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The Gamma function

Bill Casselman
University of British Columbia
cass@math.ubc.ca

I attempt here a somewhat unorthodox introduction to the Gamma function. My principal references
here are [Schwartz:1965]. and [Tate:1950/1967].
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1. Characters as distributions

The Schwartz space S(R) is the space of all smooth functions f on R such that

FP () < (14 J2) 7Y

for all n, N > 0 or, equivalently, for which
— N £(n)
||f||N.,n—s§p(1+|$|) |f0 ()] < o0

for all non-negative integers N, n. It is a Fréchet space with these semi-norms. It contains as closed
subspaces the spaces S(0,00) (resp. S(—o0,0)) of functions that vanish identically for = < 0 (resp.
x > 0), and as quotient the space S[0, co) made up of restrictions to [0, 00).

The following elementary result will be useful many times:

1.1. Lemma. If f is a smooth function defined in a neighbourhood U of 0 in R, then for any m it may be
expressed as

k
x m
F@) =7 fO0) 5 + o™ fm()
k<m
where f,, is a smooth function defined on U.

Proof. The fundamental theorem of calculus tells us that
f@) = 10) = [ £(s)ds.
0

An easy estimate tells us that the integral is O(z), but a simple trick will do better. If we set s = tz this
equation becomes

ﬂ@=f@+wéfﬁﬂﬁ,
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and the integral
1
filw) = [ e
0

is a smooth function of z. Induction gives us

f(z)= Z et 4+ 2™ o ()
k<m
with f,,(x) smooth. An easy calculation tells us that c;, = £ (0)/k!. 0
THE SCHWARTZ SPACE OF THE POSITIVE REALS.
1.2. Proposition. The space S(0, 00) is that of all f in C*°(0, c0) such that

N (@)

is bounded on (0, 00) foralln > 0, N € Z.

Proof. Suppose f to lie in S(0, 00). Since f is in S(R), zV f(")(z) is bounded for N > 0. But Lemma 1.1
implies that it remains true for N < 0. So the condition on f is necessary.

As for sufficiency, it must be shown that if this equation holds for all n, N > 0 then f extends to a
function smooth on all of R vanishing on (—o0, 0]. This is immediate from the definition of smoothness.

0

Let D be the multiplicative derivative xd/dx.
1.3. Corollary. The space S(0, 00) is the same as that of all f in C*°(0, oo) such that

2V [D" f](2)

is bounded on (0, c0) foralln > 0, N € Z.
1.4. Corollary. For any s in C multiplication by z*® is an isomorphism of (0, co) with itself.
Proof. This follows from Leibniz’s formula for (z° f)("). 0

For every s in C the integral
dz
x

@.n=[ T ()

defines therefore a continuous linear functional on §(0, co)—in effect a distribution.

The multiplicative group RX of positive real numbers acts on both of the spaces S(R) and S(0, o), as
well as on their continuous linear duals, by the formulas:

:Ufaf(x) = f(a_lx)a <Maq)7 f) = <(I)7 Na*1f> :

The scale factor a~! rather than a has been chosen for compatibility with linear representations of non-
abelian groups. The Lie algebra of RX is spanned by the differential operator D = xd/dz, and the
representations are smooth in the sense that

S — f

lim ——— = —-Df.
B0 h /
in S(R). The — sign here comes about because of the choice of a~! rather than a. It will continue to
annoy.

Differential operators act on distributions. If ® is a smooth function on (0, co) then integration by parts
implies that

<(I)I7f> = _<(I)7f/>
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so we extend the definition of derivative to distributions accordingly. Hence

(Lo, f) = (&, L7f)

for any differential operator L, where L* is its formal adjoint.

1.5. Proposition. The distribution ®, on §(0, 00) is an eigendistribution for y, with eigencharacter a™*.
Furthermore D®, = sP.

