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Final Examination — December 6, 2014
Duration: 2.5 hours
This test has 8 questions on 17 pages, for a total of 80 points.

• Read all the questions carefully before starting to work.
• Give complete arguments and explanations for all your calculations; answers without justifications will not be marked.
• Continue on the back of the previous page if you run out of space.
• This is a closed-book examination. No aids of any kind are allowed, including: documents, cheat sheets, electronic devices of any kind (including calculators, phones, etc.)
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Student Conduct during Examinations
1. Each examination candidate must be prepared to produce, upon the
request of the invigilator or examiner, his or her UBCcard for identification.
2. Examination candidates are not permitted to ask questions of the
examiners or invigilators, except in cases of supposed errors or ambiguities in examination questions, illegible or missing material, or the
like.
3. No examination candidate shall be permitted to enter the examination
room after the expiration of one-half hour from the scheduled starting
time, or to leave during the first half hour of the examination. Should
the examination run forty-five (45) minutes or less, no examination
candidate shall be permitted to enter the examination room once the
examination has begun.
4. Examination candidates must conduct themselves honestly and in accordance with established rules for a given examination, which will
be articulated by the examiner or invigilator prior to the examination
commencing. Should dishonest behaviour be observed by the examiner(s) or invigilator(s), pleas of accident or forgetfulness shall not be
received.
5. Examination candidates suspected of any of the following, or any other
similar practices, may be immediately dismissed from the examination
by the examiner/invigilator, and may be subject to disciplinary action:
(i) speaking or communicating with other examination candidates,
unless otherwise authorized;

(ii) purposely exposing written papers to the view of other examination candidates or imaging devices;
(iii) purposely viewing the written papers of other examination candidates;
(iv) using or having visible at the place of writing any books, papers
or other memory aid devices other than those authorized by the
examiner(s); and,
(v) using or operating electronic devices including but not limited to telephones, calculators, computers, or similar devices
other than those authorized by the examiner(s)(electronic devices other than those authorized by the examiner(s) must be
completely powered down if present at the place of writing).

6. Examination candidates must not destroy or damage any examination
material, must hand in all examination papers, and must not take any
examination material from the examination room without permission
of the examiner or invigilator.

7. Notwithstanding the above, for any mode of examination that does
not fall into the traditional, paper-based method, examination candidates shall adhere to any special rules for conduct as established and
articulated by the examiner.

8. Examination candidates must follow any additional examination rules
or directions communicated by the examiner(s) or invigilator(s).
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1. (a) Find the equation of the tangent plane to the surface x2 + y 2 + z 2 = 9 at the point
(2, 2, 1) on that surface.
Answer:

2 marks

(b) Find the equation of the tangent plane to the surface x2 + y 2 − 8z 2 = 0 at the point
(2, 2, 1) on that surface.
Answer:
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(c) The planes of parts (a) and (b) intersect in a line which passes through the point
(2, 2, 1). Write an equation for that line of intersection, in parametric form.
Answer:

2 marks

(d) Find the points on the line of part (c) which are distance 1 from (2, 2, 1).
Answer:
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2. (a) If two resistors with resistances R1 , R2 are connected in parallel, then the total resistance
R is given by
1
1
1
=
+
.
R
R1 R2
The resistances are measured in ohms as R1 = 30Ω, R2 = 40Ω, with a possible error of
0.5% in each case. Use differentials to estimate the maximum error in the calculated
value of R.
Answer:
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(b) The length x of a side of a triangle is increasing at a rate of 3 cm/s, the length y of
another side is decreasing at a rate of 2 cm/s, and the included angle θ is increasing at
a rate of 0.05 radian/s. How fast is the area of the triangle changing when x = 40 cm,
y = 50 cm, θ = π/6? (Recall that the area of a triangle is one half base times height.)
Answer:
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3. Let F (x, y) = (x2 − 1)(x2 + y 2 ), for (x, y) ∈ R2 .
4 marks

(a) Find all critical points of F .
Answer:

3 marks

(b) Classify each critical point from part (a) as local maximum, local minimum, or saddle
point.
Answer:
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(c) Find the maximum and minimum of F on the circle {(x, y) | x2 + y 2 = 4}.
(Hint: do not use Lagrange multipliers).
Answer:

1 mark

(d) Find the absolute maximum and minimum of F on D = {(x, y) | x2 +y 2 ≤ 4}. Carefully
justify each step in your answer.
Answer:
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4. When a shark detects blood in the water, it will swim in the direction in which the concentration of blood increases most rapidly. Suppose that the concentration of blood (in parts
per million) at a point (x, y) on the surface of seawater is given approximately by
C(x, y) = e−(x

2 +2y 2 )/104

,

where x and y are measured in metres in a rectangular coordinate system with the blood
source at the origin. The concentration is assumed not to change during the time period
under consideration.
4 marks

(a) Identify the level curves of the concentration function and sketch at least four members
of this family of curves. Your sketch should be accurate and clearly labelled with details
carefully displayed. Accurately sketch the path that a shark would follow towards the
source if it starts at the point (100, 100), and explain why this is the shark’s path.
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(b) What is the slope of the tangent to the shark’s path as it passes through a point (x, y)?
Answer:

2 marks

(c) Suppose the shark starts at the point (100, 100). Its path after it has swum to the origin
dy
is given by y = f (x), for some function f . Determine this function f by first setting dx
equal to the slope found in part (b), and then solving this differential equation.
Answer:
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5. (a) Let D be the bounded planar region enclosed by the hyperbola x2 − y 2 = 1 and the line
y = −2x + 2. Give a careful sketch of the region D, with all relevant details labelled.

(b) Write the integral

RR
D

ydA as an iterated integral. Do not evaluate the integral.
Answer:
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ydA.
Answer:
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6. (a) The average
R R of a function f (x, y) on a planar region D is given by the formula fave =
1
f dA. Find the average distance between a point lying inside a circle of
Area(D)
D
radius 1 and the centre of the circle.
Answer:
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3 marks

(b) Consider the planar region D = {(x, y) | x ≥ 0, (x − 1)2 + y 2 ≥ 1, x2 + y 2 ≤ 4}. Sketch
the region D and describe it in polar coordinates.

2 marks

(c) Using any method, compute the area of D.
Answer:
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7. (a) Find the area of the portion of the cone z 2 = x2 + y 2 lying between the planes z = 2
and z = 3.
Answer:
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(b) Find the centre of mass of a triangular lamina with vertices (0, 0), (1, 0) and (0, 1) and
density ρ(x, y) = x + y.
Answer:
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8. (a) Let E be the upper half space z ≥ 0. Evaluate
2

Z Z Z
I=
E

2

2

e−(x +y +z )
p
dV.
x2 + y 2 + z 2
Answer:

5 marks

(b) Let E be the solid region inside the sphereR xR2 R+ y 2 + z 2 = 5 and above the paraboloid
z = 2(x2 + y 2 ). Evaluate the integral I =
zdV .
E
Answer:
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(c) Completely reverse the order of integration and evaluate I =
Answer:

R1R1R1
0

x

y

3

ez dzdydx.

