The University of British Columbia
Final Examination - December 17, 2012
Mathematics 253
All Sections

Closed book examination Time: 3.0 hours
Last Name ; 0(&*3\!*\.5 First Name Signature
Student Number Section #:

Special Instructions:

No books, notes, or calculators are allowed.

Rules governing examinations 1 10
e Each examination candidate must be prepared to produce, upon the request
of the invigilator or examiner, his or her UBCcard for identification.

o Candidates are not permitted to ask questions of the examiners or invigilators,
except in cases of supposed errors or ambiguities in examination questions,
illegible or missing material, or the like. ) 10

e No candidate shall be permitted to enter the examination room after the
expiration of one-half hour from the scheduled starting time, or to leave during
the first half hour of the examination. Should the examination run forty-five
(45) minutes or less, no candidate shall be permitted to enter the examination
room once the examination has begun. 3 10

o Candidates must conduct themselves honestly and in accordance with es-
tablished rules for a given examination, which will be articulated by the ex-
aminer or invigilator prior to the examination commencing. Should dishonest
behaviour be observed by the examiner(s) or invigilator(s), pleas of accident or
forgetfulness shall not be received. 4 10

e Candidates suspected of any of the following, or any other similar prac-
tices, may be immediately dismissed from the examination by the exam-
iner/invigilator, and may be subject to disciplinary action:

(a) speaking or communicating with other candidates, unless otherwise au-
thorized;

(b) purposely exposing written papers to the view of other candidates or
imaging devices;

(¢) purposely viewing the written papers of other candidates;

(d) using or having visible at the place of writing any books, papers or other
memory aid devices other than those authorized by the examiner(s); and, 6 12

(e) using or operating electronic devices including but not limited to tele-
phones, calculators, computers, or similar devices other than those authorized
by the examiner(s)—(electronic devices other than those authorized by the ex-
aminer(s) must be completely powered down if present at the place of writing).

e Candidates must not destroy or damage any examination material, must hand
in all examination papers, and must not take any examination material from
the examination room without permission of the examiner or invigilator.

e Notwithstanding the above, for any mode of examination that does not fall 8 2
into the traditional, paper-based method, examination candidates shall adhere
to any special rules for conduct as established and articulated by the examiner.

e Candidates must follow any additional examination rules or directions com-
municated by the examiner(s) or invigilator(s). Total 100

Page 1 of 12 pages



Dec. 17,2012 Math 253 Name:

Page 2 of 12 pages

Problem 1 [10 points]. Put your answer in the box provided and show your work. No credit will be given

for the answer without the correct accompanying work.

1. 8 points. Find the value of the constant k such that u(z,t) = e** cos(2x) is a solution of the heat

equation u; = ugy,.

= = q Ke wﬁ(
0 - Ke‘“’ws(u} Ue=Usx =7 ~He “wslex) - %
Uy = -2 " Sinler) = k=

‘L\L’ = -—L’ eLfCOS(Zi\)

2. 3 points. Let P be the plane tangent to the ellipsoid 2z2 + 3y? + 22 = 9 at the point (—1,1,2). Find

the point where P intersects the y-axis.

Hvy, = 2&”*'677’*%?’ af ~ (4x, 04,227
5:69("1’17’) = <—q)é)"’>
Plomes = 4(xx1) +6ly ) +9(2-2)*0

y ows - =Y om) + 6ly-1) + 4lo-2) =0
= 6ly-n=12 2 y=3

Answer:
= 3

3. 4 points. Suppose that e*¥* = z + y 4 2. Find ‘gi at the point (—1,2,0).

z(ew%) - 59}{()(4'91'-3’)

e ey owge g ltax At )

° 9%
O-Q/o t+ (""’Z,)e ﬁ ;( ré—; Answer: 9%
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Problem 2 {10 points]. Put your answer in the box provided and show your work. No credit will be given
for the answer without the correct accompanying work.
1. 5 points. Let « be the acute angle between the plane z = 4z + 2y and the plane tangent to the
surface z = 22 + y? at the point (1,2,5). Find cos(a).

