN. The following is well known, but a proof is hard to
find in the literature.

6.2. Lemma. Any element in N may be expressed as a product of elements in the N};) in any order.

Proof. The order is to be prescribed as a permutation o of [0, n)—we want to write
V =VyV1...Vp—-1
where v; lies in N, ;). Conversely, an element in N}, lies in the place o' (i). For example, if 0 =

(3,0,2,1) then we want an expression z3xoz2x1 with 2; in Np;).

The proof is an algorithm. We start with v in normal form v = [[,v;, in decreasing order. As the
calculation proceeds, at the beginning of the m-th stage we shall have an expression

V= KmAm

where K, lies in N,,, expressed in normal form, and A, is a product of elements in the NJ;; with
i <m — 1. Thus fﬁmx;f lies in Ny, 4+ for some z in N[m] we can write

V= KmAm = fﬁmx;f T A -

I have said that A, is a product of y; in Nf;}, but in what order? In the order induced on [0, m) by c—i.e.
so that the sequence o~ (i) is decreasing.

The first step is trivial: we put v in normal form ~1xo, setting Ay = . Here x; will be in normal form,
so there exists 7 in N[ll such that ps = mxfl is in No. We write

V = [2X1 -y = U2 -T1XQ -

But what we do now depends on . There are two cases. Either 1 precedes 0 in ¢ or it doesn’t. If it does,
we leave x1x¢ as it is, and set ko = puo. If not, we write

Tr1To = xlzozflxal ST -
The commutator x 1x0zf1za ! lies in N5, and we have
V= 2 ~z1x0z1_1z0_1 S ToT1 = K2 Tl .
Repeat as needed. 0
7. In GL(n)

In previous sections, we have seen that M,, is the union of double cosets BwNN, in which w is a partial
permutation matrix, and is unique. In this section, I'll assume that m is invertible, in which case w is in
fact a permutation matrix. This will allow us to say more about the right-hand factor N.

I'll begin by demonstrating the problem. If w # I, as we shall see, the group N* = w~! Nw N N is not
trivial, and if n is in it then wn = wnw™! - w, so the expression bwn in BwNN is not unique. In other
words, the element n here is a priori only an element of the quotient N,,\/N. However, we can find a
section of this quotient. Let N, = w™!Nw N N.

7.1. Lemma. The product map

NY x Ny — N
is bijective.
This implies immediately:

7.2. Theorem. Every m in GL,, possesses a unique factorization m = bwn withn in N,.
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Proof. It will be convenient to use the language of root systems. Let a be the Lie algebra of the group A4,
the vector space of diagonal matrices, and n be the Lie algebra of upper triangular unipotent matrices.
Let €; be the linear function on on a taking a to its i-th entry a; ;.

The group A acts by conjugation on the Lie algebra gl,,, the Lie algebra a by the adjoint action. The Lie
algebra gl is the direct sum of eigenspaces. One of these is a, and the rest have dimension 1. which is
then a direct sum of eigenspaces. Its Lie algebra a acts by the adjoint action, through the Lie bracket. For
each pair (4, j) with i # j let e; ; be the elementary matrix with entries vanishing except at ¢, j, where it
is 1. Then

[a, i ;] = (ai — aj) e

for all @ in a. In other words, e; ; is an eigenvector with eigencharacter A; ; = ¢; — ;. This character of
a is called a root. Those with i < j are positive, the others negative. The Lie algebra n is a sum of root
spaces for positive roots, its opposite 7 for negative.

Each root corresponds also to an embedding of F" into gl,,:
ea(z) =1+ ey

Let N be its image.