Proof. We have
<:LL¢1(I)57 .f> = <(I)S, ua*1f>

o d
= [ etren S

T e ey W
—/O(y/)f(y)y

e [T W
= /0 v f(y) )
:a_s<(1)55f>

so that 1, ®s = a=* P, as a distribution (as well as a function).

As for the second claim:
<D(I)Saf> = _<(I)57Df>

_ _/Ooxsf’(a:)d:z:

0
— > s—1 d
S/O 27 f(x) dx
:S<(I)saf>

This concludes the proof of the Lemma. 0

There is a converse to this claim, and there is also a uniqueness theorem for eigendistributions. If f lies
in §(0, 00), its Mellin transform is

Fls) = (@, 1)

It is uniformly bounded on any horizontally bounded strip |[RE(s) < C. It is also holomorphic in all of
C, and - N

Df=sf.
It therefore belongs to the space P (0, 00), the space of all function F'(s) holomorphic on all of C such
that (1 + |m(s)|)Y |F(s)| is bounded on any horizontal strip |RE(s) < C, for all N > 0.
1.6. Proposition. The map f — fisan isomorphism of §(0, co) with PW (0, 00).
Proof. One way is because D®, = s®,. The other way involves shifting contours. 0

For any fixed s the image in M (0, 00) of multiplication by s — s is the subspace of F' such that F'(sg) = 0,
which is of codimension one. Hencethe quotient S(0, 00)/(D — $)S(0, 00) is isomorpphic to C, and

1.7. Corollary. The space of distributions on (0, c0) such that D® = s® is spanned by ®,.

1.8. Corollary. The space of distributions on (0, c0) such that j1,® = a~°Phi for all a in RX | is spanned
by ®,.

THE SCHWARTZ SPACE OF THE NON-NEGATIVE REALS. Now define S[0, 00) to be the space of restrictions to
the closed half-line [0, o) of functions in S(R). It may be identified with the quotient S(R)/S(—o0, 0).
The space S(0, 00) is embedded in it, and again the multiplicative group acts smoothly on it.

Does there exist an eigendistribution on S[0, 00) extending ®,? An affirmative answer follows from:
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1.9. Proposition. For RE(s) > 0

ooxs s dr __ (—1)ntt OOI5+" (+1) () d
/o f()iv__s(s+1)...(s+n)/0 f (z)dz.

Proof. Integration by parts give us
B dx
@uf) = [ w5
0 X
= / ¥ f(x) do

0
B [MT):L - %/0 2 f' (@) do
:_é/o strlf/(x)d?:Z?
= —é@sﬂ,f')
and continuing:
- S(siL Ty (®sv2: /)
" s(s +(1—)1)"2 oy (Betnen, FOHDY. 0

As a consequence, ®; may be defined on §[0, 00) for all s notin —N. Thus for every s notin —N we have
an eigendistribution with eigencharacter x°. Is it unique? What happens for s = —n? Sets = —n + h
in the Lemma. We get

(1.10) (@, f) = CETICE 1:1h)...(1 — /OOO 2 F+ ) (1) dae

Thus (s + n)(®Ps, f) as s — —n has limit

_%/Ooof(nﬂ)(x)dx — m

n!

The distribution d¢ is defined to take f to f(0). Its derivative 5(()”) takes f to (—1)" f(")(0). The residue
of , at s = —n is therefore (—1)"5(()")/n!.

1.11. Lemmma. The distribution 5(()71) is an eigendistribution for the character a”.
Proof. Since £ (az) = a" f") (ax). 0

In other words, the character ®, fails to be defined precisely when another eigencharacter arises. One
way to understand the situation is by considering the short exact sequence

0 — S§(0,00) = S[0,00) — C[[z]] = 0

where the last map is that taking f to its Taylor series at 0, surjective by a classic theorem of Emile Borel.
If T'= D — s1 this gives rise to a long exact sequence

0 — S(0,00)(T) — S[0, 00)(T) — Cl[z]] (T)
— 8(0,00)/T- 8(0,00) = S[0,00)/T - 8(0, 50) — Cla]}/T - Clz] — 0.
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Here V(T') is the subspace of v in V such that T'v = 0. The first two terms are always 0. When s does
not belong to —N, the third and sixth terms vanish, but when s does belong to —N they are both of
dimension one. 0

1.12. Proposition. The distribution ®s on S0, c0) is meromorphic on all of C with residue (— 1)"56’” /n!
atn. For each s not in —N it is the unique eigendistribution on S[0, c0) for the character a®. For s in —N

the distribution 56") spans the space of eigendistributions for a™.

