
PRESENTATIONS: ALGEBRAIC GEOMETRY II

(1) Discuss the concept of Grothendieck topologies and how they allow you to gen-
eralize the definition of sheaves.

(2) Consider the inclusion

ι : {sheaves} → {presheaves}.
Explain that ι has a left adjoint ιL which is the sheafification functor from class.
Explain how ιL can be thought of as localization. Explain why to define a sheaf
it suffices to define it on a basis of open subsets.

Further related questions: what about the right adjoint ιR? In that case there
is a natural map F+ = ιιR(F) → F . What happens if you try to develop
sheafification in this way?

(3) Recall the construction (from class) of maps f : X → Pn as given by a line
bundle and a n+ 1 sections which generate it. Such a map induces two functors
f∗ and f ∗ between the categories of coherent sheaves on each side.

Recently, in Section 4 of [GNR], a novel generalization of this construction is
described. The variety X is replaced by a monoidal category C (corresponding
to the category Coh(X)) and the map f by two functors ι∗ and ι∗ to Coh(Pn).

Explain and discuss their construction.
(4) Discuss the idea of Weil, Cartier divisors and linear equivalence. How are they

related to line bundles? Illustrate the difference with an example of a Weil
divisor which is not Cartier. What is the space of all Cartier divisors (can you
describe it in terms of cohomology)?

(5) Show that all line bundles on Pn are of the form OPn(`) for some ` ∈ Z. This
requires thinking about the vanishing loci of sections and is therefore related to
the topic above. Alternatively, use that line bundles are indexed by H1(X,O∗

X)
and compute this (at least over C) by using the exponential short exact sequence

0→ Z→ OX
exp(2πi·)−−−−−→ O∗

X → 0.

(6) Explain how working with complexes is really the same as working with graded
modules over the algebra C[x]/x2. What are some of the key features of this
algebra (e.g. Hopf structure). Explain how replacing this algebra with C[x]/xk

leads us to the study of “Hopfological algebra” (recently explored by Khovanov
et al with applications to categorification in mind).

(7) Discuss the functor f ! which is right adjoint to f∗. In general, this functor
does not exist as a functor between abelian categories but only as a functor
between derived categories (in particular, it is not the derived version of some
functor). Illustrate what it has to be in some simple examples. If X is proper and
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f : X → pt what is f !(Opt)? Explain how Serre duality is an easy consequence
of the existence of f !.

(8) Explain the idea of derived categories. What are quasi-isomorphisms and how do
we localize. What is a triangulated category (focus on cones and distinguished
triangles). Why do we want to go beyond the homotopy category to the derived
category – one reason is that we want the exact sequence

0→ C[x]
·x−→ C[x]→ C0 → 0

of C[x]-modules to be a distinguished triangle (explain). Explain how derived
functors are necessary when working with derived categories (or how we are lead
to derived functors if we decide we want to work with derived categories).

Discuss how the cone construction is an algebraic version of the geometric
cone construction from topology. How does this give the homotopy category of
spaces the structure of a triangulated category?

(9) What are ample line bundles? Discuss the relationship to very ample line bundles
(e.g. Hartshorne Theorem II.7.6).

(10) Discuss the tor functor as the left derived functor associated to tensor product.
Illustrate with some example computations. Explain how the projection formula
can hold more generally (not just for locally free sheaves) if we take into account
tors.

(11) Sketch the relationship between the space of a line bundles and cohomology.
More precisely, explain why

{ line bundles on X}/ iso ∼= Ȟ1(X,O∗
X).

(12) Discuss some basic deformation theory. This could be deformation theory of
varieties or deformation theory of sheaves on a fixed variety. Discuss interpre-
tation of tangent spaces (or obstruction spaces) as cohomology spaces. Explain
why the moduli space of sheaves on a (holomorphic) symplectic surface (e.g. K3
surface) is also (holomorphic) symplectic.

(13) Sketch the argument for being able to glue together sheaves from open subsets
(known as Zariski descent). Discuss the Beauville-Laszlo theorem for glueing
together a sheaf on an open together with a sheaf on the infinitesimal neigh-
bourhood of its complement.

(14) Explain group cohomology in terms of derived functors. Compute some simple,
illuminating examples. Relationship to classifying spaces?

(15) Discuss the concept/application of Grothendieck categories. The categories of
OX-modules and quasi-coherent sheaves are examples. Does this realization help
understand these categories? For example, does it make it easier to understand
why there are enough injectives?
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