Of course something similar holds for N and negative roots. The group W acts by conjugation on gl,,,
and permutes the roots: (w),a) = (A, w™'aw), and

we,\w_1 = ey -

Acording to Lemma 6.2, then,

Nw:H A>0 Wi
w A >0

I call the expression © = bw,n the Bruhat normal form of .
8. Parabolic subgroups

The group GL,, acts on flags in the obvious way. If a flag is represented by a matrix M, the matrix g takes
M to gM. Since GL,, acts transitively on F'" — {0}, an induction argument shows that it acts transitively
on princial flags in F'"*. The stabilizer of a flag is a parabolic subgroup. The stabilizer of the standard
principal flag is the Borel subgroup of lower triangular matrices.

8.1. Lemma. A parabolic subgroup is its own normalizer.
Proof. If P is the stabilizer of the flag F, then g in GL,,, gPg~! = P if and only if gF = F. 0

If n; is the array of differences between the dimension of F; and that of F;_1, thenn = ny +ns+- - - +n,—
i.e. the n; form a partition of n. For example, if the partitionis n = 1 4 (n — 1) we are looking at lines in
projective space. If the partitionis n = 1 + - - - + 1 then the flag is principal.

For example, if we write 6 = 1 4 2 4 3 we get the parabolic subgroup of matrices

[* | * * * % %
Of*x *|*x x =x
O * *|* * =
0 0 Of=x*x *x =x
0 0 Ofx % =%
0 0 Ofx % =%

From the partition of n we obtain a direct sum decomposition

F'=@F™
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and an associated embedding of the product [[ GL,,, (F') into GL,,(F'), via disjoint n; x n; blocks along
the diagonal. Another way to express the condition on matrices m in Pg is to say that the non-zero
entries in m lie either above the diagonal, or in one of these blocks.

Mapping p in P to the sequence of its block diagonal matrices defines a homomorphism from Pg to
Mo =[] GLy, (k). The kernel consists of the subgroup Ng of unipotent upper triangular matrices with
only n; X n; identity matrices along the diagonal. The group Peg is the semi-direct product of Mg and
Ne.

8.2. Proposition. Every parabolic subgroup is conjugate to exactly one standard one.
8.3. Proposition. If F' = t then every quotient P\G is compact.

Proof. If the partition is n = 1 4 (n — 1) then the quotient P\G is isomorphic to projective space P(t).
We shall see in a moment that this is compact. It follows by induction that P\G is compact if P is the
group of upper triangular matrices, and from this in turn for an arbitrary P.

Why is P(£) compact? If (z;) is a non-zero vector then it is projectively equivalent to (x;/u) where
[ = Ty, is the coordinate with maximum p-adic norm. But the set of all points (z;) with z,,, = 1 and
|z;| < 1iscompact. 0

9. The Bruhat order

The double coset Pw, P is in almost any sense the largest of the double cosets. This can be made precise.
Let B = AN be the parabolic subgroup of lower triangular matrices, opposite to B. Then B = w,Buwy,
and BPPB = wyBwDB, the left translate of Bw,B by w,. For any n X n matrix let X be ther x r
matrix made up from its first » rows and r columns.

9.1. Proposition. Suppose that x is an n x n matrix. It can be factored as * = van with v in N and u in
N if and only if every one of the n matrices X ,., has non-zero determinant.

Proof. This follows from a simple variation of the algorithm described above, applying induction. At
step k of Gauss reduction the first diagonal entry must be invertible. But by induction we have at this
step the factorization of the k£ x k sub-matrix, and the product of all the diagonal entries up to the k-th
is its determinant.

The matrices with an vau factorization are hence the complement in GL,, of a finite union of zero sets of
polynomials. If the field k has a topology—for example, if it the p-adic field &—they form an open set.

Suppose that y is a permutation with the reduced expression y = s1 ... x,,. The element z is said to be
in the closure 7 of y, or « < y, if « is a product of a subsequence of the s;.

9.2. Proposition. The closure in G of the double coset C(y) is the disjoint union of the cosets C(x) with
z <.
Proof. By induction on the length of y. For y = 1 the assertion is trivial, and for y = s it follows from

what we have calculated for GLs, since P; = C(s) is the parabolic subgroup which is a product of B
and a copy of GL3 embedded along the diagonal.

