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Integer square roots

In this note I'll explain how to calculate |v/N | for N a positive integer. The final algorithm can be found
easily in many places, but justification is more difficult to locate..
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1. Newton's method [intsqrt.tex]
I start by recalling Newton’s method for finding square roots of real numbers. Define
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Start with any initial value xg > 0, then calculate successively

22~ N  x,+ N/z,
Tn+l = Tp — 2:6” - 2 - f(xn) .

[newton] 1.1. Proposition. Supposen > 0,y = f(z). Then
(a) ifz > /N then VN < y < z;
(b) ifz?> = N theny = x;
(c) ifz < /N theny > /N > z.
Proof. The derivative of f is (z+ N/x)/2, whichis (1/2)(1 — N/z?). This is negative if z < v/N and positive
ifx > \/N, so that x = v/N is a minimum. 1]

Itis instructive to look at some graphs. On the left you can see the basic data. On the right you see a trajectory
of the iteration x,,+1 = ¢(x,), starting with zy < vV N.
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Replace z by y = f(z) successively. If we start any value of x other then v/N, the next will be larger than
VN , and that will remain true from then on. Now
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So that at each stage the error 2 — N is cut down by a factor of at least 1/4. But also
2 2 2 2
2 (zZ = N)* _ (#"=N)
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so that from some point on the convergence of 22 to IV is quadratic.

Furthermore

22— N 22— N
z— VN = <
r+VvVN ~ 2N

so that the same is true of the convergence of x.
2. The integer version [intsqrt.tex]

Let

ol

[fn-sart] 2.1. Proposition. Supposen > /N. Then
(a) F(n) <n;
(b) F(n) < F(n+1);
(c) ifn = |V/N|+1then F(n) = |V/N]|.
Hence if we start with n = N, we get a decreasing sequence until n> < N. Suppose n, to have been the
previous value of n, which was larger than /N. Therefore n, > |v/N| +1,and hence F'(n,) > F(|N|+1).
Thus n is now [N |. If N + 1 is a perfect square (n + 1)?, then from that point on F’ will cycle between n
and n + 1. Otherwise F(n) = n.

Proof. I recall first some simple properties of the function |x].
() Ifx <ythen 2] < |y];
@) |z —1] = |z| -1
Together, these imply that
(i) ify <z <y+1then|z] —1<y < |z

Proof of (a). Since | N/n| < N/n,

n+ |N/n| <n+ N/n, {%J < {ﬂJ .

But since N/n < n,
n+ N/n n+ N/n
R s B
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Combining:

VH;V/MJ . VZN/nJ .

Proof of (b). Start with

E— N = N <N<1
n n+l nn+1) n? ’
or
N N
— +1.
n+1 n n+1

This implies by (iii) that
(n+1)+ |[N/(n+1)| > n+ |N/n|

and finally

V+1+L12V/(n+1)JJ - VHQN/MJ _

Proof of (c). If n = |v/N |, then
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e
n—
+1
SO
n—1<——<n+1
But then N
ngF(n—i—l)—n—i-l—l—{ J<n—|—1
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which implies that F'(n 4+ 1) = n.
Here is the final algorithm (where // signifies integer division):
def intsqrt(N):

n=N

m=(1+0N)/2
while n > m:

p=m+N//m
n=m
m=p//2

# nown <=m
return n