Pormal veches - o= Urt2y -2 5N, =<4,2,- )
0= xrey - 2 = Huy ) = 2k, 2,01

N?ﬁ\#(l,z,;) = <2, 4 - ) N
- _ ,
Bow, <‘+Z'l7 (9,71 = 57— -

cosley = ——y —
R R

' J t‘ *L l J Answer: ﬁl

2|

2. 5 points. Find all points (z,y, z) where the hyperboloid 2%+ y% — 22 = 1 and the plane z +y ~z =1

meet at right angles.

-~
Nocwal  vactoes : W - {ix, Ly, -2z ) M, =<, /-1
L A
- NN, = )\+'2,5+1%

99 e 0 = ry T3
24y 22 L= wyn®
| = *—yl”%‘ -l = 2%
T
Kory -
e : Answer:
2-:«-%__ X'*g:-%_ (.l) L;b)(‘wl'b)
= T
& | = xz-r({—%)?"‘ (3
D o= AT o xtxT-g
\.'
5 ax"-% -l =0 e x=-i
_ A= T
S (v 1 N¥ - 1)F0 Ty ’
y="v 5>
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Problem 3 [10 points]. Put your answer in the box provided and show your work. No credit will be given
for the answer without the correct accompanying work

1. 5 points. Let f(z, y) = z* + zy — 5y®. Consider the directional derivative of f at the point (a,a3)
in the direction (2,2

> For what values of a is this directional derivative equal to zero?
3
- + g
T = {4%°+y,

x—0%>

, Sa’ = %a
o= (B o) = (fea?, o002 2,3
&3y

S
= %(gc}) + %_[a'/(?a,’) &

5
< az L=
3y ks
= 257 + ?q—-gﬁ.
O - ’gﬁ%* %_.a Answer: 5 __-3_-
a=0,%,> %

2. 5 points. Use linear approximation to estimate the distance from the origin to the point (6.02,7.99)
Express your answer as a single number in decimal form

4;6*1‘7&) - "X‘L* 77" £, = _..——-x:eb

xz*_h T

[6,8)= “,%" 755(19,8%

fo)y v 0+

£le,8) =10

£ (x-b) + 2y-8)

= o+ I%[o.oz)v _9,<_. 0.0!) Anser

0 10.00‘7

\

0+ 0,012 = 0.008

"

10 . 004



Dec. 17,2012 Math 253 Name: Page 5 of 12 pages

=

Problem 4 [10 points]. A contour plot of a function f(z,y) is shown above. Answer the following question$
concerning the points A, B, and C marked on the plot. For each question CIRCLE THE CORRECT
ANSWER:

1. Point A.

a) Point A is a (i) local minimum, (ii) local maximum, (iii) saddle point,\(iv) not a critical point.

(a)
(b) At point A, f; is ( ) positive, (ii) negative,
{c) At point A, f, 1s ii) negative, (iii) zero

) —

(d) At point A, f,, i (ii) negative, (iii) zero
2. Point B.

(a) Point B is a ) local maximum, (iii} saddle point, (iv) not a crltlcal point.

(b) At point B, f; is (1 p0s1t1ve ii) negatlve-
(c) At point B, fiz 1s i} negative, (iii) zero

3. Point C.
(a) Point C is a (i) local minimum, (ii) local maximum\(iii) saddle poing} (iv) not a critical point.
(b} At point C, f,, is (i
(¢) At point C, fyy i¢

positive, (ii) negative, piii) zero

(1) positive,™d}) negative, (iii) zero
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Problem 5 [12 points]. Let D be the region which lies inside the circle (z — 1)2 + 2 = 1 and outside the
circle z2 + y% = 1.

1. 5 points. Sketch the circles and shade the region D. Find the coordinates of the points of intersection.
i csechion

1os8)

(XY 1-x"= | \J

N / |
yE-2% 1 ~-%‘=zp : (%, ////
“Wt\ =0 T :

,{// ‘ re= 2r@se
x= 3 (i,i‘?{) //

7> (4°5)
b;i%'\%

1
X 'Z)H’[*ﬁ
;
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I
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2. 7 points. Evaluate the double integral
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Problem 6 [12 points].
Consider the iterated integral

8 2
/ / cos(z?) dz dy
0 J ¥y

1. 5 points. Sketch the region of integration on the graph provided:

8

/

0 . =t

2. 7 points. Evaluate the integral.