It suffices now, using induction and , to show that if {(ws) = ¢(w) + 1 then C(ws) = C(w) C(s), or

equivalently to show that C'(w) C(s) is closed. Both G/P and G/ B are compact. If C'is closed in G and
CB = C, then the image of C in G/ P is closed, and so is its inverse image in G, which is C'P. 1]

One consequence of this is that the closure of a permutation x does not depend on any particular reduced
expression for it. This can be shown also by purely combinatorial arguments.

9.3. Proposition. If ¢ and 7 are two permutations, 7 < o if o is obtained from m by a sequence of
transpositions (i, j) with i < j and i occurring to the left of j in the array m(i).

Also, following Deodhar, for an array (o(i)), let (c;) be the array written in increasing order. I say one
array (a;) is less than or equal to (b;) if a; < b; for all i. Then 7w < ¢ if and only if the initial sequence of
m is less than or equal to that of o.
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Part lll. p-adic fields
10. Lattices

I now take up the special features of GL,, (¢) where

¢ = ap-adiv field

its ring of integers

o
|

w = a generator of p

Fq=0/p
|x| = ¢~ ™ if /™ isino*.

Just about everything I'll say applies also to the quotient field of a Dedekind domain R, but with the ring
o of integers replaced by the localization of R at a prime ideal p. The simplest example would be Z,),
the ring of all rational numbers a/b with b relatively prime to p. This is useful for playing around with
programs.

A vector (x;) in o™ is called primitive if one of the x; is a unit.

10.1. Lemma. A vector x = (1,...,%,) in 0™ is an element of an o-basis of o™ if and only if it is
primitive.

Proof. If x; is a unit, then the set of vectors obtained by substituting « for ¢; in the standard basis is again
a basis.

A lattice in £” is any finitely generated o-module in £" that spans £". The standard lattice is £y, = 0".
10.2. Proposition. (Principal divisors) If L is a lattice in £" then there exists a basis €1, €2, ... , e, of 0"

and integers
mp <mg < - <My,

such that w™e;, w™?ey, ..., w e, form a basis of L. The integers my, ma, ..., m, are uniquely
determined.

Proof. The proof will be constructive.

The Proposition will follow by induction from a more general fact. Suppose {1, {5, ..., £, to be any
finite set of elements of V. Choose a coordinate system, and let L be the matrix with columns ¢;. Then
there exist matrices k1, k2 in GL, (0) and GLj(0) such that D = ky Lk, is semi-diagonal with entries
D; ; = w™i such that m; < m;y1, and that D is unique.

Suppose r = 1,s0 that L is a column vector. We can express L = @' A with A a primitive vector in 0”.
Let m; < oo be the greatest integer such that @™ divides all the coordinates of the ¢;. Then there exists
at least one ¢; with coordinate o™ u, v a unit in 0. By a suitable swap of columns and rows, we may
move this to upper left in the matrix. By suitable integral column and row operations, we may arrange
it so that all other entries in the first row and column vanish. These row and column operations amount
to multiplication on left and right by integral invertible matrices. Apply the induction to the lower right
(n—1) x (r — 1) submatrix.

As for uniqueness, @w""! is the greatest common divisor of all the matrix entries, w™Tm2 ig the greatest
common divisor of the 2 X 2 minor determinants, etc. Changing the basis of L amounts to multiplying
this matrix on the right by a matrix in GL,,(0) and doesn’t change these characterizations.

10.3. Corollary. All lattices are free o-modules.

10.4. Corollary. The group GL,,(£) acts transitively on the set of lattices.

10.5. Corollary. If L and M are any two lattices there exists a basis (e;) of L and an array (m;) of integers
with m; < m;4 such that (w"™e;) is a basis of M.

The stabilizer of 0™ is GL,,(0).
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Let A be the group of diagonal matrices, 2l the subgroup of the
w' = diag(w™")

whose diagonal entries are powers of @, 2~ ~ the subset of @™ with m; < m;y1.

