Last revised 2:32 p.m. July 4, 2026

Essays on the arithmetic of quadratic fields

Bill Casselman
University of British Columbia
cass@math.ubc.ca

Integer square roots

In this note I'll explain how to calculate L\/N | for a positive integer N, using only integer
arithmetic. The final algorithm can be found easily in many places, but rigourous justification
is more difficult to locate.

Contents
1. Newton'smethod . .........c i e 1
2. The integer Version. ..............oiiiiiiii i 3
3. Quadraticirrationals .......... ... e 5
4. REfOIONCES . . oottt 5

1. Newton’s method

I start by recalling Newton’s method for finding square roots of real numbers. Fix a positive
real number V.

Define for x > 0

Here is its graph I'y:

z=vVN

Since cI'y = I' 2y, scale indications are not necessary. I am interested in the dynamics of the
map z — f(x). Here is a typical trajectory, starting at a point close to 0.
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The follwoing are evident from the graph, and are easy to verify.
1.1. Lemma. There is a unique minimum of f atx = VN, which is fixed by f. If x # V'N then
f(z) > V/N. For x < /N, the derivative f'(x) is negative, while for = > /N it is positive,
with limit 1/2 as x — 0.
1.2. Lemma. If z > /N then f(z) < x. If0 < 2 < y < VN then VN < f(y) < f(x). If
VN <y <z thenVN < f(y) < f(z).
1.3. Lemma. Ify = f(x) then
2 2
2 (z* — N)

_N=2 ")
Y 42
1.4. Theorem. Suppose x to be any positive real. Define the sequence x,, forn > 0 inductively
by

LTn+1 = f(xn) .
This sequence converges to v/N.

Proof of the theorem. If we start any value of = other than v/N, the next will be larger than
VN , and that will remain true from then on. Now

2 2
2 (z° — N)
_ N =

4 42

y? — N 1 N
= — 1 _

2 — N 4 x?

1
< -.
4
So that at each stage the error 22 — N is cut down by a factor of at least 1/4. But also
2 2 2 2
2 (z° = N)* _ (2" = N)
—-N< <
YOO R S TaN

so that the convergence of 22 to N is quadratic. Furthermore
2 2

— N — N
. hN:x Sm
r+ VN 2V N

so that the same is true of the convergence of x. 0
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2. The integer version

I recall that |z ] is the largest integer not exceeding x, characterized by the fact that it is an
integer satisfying the inequalities
r—1<|z]<=x.

I wish now to explain an algorithm that finds L\/N | using only integer arithmetic.
2.1. Lemma. Suppose n to be an integer, v and y in R. Then

(@) [z +n]=lz]+n

(b) x < yimplies that |z| < |y];

(c) n < |z] ifand only if n < z;

(d) n > |z| ifand only if n > x;

(e) if b, c are positive integers then | |z /b]/c|] = |x/bc].
Proof. Only the last is probably unfamiliar. For this, if x = bcq 4 r with g, b, ¢ integral abd
0 < r < bethen

[z /be] = q+ [r/bc]
x/b=gqc+r/b (r/b<c)
[2/b] = qe+]r/b)
LLz/bl/e] = q+ [Ir/b]/c]

so it suffices to verify it when z < bc and |x/bc| = 0. Suppose © = ¢b + r with 0 < r < b.
Then ¢ < cand |z/b] = qgand ||z/b]/c| = 0. 0

Let
F(m) = {MJ .

We are going to investigate the dynamics of the map m — F'(m), which is a discrete version of
the map used in Newton’s method.

2.2. Lemma. Supposen > 0. Thenn = L\/NJ ifand only ifn> < N < n? + 2n.
Proof. Because n? < N < (n + 1)2. 0

2.3. Proposition. Suppose | VN| = n.

(a) F(m) > n forall m;

(b) ifn < m then F(m) < m;

(c) ifn < a < b then F(a) < F(b);

(d) if0 < b < a < nthen F(a) < F(b);

(e) if N = n? + 2n then F’ swaps n and n + 1, and otherwise n is the only integer such that
F(n) =n.

Proof. (a).
n? <N
= (n+k)(n—k)+k?
N/(n+k)=(n—k)+k*/(n+k)
(n+k)+|N/(n+k)| =2n+ [E*/(n+ k)]
Fn+k)=n+|k*/2(n+k)]
>n.
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(b). Suppose m > 0. I offer a chain of equivalent statements, which follow from the Lemmas.

F(m)<m
m+ | N/m|
{72 J<m
m+ | N/m|
f<m
m—+ |[N/m| <2m
IN/m| <m

N/m <m

N <m?

\/N<m
L\/NJ<m

(c). It suffices to take b = a + 1. Start with

But then

(d). Again apply

N_ N __N __N_|
a a+1 ala+1) a2 '

N N
— < —+41
a a+1
N N
—| < +1
L a La 4+ 14
N N
{— +a< + (1 +a)
a La + 1
N N
=] +n< +(1+a)
n J La + 1

F(a) < F(a+1).

Fin—k)=n+[(k*+£0)/2(n—k)|

=n+n?|(k/n)*+£)/2(1 - k/n)|

Keep in mind that in the renge [0, 1) the function (22 + ¢)/(1 — ) is monotonic.
(). WEhave N =n? + {with0 < ¢ < 2n. 0

Hence if we start with m = N and apply F' successively, we get a strictly decreasing sequence
until m? < N. When that happens, m = L\/N J

Here is the final algorithm (where // signifies integer division):

def intsqrt(N):

n=N

while n~{2} > N:
p =
n =

# now n"{2} \le N
return n

n + \1floor N/n \rfloor
\1floor n/2 \rfloor
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3. Quadratic irrationals

There is an agreeable application of the algorithm to find L\/N J .

3.1. Lemma. If
)\_\/E—i-u
N v
then
L\/EJ+UJ ifv>0
v
[A] = '\/_
D 1
L J: +UJ ifv<0

The second follows from the first and the basic equation
=A==\ -1 (A¢Z,A>0).

The first is not hard to prove, and it is also Exercise 35 in §1.2.4 of [Knuth:1968]. In the solution,
Knuth points out that this is a special case of a useful result he attributes to Robert McEliece:

3.2. Lemma. Suppose f to be a continuous and strictly monotonic function on the interval
I C R. The following are equivalent:

(a) Lf(2)] = Lf(lz))] forall z in I;
(b) [f(@)] = [([2])] forall z in I;

(c) f(z) is an integer implies that x is an integer.

Proof. (a) implies (c): If f(z) is an integer then | f(z) ]| = f(z), which by assumption is f(|z]).
But since f is monotonic, | x| = x. Similarly (b) implies (c).

Suppose (c) to hold. If | f([z])] < [ f(z)], the by continuity there exists |z] < y < z such that
f(y) is an integer. Then y must be an integer, a contradiction. 0

4. References

1. Donald E. Knuth, Fundamental algorithms (Volume 1 in the series The art of computer
programming), Addison-Wesley, 1968/1973.

2. ——, Seminumerical algorithms (Volume 2 in the series The art of computer programming),
Addison-Wesley, 1969 /1981 /1998.