%
- 3 ’ cos(n) Ay Ax

x=o Yy=0

= gl {3 10605(%‘*)0& = Szx%ﬂs("v)d)\
A=0 ° °

[

[ %\ﬂ'v\(Xq) - /‘\151‘“(,”

o

-
-~
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Problem 7 [15 points].
Consider the function f(z,y) = 222 + 3y — 4z — 5 on the domain z2 + y? < 16.

1. 4 points. Find and classify the critical points of f on the interior of its domain.

’?7\ ~ Yx-4=0 -Fj = 6(1 =0 = criy ot (l,o)
'(:‘LX - Lf {'\111"(& 'Pu, = 0
D - 'Fy\\gpxﬁ - f“;‘:— - 2\, >0 'Fx.; )0

R
l(';o) b a lom@

s

2. 8 points. Use Lagrange multipliers to identify the coordinates of all possible extrema of f on the
boundary of the domain.

Bowdiry & glug) = ey =)
@x—/}\g,\ Yx-Y = >‘?\7§
- =5 y=0 or A=
ryt= b

- ;
\E 0 “\‘”\ XI"'(G =) )(::L\'i S0 (‘-}'o) [*L{,O)\ avd{ PvQQ QLP
’ 3 - k

-4 = = )('>’2,
a3 e xYzlx D mHEE 7
32': . = Yy~ to ? 12@
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Problem 7 continued.
3. 3 points. Determine the absolute maximum and absolute minimum values of f on its domain.

abs. mm/vniv\ must  oeur  at e of Ve M"“‘h
() (40), (A0), (-2,253), o (2,725 )

(1!‘1\ Hxlq) )
(ho) 21L-4-¢ = -3+
(9,0) |32—16-8= 1]
[90) |32 1165 =13 L
[-2,20)| & +36+8-5= 17 may. vali ;j;
[-2-2h) 2676571 e ek = -
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Problem 8 [21 points]. Let E be the solid region inside of the sphere z2 4 y? + 22 = 4 where the

z-coordinate is positive and the y-coordinate is negative.

1. 3 points. Sketch the region E, you may use the given set of axes or draw your own. If you draw
your own, include labels and coordinate values. Sketch the projection of E onto the zy-plane, and its
projection onto the yz-plane using the graphs provided.

2= [y

N

-

/ o
"

2
Z

Projection of E onto the zy-plane.

Projection of E onto the yz-plane.

_,JL,_XL'
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Problem 8 continued:

2. Find the limits of integration for the triple integral [[f f(z,y,z)dV in the coordinates given below.
3 points each..

z= L y= 2= /jq 7‘ 7
flz,y,z)dzdydzx
= . Y= - \1 z=

— Ll X'v

-2 N z:A]q_-g;:;—

’ f(.’L‘,y,Z)diEdde
—\
= =L y= -,Jq,-.t'!. = 0

o= 2T r= & = ,J y-rt

f(rcos@,rsinf, z)rdzdrdd

6="3 = 0 - = = fy_ 2
=S Y-r
=T 0= Z.TI" =2

f(psin ¢ cos @, psin ¢ sin b, pcos @) p? sinpdpdf do
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Problem 8 continued:

3. 4 points. Compute the integral [[f, zdV.

T T R
S S Z g ()coses«'ncb st;,‘J, e do ”{‘Ié
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4. 2 points. Use the result of part 3 to determine the coordinates of the center of mass of the region
(assuming it has uniform density). You may use symmetry arguments, and use the fact that a sphere
of radius R has volume %X R3.

E o 3 56 o Sphre o Vol (€) "'1'] (%‘—(2-)3> = 83[
_ \ v dV
(i)‘?)%> - me’) ( Ség xdV ) ggg &4{ ) f£5‘2 )

- (2, om0
e / b/q Ks-w aJedL b sjmmzfm—
o nM_Q /] eC —> -
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