10.6. Corollary. (Cartan decomposition) Every matrix g in GL,, () can be expressed as

g=ma72

where vy, and vy, are in GL,,(0) and a is in A~~. The element a is unique.

10.7. Proposition. The compact open subgroup GL,,(0) acts transitively on the space of principal flags
in £".

Proof. If we are given a principal flag (V;) we can find in the line V} N o™ a primitive vector, which by
Lemma 10.1 is part of a basis, so we can find v with vV; = £e;. From now on we may assume that
Vi = teq, and proceed by induction. Look next at V/V1, which is given the y-transform of the original
flag modulo V3. Any element of GL,, (0) which transforms this flag into the standard one can be lifted to
an element of GL,, (0) leaving £, fixed. 0

10.8. Corollary. If K = GL,,(0) then G = K P = PK for any parabolic subgroup P.

Since G/ P is compact, so is K. But this follows from the more elementary fact that K is the projective
limit. of the finite groups GL,,(0/p™).

11. Volumes

Let K = GL,(0) and choose a Haar measure on G such that the volume of K1 is equal to 1. Suppose
a to be a diagonal matrix. What is the volume of the open set KaK in GL, ? Equivalently, what is
|KaK/K|? The nature of the formula depends very definitely on a. For example, suppose n = 2. If t is
the identity matrix then KtK = K and its volume is that of K, but if

10
= o o

with m > 0 then the volume of KtK is equal to
(L+g~ g™

times the volume of K. This is because the map g — ¢L induces a bijection of KtK/K with lines in
P!(0/p™). This difference in qualitative behaviour remains valid for all n, as we shall now see.

First comes a simpler question. The group GL,,(0) maps canonically onto the finite group GL,,(0/p™).
How large is this group?

(1) Suppose m = 1. Then we are looking at G = GL,,(IF,). Let 7, be the number of elements in G. For
n = 1 this is IFqX. Thus 71 = (¢ — 1), for example. For n > 1, the group G acts transitively on F* — {0},
and the isotropy subgroup of (1,0, ..., 0) contains exactly those matrices m withmy 1 = land m; 1 =0
for i > 1. The elements m4 ; are arbitrary, and the lower (n — 1) x (n — 1) matrix must be non-singular.
The order of the isotropy group is therefore order ¢"~17,,_1, and we have for 7, the recursive formula

S q—1 ifn=1
" (" = 1)¢" -1 otherwise

from which we calculate by induction

Tn=(q"—1)...(qg— 1)g""~1/
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It is a polynomial in g of order q.
(2) The group GL,,(0/p™) fits into an exact sequence

1= I+pM,_1(0/p™) = GL,(0/p™) = GL,(Fy) — 1
The order of GL,,(0/p™) is therefore the product of the ¢"*(m=1) and the 7,,.

Now define a sort of normalized size
W(GLn) = QT% = (1 — q—n) (1 — q_("_l)) o (1 _ q—l) _

11.1. Proposition. Suppose

mp <mg <...<my,
and let

a=w"
Suppose that the integers n; are the lengths of constant runs in the sequence (m; ), so thatni+- - -+n, =n
and
mlzzmnl <mn1+1::mn1+n2 <mn1+n2+1:
Let
M = M, = GL,, x GL,, x ... x GL,,

and define
V(M) = H’Y(Gan) :
We embed M as diagonal blocks in GL,,. Then

7(GL,)

[KaK/K| = T2 dy(a)

Here Jj is the character
11 la;/ai
Jj<i
of the group of diagonal matrices (a;).
Proof. The map k +— kaK /K induces a bijection of K/ K NaKa~' with KaK /K. The group KNaKa™*
consists of all integral invertible matrices g with g; ; = 0 mod w"¢~"™J. There is no condition when
m; < my, so this is in effect a restriction only when ¢ > j. Fix m > m,, so that m > m; for all i.
Then the index of K NaKa~ ! in K is the same as that of the index of K,,, N aK,,a~! in K,, where
K., = GL,(o/p™).
Let P be the parabolic subgroup corresponding to the partition of nn. The cardinality of K, is 7, ¢"