Any function in §[0, 00) corresponds to the function (sometimes called its Mellin transform)
f(s) =(Ps, f).

1.13. Proposition. The function [ is meromorphic on C with simple poles on —N. In any bounded
vertical strip |RE(s)| < C away from the real axis it is uniformly rapidly decreasing as a function of
M(s).

This is because D@, = s®,. It is not hard to show that, conversely, any function satisfying these
conditions is f for some f in S0, 00).

I want now to look at (1.10) again. It can be rewritten and expanded in powers of h:

11 1 >~ ogx p(n+1
<¢S’f>:_Eﬁ'(1_h/n)(1_h/n_1)...(1_h)'/0 B (@) do

- (1AL O() </O°° £ (@) dr + h/ooo(log 2) ) (2) da + O(h2)>

n:

with
Ap=141/241/3+---+1/n.

We have already seen that the leading term is f(™)(0)/n!, and now we see that the second term in the
expansion is

2 (AP + [ o0 @ ar)

The integral can be expressed also as the limit as ¢ — 0 of

/f”*”()logxdx—[f(" 1ogx / fn)
——f(")(a)loga—/ wdw

T
o0 f(n)
*—f(")(())loga—/ fT(I)dx,

since f(g) — f(0) = O(¢) and lim._,p €loge = 0. The second term in the Laurent expansion of (P, f)
at s = —n is therefore also

(") (2
(1.14) l'-hm <f<">(0) loge — Ap (0 / f > .

n! =0

THE SCHWARTZ SPACE OF THE REAL LINE. The full multiplicative group R* acts on its own Schwartz space
S(R*), the subspace of functions in S(R) whose Taylor series at 0 vanish. We now have distributions

dx

@l )= [ sl o) 2



The Gamma function 6

for RE(s) > 0 and m = 0, 1, which are again eigen-distributions:
1a®l" = sgn™(a)la| > @™

We can express

/—Z f(@)|z|*sgn™ (x) do _ (—1)™ /0 + f() dr /0"0 o @) da

|z] —o0 T

m OOJ:S —x ﬁ OOJ:S x ﬁ
—cn [T S [ S
= <q)s;f> + (_1)m<(1)55f7>

(="

- s(s+1)...(s+n—-1) <(I)S+n7f(n) + (—1)m(f*)(n)>

which means that &) extends equivariantly and meromorphically to S(R) over all of C with residue

35"

n!

(=)™ + (=1)™)

at —n. In particular, there is no pole if the parity of m is different from the parity of n. In this case,
because of (1.14) we get as value at —n

(PE(1/2™h), f) = ! /OOO [f(n)(x)_f(n)(_x)] dz

n! T

which always makes sense because the integrand is still a smooth function. For reasons we’ll see in a
moment this is called the finite part of 1/2" . This defines an extension to S(R) of the integral

/|x|7"713gn”71(a:)f(x)d:c:/:cf(”Jrl)f(:c)d:c.
R R

on R*.
2. Parties finies

In order to understand the nature of certain eigenfunctions of D on R, I now recall the notion of ‘parties
finies’, introduced in [Hadamard:1923] in order to understand classical techniques for solving the wave
equation in high dimensions.

The first important observation is that the Dirac distributions are eigendistributions. For n > 0
DS = —ns .

There is, however, another distribution ® such that D® = —n®.