What is that of K,,, NaK,,a~? The image of K, Na K. ma~ ! modulo p is the parabolic subgroup P(F,)of
GL,,(F), which has cardinality [ [, <;<; 7o, [[1<;< j<;, ¢"*". The kernel of the projection is the subgroup

2(m—1)_

of matrices in K,,, N aK,,a~! congruent to I modulo p. It has cardinality
H g (m=1) H g (=) = H g " H g H g~ (mi—m)
1<i<j<k 1<j<i<k 1<i<j<k 1<4,j<k 1< <i<n
where 11; is the common value of m; in the block of n;. The cardinality of K, N ak ma "1 is therefore

H Tn, H g H q ™ H g™ H q*(mi*m]‘)

1<i<k  1<i<j<k 1<i<j<k 1<i,j<k 1<5<i<n
2 2
=¢"" I ™ [[ o«
1<i<k 1<j<i<n
and the cardinality of the quotient is therefore
2 —
ann (m 1) FY(GLn) M —mj
- 1 .0

—_n2 _ o)
0" <o 0" Thejaicnammma) - A(M) ) 22
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12. The affine permutation group

As preliminary material for the next section, I'll introduce now the analogue of the symmetric group &,
relevant to the structure of the p-adic group G = GL,,(¥).

THE GROUPS IN PLAY. The p-adic analogue of the group A of diagonal matrices is the compact group
A(o). Irecall that There are two analogues of the Weyl group. One is

W = Ne(A(0))/Alo) = Na(A)/Alo) -
It contains the quotient 24 = A/A(0), which is isomorphic to Z". It also contains G,,, and in fact it is the

semi-direct product 2 x &,,.

It possesses a well defined homomorphism onto Z, taking
m X o +—> Z m; .

The second group S, is its kernel. It generated by G,, and the subgroup 2 of m in Z™ with > m; =0,
and it is the semi-direct product of 2y and &,,.

This second group is the affine Weyl group associated to the root system of GL,,. The affine roots in this
case are the affine functions A + £, in which A is a root for GL,,—one of the functions z; — ;. The affine
Weyl group is that generated by the orthogonal reflections in the lines A + k = 0.

The following figure demonstrates that at least such reflections are in the group S, since reflection in
the hyperplane A = 1 is the same as the reflection sy in the hyperplane A = 0 followed by translation by

AV.
| >
;\Tl

]

Xv

Let C be the region where z; < 11, z, — 21 < 1in V.
Draw somewhere the lines of intersection of x; = 0 with 1;.

12.1. Lemma. Given any point x in V, there exists a product w of reflections s; such that w(x) liesinC.
The aftine Weyl group is generated by the reflections s; together with the reflection s, in the hyperplane
a=1.
I recall that

a=a1+ - +ap_1=€1—¢n
is the dominant root.

Proof. The region C contains the point p = (1/n,2/n,...,n/n). If w liesin S,,, then

Affine reflection:
vi— v — ((\,v) — k)\Y

In the figure below, the partition of the plane into translations of a fundamental domain for n = 3 is
shown.
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The analogue of roots in for this situation case are the A root is positive if it is non-negative on the chosen
fundamental domain.

Every element of 20 can be factored as a product of elements of S,, and 2. But there is a more interest
factorization possible. For arbitrary n, let w be the n x n matrix with w at lower left, and 1 along the
superdiagonal. If n = 3, for example

0 1
w=10 0
w 0

o = O

Its determinant is (—1)" .

12.2. Proposition. Every element x of 20U can be factored as x = w"w, with w in S.

GEOMETRY. The group 2U acts naturally on R™. The group 2 acts by translations, and & by per-
mutations. The group & acts on the subspace with > x; = 0. These groups act discretely as affine
transformations. It is natural to ask, what is a fundamental domain?

A fundamental domain for Z" is the unit cube 0 < z; < 1. The group &,, acts on this, so a fundamental
domain for the action of &,, on this cube is also a fundamental domain for 20 acting on R™. I'll choose
this to be the intersection C of the unit cube with the fundamental domain for &,, in R”, where z; < x;41
for 1 < i < n. The figure on the left below illustrates the case of GLj. The group &, contains the single
reflection in the line y = x. My choice of fundamental domain is shaded.
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The transforms of C are called alcoves. Each alcove is in fact the transform of C by a unique element of
20, and this is how some of the alcoves in the figure are labeled.

In the figure, the transformation pisin &,,, and amounts to reflection in theliney = x. The transformation
oisreflectioniny = x+ 1, and the composite o p is the same as translation by (—1, 1). The transformation
w is a kind of Euclidean motion known as a twisted translation, and w? is indeed translation by (1, 1).

I repeat, the fundamental domain C I have chosen is where 0 < z; < 1 for all 4, and z; < ;4 for
1 <@ < n. The figure on the right above attempts to show something of what happens for GL3. In
general:

12.3. Proposition. The fundamental domain C is the convex hull of the points

o= (0,...,0,0,0)
6, =(0,...,0,0,1)
5 =(0,...,0,1,1)

6o =(1,...,1,1,1).

That is to say, the last ¢ coordinates of §; are 1 and the rest 0. In particular, the domain is a simplex of
dimension n.

Proof. Because if z = (z;) lies in C then
€ = Op—it1 — On—i
and hence

$:1'1€1+"'+1'n€n
=21(6p — On—1) + 2(0n—1 — Op—2) + - - + 2, (61 — o)
=210p + (x2 —21)0p—1 + -+ (Tn — Tp—1)01 . 0

The length of w™o with ¢ in &,, is by definition ¢(w). This is adequately justified by:
12.4. Proposition. The length of o is the same as the number of root hyperplanes between the fundamental
domain C and o (C).

13. lwahori subgroups

This section is concerned with a generalization of the Cartan decomposition Corollary 10.6. Let K =
GLy(0), W = &n, B the Borel subgroup of upper triangular matrices. Recall that w is a generator of p.

IWAHORI FACTORIZATIONS. Let I be the inverse image in GLy,,(0) of the group of upper triangular
matrices in GL,,(F,), those for which all entries g; ; with i > j lie in p. An Iwahori subgroup of GL,, (¥)
is any conjugate of I.

If P is a parabolic subgroup of G, P opposite to P, and K a compact open subgroup of G, define

M=PnNnP
Ky=KNN
Ky=KnM

Ky=KNN
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The group K is said to possess an lwahori factorization with respect to (P, P°PP) if the product map
Kﬁ X KM X KN — K

is a bijection.

I recall that the standard parabolic subgroups of GL,, (£) are those stabilizing the standard flags
ocEm cemt™c...ce"

They are those parabolic subgroups containing the Borel group of upper triangular matrices, and their
opposites are their transposes.

13.1. Proposition. Every element g of the Iwahori group I has a unique factorization with respect to any
standard parabolic subgroup.

Proof. 1t suffices to show this for the Borel subgroup. In this case it follows from Proposition 9.1, since
the determinant of an element of an Iwahori subgroup is a unit in o. 0

13.2. Proposition. For any pair (P, P) there exists a sequence of compact open subgroups K forming a
basis of neighbourhoods of the identity, each possessing an Iwahori factorization with respect to P.

Proof. For GL,,(£) we choose the sequence GL,,(p"). The Iwahori factorization follows from . 0

THE IWAHORI DECOMPOSITION. The group A(o) plays a role in the p-adic group analogous to that of
A in the algebraic group. The normalizer N¢(A(0)) of A(0) in G is the same as the normalizer of A, the
semi-direct product of A and the Weyl group W. The quotient 2 = A/A(0), may be identified with the
group of diagonal matrices whose entries are powers of . It is isomorphic to Z". The quotient

W = Ne(A(0)) /A(0)
contains 2 as a normal subgroup, and is in fact the semidirect product 2 x W. It is the p-adic analogue

of W.