2.1. Proposition. We have
paPE(1/2" ) = a™sgn(a)Pf(1 /2" )

DPf(1/z") = —nPf(1/2"h)
(d/dz)Pf(1/z") = —n Pf(1/2" ).

Proof. Left as exercise. 0
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The two distributions 5(()") and Pf(1/z"*1) span the space of eigendistributions ® on R such that
D® = —m®, or (equivalently) i, ® = o™ ®, but they are distinguished by what ;11 does to them:

po16d” = (=1)"6",  paPE1/2") = —(—1)"PE(1/2" ).

This has to be, of course, since a cohomological argument like the one we saw earlier shows that there
at most one R*-equivariant extension to all of S(R) of the distribution which on S(R*) is given by the

formula -
J@)

n+1 '
oo X

I'll say more here about the construction of parties finies distributions. Suppose f in S(R), and let
f@) = fo+ fre+ fa2® + -
be its Taylor series at 0, so f,, = f™)(0)/m!. Then

f—=(fotafi+ - faz")

#n (I) - pntl

is still smooth throughout R, although no longer in in S(R). Then

G I  (C) > f(z)
o) dr = | dz + g dz
1 1 oo
fo+ fix+ -+ fra® / / f(z)
= d n(x)d dx .
j ) a:+6<p(:c)x+ L antl x
The last integral is independent of €. As € — 0, the second integral has a finite limit. The first integral is
Jo f 1
IR S log]
[ nx™ (n—1)zn—1 Julogz
Jo f1 fo fi
=2 L+ L TR |
n  (n—1) / 1+n5"++(n—1)5"_1+ + fuloge

Therefore the limit

lim
e=0 J,  antl

6 gy (Lo

nen m+~-~+fnloga)

exists, and agrees with Pf(1/z"t1).

The distribution Pf(1/2" ") on [0, 00) does not behave equivariantly with respect to scalar multiplica-
tion, because of the log € term. But on R the finite part is

- ° f=@) > fz) —~ 2fni
g%( _00:1:"+1dx+ R x"*ldx B Z kek )7

k=1
k odd

and it does behave well, because on (—o0, 0] log ¢ is replaced by log |¢|.
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3. The Gamma function

One function in S[0, co) is the restriction of f(x) = e~ * to [0, 00). The Gamma function is defined to be

the integral

° d
I'(s) :/ zte=e Y0 = (Ps, e ).
0

x
for RE(s) > 0. The argument extending ®, in the last section is classical in this case. Since here
f'(z) = — f(x), we have the functional equation
I(s+1)=sT(s)
and since I'(1) = 1, we see by induction that if s is a positive integer n
I'(n)=(n-1)!
The extension formula can be rewritten as

I(s+1)

S

I(s) =

so that we can extend the definition of I'(s) to the region RE(s) > —1, except for s = 0. And so on. More
explicitly we have
P(s+n+1)

I(s) = (s+n)(s+n—1)...(s+1)s

which allows I'(s) to be defined for RE(s) > —n — 1, except at the negative integers, where it will have
simple poles (of order one).

Proposition. Forn > 0 the residue of T'(s) at —n is (—1)"/n!

Another formula for I'(s) can be obtained by a change of variables ¢ = 722

o d
I(s) = 2r° / ot g2
0 x

which can also be written as

oo d
2 oo ]
oo dr
—S/QF (f) _ s —mx?
™ 5 |z|%e =R

— 00

or

This function of s is often expressed as (r(s) because of its role in functional equations of ¢ functions.
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4. The volumes and areas of spheres

If we set s = 1 in the formula for (g at the end of the last section, we get

x~1/27 (%) = / e dg .

The integral on the right cannot be evaluated as an improper integral, but there is a well known trick one
can use to evaluate the infinite integral. We move into two dimensions. We can shift to polar coordinates

and get
2
(/ e~ da:> :/677TI2 daﬁ/e*”yz dy
R R R

:/ e_”(12+y2)d:cdy
R

2
e’} 27 2
:/ dr/ e ™ rdo
0 0
o0 2
:/ 2mre” ™" dr
0

:/ Wmre™ ™ dr

0

/ e (27r) dr
0
e *ds

0
L,

som /2T(1/2) = 1,and I'(1/2) = /7.

We can use this formula and the same trick to find a formula for the volumes of spheres in n dimensions.
Let S;,—1 be the volume of the unit sphere in R”. Then

5 n
(/ e ™ dx) =1
R
2
:/ e ™ dxy ...dx,

R’n
o0 2
= Sp_1 " e dr
0

o0
2 dr
= Sp_1rte ™ —
~/0 " r
1

— n,liw*nﬂr(nm).

27Tn/2

T = Ty

For example, the area of the two-sphere in R3 is

27‘(3/2 271'3/2

= —— = —— =A4r.
2T TE/2) " a2 "
The volume of the n-ball of radius R in R™ is
R
Sp_1R"
Va(R) = / Spoar" Tl dr = 2
0 n
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5. Tate’s functional equation

Now I introduce the Fourier transform and its interaction with the multiplicative group. For f in S(R)
its Fourier transform is

o= [ e

and this defines an isomorphism of S(R) with itself. The inverse is
f@ = [ T i

Another way to express this is that ]/C\ =pu_1f.
How do the Fourier transform and the multiplication operators interact?

5.1. Proposition. For a # 0
paf = laf pra—1 f

Proof. Because

—

mﬂMZA o f)(@)e 2" dy
_ /OO f(aflx)efmn')\x d:Z?

:ML Fly)e 2 dy
= |a|Ma*1.]/C\()‘) . D

The Fourier transform ® of a distribution ® is defined by

(@, f) = (@, f).

This, as an easy calculation will show, agrees with the definition the Fourier transform on S(R).

Suppose X to be a multiplicative character. The distribution ® = ®, is defiend by

dx
T

<%»:Axmﬂm

defined by convergence for certain x and extended meromorphically. What is the Fourier transform of
®? Since p, P, = x~!(a)®P, we have

= (D, 1y f)
= (®, 11 )
= (@, |a| o f)
" g @, f)
"' x(a)(®, f)
al~'x(a)(®, f)

(1a®, f)
_
—
=|

so because of uniqueness ® must be a scalar multiple 7, @5 where X(a) = |a[x "' (a). To calculate the

scalar v, explicitly, we calculate first the Fourier transform of some particular functions.
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5.2. Lemma. The Fourier transform of e~ is itself.
Proof. Let f(z) = e~™". Then

,]/C\(/\) :/ 672771')\17#902 da

— 00

9]
a2 2 o oy 2
—e TA / 677)\ 2miAr—rx dx

—00

_ e—ﬂ')\2/ e—ﬂ(m—ikf dur
=™ / e da
_ 6777)\2 ) D
Let now x(z) = |z|°, ® = ®,. Then
(@,e77) = (@7

Il
w
~
[V}
!
P
V)
&
®
Nt

Since Y = |z|'7:
5.3. Proposition. We have R
(I)S,O = ")/5(1)17570

where
_ Gr(s)
Vo= o
<]R(1 — S)
This formula isn’t quite right for values of s where ®; or ®;_5 ¢ have poles. The simplest way
to formulate things is to observe that @, ¢/((s) is entire, and that this formula says that the Fourier
transform of @ o/Cr(s) is P1_5.0/Cr(1 — s).