I'shall call an n x n matrix X with r < n, of rank r, Iwahori-reduced if it has this property: every column
and every row has exactly one non-zero entry, and that of the form w". Elements of the group W may

thus be identified with Iwahori-reduced n x n matrices. The group W acts as affine transformations on
Z", and is called the affine permutation group.

For GL2(k), for example, the Iwahori-reduced matrices are these:
@k 0 0 w*
0 |’ @ 0 ’
I begin with some results useful in a moment:
13.3. Proposition. We have the factorizations K = IW P(0) and G = IW P.
Proof. The Bruhat factorization for GL,, (Fy) tells us that X' = ITW P(0). Apply Corollary 10.8. 0
Here is a p-adic version of the Bruhat decomposition:
13.4. Proposition. Every element g of GL,,(¢) factors uniquely as g = 11w 12 where each (; is in I and w
is in 20.

The proof will be constructive. To replace the elementary row and column operations of the Bruhat
factorization, we require here certain elementary lwahori operations on columns:

e add to a column d a multiple zc of a previous column ¢ by some z in o;
e add to a column c a multiple zd of a subsequent column by x in p;
e multiply a column by a unit in o;

and also on rows:
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e add to a row c a multiple xd of a subsequent row d with z in o;
e add to a row d a multiple zc of a previous row with z in p;
e multiply a row by a unit in o;

Each of these column (row) operations amounts to right (resp. left) multiplication by what I'll call an
Iwahori matrix .

Here are some examples:

[ [e

[ v]{(l) "”j_:[u U+ v]
[u U][wlx g::[u—i—wxv v] .

The proof will now proceed by explaining exactly what elementary Iwahori operations will carry out the
reduction we want. This will take several steps.

Step 1. Thje starting point is the Cartan factorization of an element of GL,(¥), say g = kiako, with a in
A*+, which we do know how how to compute explicitly.

Step 2. We also know how to apply Proposition 13.3 to k; and ko, to get
g = Llwlblabgngg .

We may ignore the outer factors, and must now embed w1 biabyws into some Tawl.

Step 3. We can write the inner product in the form
wra-a”  byabsws .
Since aisin A*T, aalpla lies in B(0). We can express this in the form
wiabws .

I switch to get the form
awibws .

Step 4. In order to apply induction, it will be best to formulate a slight generalization of the problem we
are facing. Suppose ain A, z and y in W, ¢ in I. How can we embed axty in some Iwl with w in 207?

Step 5. We can factor « = nb with bin B. Then by = y-y~'by and y~'by is in I. So we are back to the
case axny with n in N (o).

Step 6. We go by induction on m = {(y). If y = 1, there is no problem, since awn lies in 201.

Otherwise, y can be expressed as sz with £(z) = m — 1 and s equal to some s;. We now rewrite in the
form
aws-s 'ns-z.

1

Denoting ws by w, we are next going to embed aw - s™'ns in some Iwl. I switch this to the form

wa- s~ 'ns, and we can apply the induction hypothesis.

Step 7. We can factor n as uv, with u in the same copy of GL3 as s, and s~lus in I. So we are reduced
to the case wan with n in that copy of GLo.

Step 8. The element a can be factored as ajas, in which a; € A lies in the copy of GLg in which s
lies, and a; commutes with this copy. We can also write w = wjws, with ws in that copy of GLs and
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l(w) > L(wy). We are now considering wia - wows -7, in which the last three terms lie in the copy of
GL32, a; commutes with that copy, and w;a > 0. Suppose we can factor waasm as t1wig in GLo. Then

wi1a1l1Wily = wilt1a1Wly = wlLlwﬁl rwra1Wiyg
and we are essentially finished (ready to apply induction, as I mentioned).