We can reason similarly for |z|*sgn(x) with xze™

5.4. Proposition. The Fourier transform of ze~ ™ js —jde ™,

00

_ 2 ; _ 2
/ e~ T o QﬂzAzdx:e TA
—00

with respect to \. 0

Proof. Differentiate the equation

Therefore ) )
— T —Tx
(P51, z€ ) = (Pg 1, —ize )

/ |z|* " tsgn(x) -

= —ZCR (1+9)
<<I>1_S71,:ve_”2) =G(1+(1-59)
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and hence:
5.5. Proposition. We have N
(I)s,l = A5(1)175.,1

where

: LR(S) —(s+1)/2 s+1
c= i) Lp(s) = o GH02p (210
A ZLR(l—s) r(s) =7 5

I conclude with a useful calculation, then I examine some special cases.
5.6. Proposition. Suppose ® to be a tempered distribution on R. Then

(a) the Fourier transform of ®’ is ZIi)\@;
(b) the Fourier transform of x® is &' /(—2mi).

Proof. First assume ® to be in S(R). The first assertion follows from integration by parts, the second by
differentiating

/ B(z)e 2 dy = D(N)

with respect to A. Proving the assertion for distributions follows from this simpler case. 0

The distributions defined by integrals

/R 2" f () dz, /R a"sgn(z) f(z) dz

are of particular importance.
5.7. Proposition. Forn > 0

(a) the Fourier transform of x" is 56") /(=2m)";

(b) the transform of x"sgn(x) is
2n!

As for the first, calculation shows that the transform of 1 is dg. But then by the previous lemma the
transform of 2™ is 65" /(—2mi)".
For the second, we can write 2" sgn(z) as |z|""tsgn"!(z)/|z], so its transform will be an eigendistri-

bution for |z|~"sgn" ™! = z"sgn(z), which means that it is a multiple of Pf(1/2""!). To compute the
constant, let’s look at n = 0, where we want the Fourier transform of sgn(x) itself. Here

(8em, we ™) = — = 2
Sei e or 2w
(Pf(1/z),ze™™ ) = 1
so that the transform of sgn is (2/274)Pf(1/x). Then
— 1 2 (n) 2n! n

since Pf(1/2") = —n Pf(1/2"T1).
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6. The Beta function

The Gamma function appears in a wide variety of integration formulas. One of the most useful is:

6.1. Proposition. We have

/°° t° dt_lr(—z—)r(ﬁ—a—?—l)
o ( 2

Proof. Start with

T(s) = 2/ e 22 gy .
0

Moving to two dimensions and switching to polar coordinates:
T(u)l(v) = 4// e 1 gumly2v—1 go gy
5>0,t>0

=4 // e 2t =1 o 2u=1 g in2v=1 g g 49
r>0,0<6<m/2

w/2
= 4/ e~ p2ut)=1 g, / cos? () sin®"~1(0) do
r>0 0

=T (u+ v)B(u,v)

_ T(u)l'(v)
Blwv) = o)

where /2
B(u,v) = 2/ cos®~1() sin®""1(0) db .
0
If we change variables to ¢t = tan(f) we get

0 = arctan(t)
do = dt/(1+t%)
cos(0) = 1/\/1—!——t2
sin(0) = t/v/1+ 2

leading to

and in particular
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7. The limit product formula

The exponential function e ! can be approximated by finite products.

t n
e~ t= lim (1 — —) .
n—0o0 n

This can be seen most easily by taking logarithms since for 0 <t <n

log <1 - i) = nlog <1 - i)
n n

Lemma. For any real t we have

2 3

= —t _—_—— — —
2n  3n?

=—t-T

where ) .
t t
T = — + ..

2n  3n? +

which converges to 0 as n — 0.

Another way of putting this is to define

(1—t/n)" 0<t<n
‘Pn(t)—{
0 t>n

and then define for each n an approximation I',, (s) to I'(s):
To(s) = / Lo (1) dt
0
= / ! (1 — 3) dt
0 n
On the one hand, this can be explicitly calculated through repeated integration by parts:

L t\" 1 n—-1 n-2 1 " sn—1 nln®
t 1—— dt = — t dt =
0 n sn(s+)n(s+2)  n(s+n-—1)J s(s+1)...(s+n)

On the other, since for all fixed ¢ the limit of ¢,,(t) as n — oo is equal to e~ ¢, and both ,,(t) and e~ " are
small at oo, this is at least plausible:

Proposition. For any s with RE(s) > 1 the limit of T',,(s) asn — oo is equal to I'(s). In other words, for
any s inC
n!n®
I'(s) = li .
(5) oo s(s+1)...(s+n)

The Euler constant v is defined to be the limit

li 1—|—1+1+ ! 1
= — — e, —— — 10 .
7= 23 n—1 en
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The limit product formula implies immediately a limit formula for 1/T'(s):
1 i (1+s) (1+$) 14 s s
—— = lim |s - —)... n
I(s) n—oo 1 2 n—1

—s(1H 3434+ ) sy

but

-5 _ efslogn —e

where 7, — 7. Therefore:

Proposition. The inverse Gamma function has the product expansion
Lo [ (14 2) e
I'(s) ; n

where vy is Euler’s constant.

The limit product formula also implies Legendre’s duplication formula:

f(g)ro=rr(Gr ()

Explicitly
5 ontln|ns/2
(5>_n s(s+2)...(s+2n)
s+1 ont1pl ps+1/2
= lim
( ) n—oo (s+1)...(s+2n+1)
so
s s s+1
rr(3)r(5) /re
— i 28 2ntinlns/2 2ntinlpls+1)/2 s(s+1)(s+2)...(s+2n)
Cnooo 8(s+2)...(s+2n) (s+1)(s+3)...(s+2n+1) (2n)! (2n)®

(n|)2 22n+2 n1/2

fmd 1.
oo (2n)1 (5 + 2n + 1)
! 222n+1

= lim (n!)

n—oo (2n)!v/n

but this last does not depend on s, and is finite since the limit on the left hand side exists, so we may set
s = 1/2 to see that it is equal to 2¢/7.
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8. The reflection formula

The formula for the Beta function gives us

L(s)I'(1—s) = /0 w1 —u) " du

OOUS—I
:/O 1+vdv (u=v/l1+v,v=(u/l —u),du/(1—u)=(14v)dv)

We can calculate this last integral by means of a contour integral in C. Let C be the path determined by
these four segments: (1) along the positive real axis, or just above it, from € to R; (2) around the circle
of radius R, counter-clockwise, to the point just below R; (3) along and just below the real axis to ¢; (4)
around the circle of radius ¢, clockwise, to just above e. We want to calculate the limit of the integral

s—1
/Z dz
Cl+Z

On the one hand the integrals over the different components converge to

00 Zs—l . 0 Zs—l . 00 Zs—l
/ dz+0— 627”8/ dz+0=(1— 627”8)/ dz

ase¢ — 0and R — oo.

But on the other there is exactly one pole inside the curves C, so the integral is also equal to —2mie™*.

Therefore .
z571 —2mie™? T

I'(s)['(1 —s) = dz = — =
()01 = 3) /0 11277 1_e2s  sinnms

Incidentally, combined with the product formula for I'(s) this gives the product formula for sin 7s

sinws=7rsH 1——2
n

1

9. The Euler-Maclaurin formula

Define a sequence of polynomials

recursively determined by

i1 () = nBy(z), /0 Bp(z)dr =0.

These are the Bernoulli polynomials. They determine in turn functions v,, by extension to all of R of
period 1.

The following is a simple version of the much more interesting Euler-Maclaurin sum formula:
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Proposition. Suppose f to be a function on the interval [k, {] which has continuous second derivatives.
Then

4
P+ £+ 1)+ f(E=1) = [ f@)da = (700 = F0) + (/0 = £/09) + o

1 ¢ "
-3 | F'@n) s

The proof is very simple, a repetition of integration by parts. Suppose m to be an integer with f defined
and continuously differentiable on [m, m + 1]. Then since ¥y = 1 and ¥} = g

[ @i = [ e a

m m

where

m—+1
— @) @)~ / F (@) (z) de

m
m+1

1 /
= 5 (f(m) + f(m+1) —/ f(@)r(z) dw

m

since ¥} () = 1, and of course we look at the limit of ¢ from above at m, the limit from below at m + 1.