This concludes the first half of the claim.

I'll deal with uniqueness in the next section. 0
14. The affine Bruhat decomposition

Remark. What is special about the group GL,, is that there is a very efficient way to find the Cartan
decomposition. For arbitrary reductive groups there is a very general way to carry out Iwahori factor-
izations that involves finding reduced factorizations of elements in the analogue of 2J. Here we are only
required to factorize elements of IV, which is in general far less work. For all split groups, the problem
is reduced to a computation in GL, as it is here.

Very generally, express [sI - It] for s, t simple reflections in S.

o ——= 0

As we shall see, the Iwahori factorization is a basic tool in the representation theory of reductive p-adic
groups.

15. The building

LATTICE FLAGS. A principal lattice flag will be a sequence of lattices

LoCcLiC...CL,
which reduces to aprincipal flag in L,,/wL,,. That is to say (a) each L;/L;_1 is isomorphic to F = o/p
and (b) Lo = wL,. Hence:
15.1. Lemma. The group GL,, () acts transitively on the set of principal lattice flags. The stabilizers of
principal lattice flags are Iwahori subgroups.
Reformulation of Proposition 13.4. Given two lattice flags . . .
For 0 <17 < nset

wi =(0,...,0,1,...1)

so that the j-th cooordinate of mu; is 0 for 5 < i, and 1 for j > ¢. The convex hull is a fundamental
domain for G,, on the unit cube, since we can permute to where z; < z;;.

Given a basis e = (e;), the lattice flag LFe = (Lo determined by it is that for which L; is the span of
whie ={e1,...,e;,Wei11,...,Wen} .

The basis e is said to be adapted to L,. Such a basis is unique up to multiplication on the right by a
matrix in the Iwahori subgroup—upper triangular modulo p.

Now to prove uniqueness in Proposition 13.4. We follow roughly an argument similar that for uniqueness
in the Bruhat decomposition can be used. This version uses the volume of L; N L; to construct the profile,
where L; is the standard lattice flag.

Alcoves for GL,, correspond to lattice flags (not obvious). Projection from GL,, to PGL,,. What is my
goal? | want to give a second way to explain G = I20]. | need a good description of //I N wlw™!.
Somewhere, point out the complex is that of lattice flags stable under diagonal matrices. Associate
some GLs to each root, even affine.

Later: length and sizes of quotients of Iwahori groups.

NORMS. Suppose V to be a vector space of dimension n over £. A norm on V is a function [|v|| from V'
to R>( with the following properties:
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(a) forallcint, vinV,
o]l = [el|lo] 5

(b) forall u, v

[lu+ vl < sup [[ull, [[o];
(c) |Jv]| = 0if and only if v = 0.
Supose L to be a lattice. Define

[ollz = sup |-
v/ceL

15.2. Lemma. The function ||v||, isanormonV.

For example, fix the standard basis e; of €. Then for the lattice w™ 0" with basis (cw"™e;) we have

[[o]] = sup;|vi /™| = sup [vi[g™" .

It is often convenient to use instead the additive norm ord(z) = log, |2/, so that this becomes
ord,, (v) = inf;(ord(v;) + m;) .

This suggests the following generalization. For any 7 in R"™ define
ord,(v) = inf; (ord(v;) + 1),

and then set |[v]|, = ¢—°*dr(®)

wo™.

. If the 7; are all integers then this is the norm associated to the lattice

15.3. Proposition. For any r in R"™ the function ||v||, is a norm. Every norm is the one associated to some
basis and some r in R".

Neiher basis nor r is unique. We shall understand this much better shortly.

15.4. Proposition. For r in the convex hull of the i; the norm ||v||.,, is independent of the adapted basis
e.

This gives a triangulation of R", since every point lies inside the transform of this simplex by a unique
element of 2.

Unit cube, G,,.
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