Then we sum this equation over all the unit sub-intervals of [k, £], using the periodicity of .

¢
[ #@)de = D0+ 4D+t 0= 1)+ (172 / f @)
k
We can rewrite this and apply integration by parts successively:

fR)+fE+1)+.. .+ f(=1)

¥/
/ Fla)de — 5 (7(0) ~ F(8) + /k £ (@) () do

:/k Fla)de = 3 (F(0) = 1)) + 5 (0a(0)5'(0) — ol __/ o

= ' d 1 l k L "¢ "(k " d
= [ Ha)de =550 = 10) + 15 (710~ £ >)—5/k £ (w)n() da

The calculations can be continued to obtain an infinite asymptotic expansion involving the polynomials
and their constant terms, the Bernoulli numbers.
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10. Stirling’s formula

We know that the Gamma function can be evaluated as a limit product

B (n—1)!(n—1)°
F(S)—nh_,néos(5+1)...(s+n—1)

- (222

. (n—1)!n®
= lim
n—soo s(s+1)...(s+n—1)

We have proven this for s in the domain of convergence of the integral defining I'(s), but in fact the limit
exists and defines an analytic function for all s except s = —n with n a non-negative integer, so that by
the principle of analytic continuation it must be valid wherever I'(s) is defined. As a consequence

logT'(s) = 1Lm Sp—1(1) = Sn(s) + slogn

where
Sn(s) =logs+log(s+1)+...+1log(s+n—1)

We can evaluate S, (s) by the Euler-Maclaurin formula

JO)+f(1)+...4+ f(n—1)

= [ f@dz = 5(0) = 1O) + F (0 - £ 0) - 5 [ 1D @a(a) do
with 1 1
f(iC):lOg(S—i-I), f/(‘r):S_F—xv f(2)(x):_(s—|—x)2

log s+log(s+ 1)+ ... +log(s+n—1)

= [tosts+ 0yao - osts ) ~togsl 35 | 5 - 5|4y [ A

1 17 1 17 1 (™ a(2)
s+n —_—
= — - 5 TS 2 d
[zlogz —];7" — 5 [log(s +n) —logs] + 1 [s+n J+2/0 (s+ ) !
=(s+n—1/2)log(s +n) — (s —1/2)1 + o . +l/
=(s+n og(s +n s BTN T s 0 s 2 S+$

and setting s = 1, n — 1 for n:
logl+log2+...+logn

= (n—1/2)logn — (n— 1) + = [“1} /

12
Va(z
(n—1/2)1ogn—n—|—— m / d:c
1 ()
:(n—1/2)1ogn—n—|—C+——— dx

12n 2/, a:2

L (% Pa(x)
5/1 x? d

where we define the constant
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Taking limits, therefore

1 L1 [ ¢x)
= — = — _ = _— d
logT'(s) <s 2> logs —s+C+ 2 9 /0 PEE x

This is valid for all s not on the negative real axis, and gives immediately the generalization of Stirling’s

formula
c

ev [8\*
o)~ = (2)
as s goes to infinity in any region
—r+d<arg(s) <m—9§

since the remainder will have a uniform estimate in this region. The constant C' can be evaluated by
letting ¢ — 00 in the reflection formula. On the one hand
T

271
itle=Tt — emt]

~ 2mt e

F(it)l—‘(—it)m\e/_; (g)”% <_Tl't>—it

e2C . L
T(l)t(—l) ‘
e2C ) _
— = @) (i) /2 (—it)(—mi) /2
t

620

=—ce
t

while on the other

—nt

I recall that
7Y — eyloge

where log is given its principal value. This gives
C =log V2w

and finally the explicit version

Proposition. (Stirling’s asymptotic formula) As s goes to oo in the region

—r+d<arg(s) <m—9§

oy 2)

we have the asymptotic estimate
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