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Abstract

We study a diffusive Lotka-Volterra competition system with advection under Neumann
boundary conditions. Our system models a competition relationship that one species escape
from the region of high population density of their competitors in order to avoid competitions.
We establish the global existence of bounded classical solutions for the system in one-dimensional
domain. For multi-dimensional domains, globally bounded classical solutions are obtained for
a parabolic-elliptic system under proper assumptions on the system parameters. These global
existence results make it possible to study bounded steady states in order to model species
segregation phenomenon. We then investigate the stationary problem in one-dimensional do-
mains. Through bifurcation theory, we obtain the existence of nonconstant positive steady
states, which are small perturbations from the positive equilibrium; we also study the stability
of these bifurcating solutions when the diffusion coeflicient of the escaper is large and the dif-
fusion coeflicient of its competitor is small. In the limit of large advection rate, we show that
the reaction-advection-diffusion system converges to a shadow system involving the competitor
population density and an unknown positive constant. The existence and stability of positive
solutions to the shadow system have also been obtained through bifurcation theories. Finally,
we construct positive solutions with an interior transition layer to the shadow system when the
crowding rate of the escaper and the diffusion rate of its interspecific competitors are sufficiently
small. The transition-layer solutions can be used to model the species segregation phenomenon.

Keywords: global existence, Lotka-Volterra competition system, steady state,
bifurcation, stability, transition layer.

1 Introduction

Mathematical analysis of reaction-diffusion systems has become more and more important in
understanding the ecological behaviors of interacting species. To study the population dynamics
of two competing species over a homogeneous environment, we consider the following coupled
reaction-advection-diffusion system

us = V- (D1Vu + xup(v)Vo) + (a1 — byu — cyv)u, x € Q, t >0,
7o = DaAv + (a2 — bau — cav)v, re, t>0,

Ju — Ju —q, x €09, t>0, (1.1)
u(z,0) = up(z) >0, v(z,0) =wvo(x) >0, x € Q,
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where () denotes a bounded habitat in RV, N > 1; (u,v) = (u(x,t),v(z,t)) are the population
densities of two competing species at a point (x, t) in spacetime; D and D5 are positive constants
that represent the tendency of random walks of the species respectively; x > 0 and 7 > 0
are constants, and ¢(v) is a smooth function that reflects the variation of the advection flux
with respect to the population density v; the constants a;, b;,c;, © = 1,2 are nonnegative and
ecologically, a1 and as reflect the intrinsic growth rates of the species, b; and co measure the levels
of intraspecific crowding, while by and c¢; interpret the intensities of interspecific competition;
moreover, n is the unit outer normal to the boundary 9 and the non-flux boundary condition
means that the domain is an enclosed habitat. We assume that the initial data ug and vg are
not identically zero.

In this paper, we are concerned with the mathematical modeling of interspecific segrega-
tion by (1.1). For this purpose, we show that (1.1) allows global existence of bounded classical
solutions-see Theorem 2.5 and Theorem 2.7. We also study the existence and stability of non-
trivial steady states to (1.1)-see Theorem 3.1 and Theorem 3.2. Moreover, we show that these
nontrivial steady states can be approximated by a shadow system which has the transition layer
structures that can be used to mode the segregation phenomenon in interspecific competition-see
Theorem 4.2 and Theorem 5.4.

In the absence of advection term, i.e, for x = 0, (1.1) becomes

uy = D1Au+ (a1 — byu — c10)u, xz e, t>0,
vy = Do Av + (ag — bau — cov)v, xz e, t>0, (1.2)
Ju — v —, z€0Q, t>0, '

u(z,0) =up(z) >0, v(zr,0) =vo(xz) >0, =€

It is easy to see that (1.2) has four equilibria (0,0), (3*,0), (0, ¢2) and (4, v), where
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Moreover, (4, ?) is positive if and only if

C—1<ﬂ<b—1, orﬁ<ﬂ<c—1, (1.3)
2 az b by az 2
which are referred as the weak and strong competitions respectively. Ecologically, the positive
solutions interpret the coexistence of the competing species.
It is well known that the dynamics of (1.2) is dominated by that of the ODEs if one of the
diffusion rates is large, and for the weak competition case <

<< z—;, (1.2) is rather simple
and has been completely understood. We can summarize these results as follows.

Theorem 1.1 ([5], [19], [29]). Suppose that (1.3) holds. There exists a positive constant Dy =
Do(ai, b, c;), i = 1,2, such that (1.2) has no nonconstant positive steady state if max{ Dy, Dy} >
Dy; moreover, if i—; < Z—; < Z—;, the positive steady state (,v) of (1.2) is asymptotically stable
in the sense that, for any positive solution (u(zx,t),v(x,t)) of (1.2),

lim (u(z,t),v(z,t)) — (4,0),

t— o0
regardless of the initial data and the size of diffusion rates Dy, Ds.

However, the strong competition case g—; < Z—; < 2—; is much more complicated and various
interesting phenomena may occur. Kishimoto and Weinberger showed in [17] that, for Q being
any convex domain in R, N > 1, system (1.2) has no nonconstant stable steady states. On the
other hand, Matano and Mimura [27] established the existence of a stable nonconstant positive

steady state when {2 has a dumbbell shape with a narrow bar. Similar results on positive



nonconstant solutions can be found in [18], [25] and the references therein. We refer the reader
to [19] on more detailed discussions on (1.2) and [10], [30]for works of problems over a spatially
heterogeneous habitat.

It is not entirely reasonable to assume that individuals move around randomly, even in a
homogeneous environment. It ignores the population pressures from intraspecific crowding and
interspecific competition. Moreover, according to Theorem 1.1, diffusions alone are insufficient
to induce nontrivial patterns of (1.2) in almost all cases (at least when Q is convex), therefore
it lacks the legitimate mathematical modelings of species competitions. To study the directed
movements of individuals due to mutual interactions, Shigesada, Kawasaki and Teramoto [33]
proposed the following system in 1979 to model the segregation phenomenon of two competing
species

= A[(D1 4 pr11iu+ pr2v)u] + (a1 — byu — cyv)u, z €Q, t >0,
Al(D2 + pa1u + pagv)v] + (a2 — bou — cov)v, € Q, t >0,
Ju — Zv —, x €0, t>0,
u(z,0) = uo(z) >0, v(z,0) = wvo(x) >0, x € Q,

where p; ;, 1,7 = 1,2, are nonnegative constants and the rest notations are the same denoted in
(1.2). p11,paz are referred as the self-diffusions and p1a, pa1 the cross-diffusions. Ecologically,
P11, p22 represent the diffusion pressures due to the presence of fellow conspecifics and p12, p21
measure the diffusion pressures from the interspecific competitors.

Considerable work has been done on the qualitative analysis of the steady states regarding
(1.4). First of all, one can easily show that, in the absence of cross-diffusions, system (1.4) does
not exhibit diffusion-induced or self-diffusion-induced instability in the framework of Turing’s
analysis. To study the effect of cross-diffusion on the pattern formations of (1.4), assuming
P11 = p21 = paz = 0, Mimura and Kawasaki [26] made the first attempt in this direction for the
weak competition case £ < & < lz:—; when Q = (0, L). By applying Lyapunov-Schmidt method,
they obtained positive nontrivial solutions of (1.4) which are small perturbations from (4, 7).
Similar results were obtained by Matano and Mimura in [27] for the same system with D; = Do
through local bifurcation analysis. For p11 = pa1 = p2a = 0, Mimura, ete, [24, 28] applied
singular perturbation and bifurcation methods to show that (1.4) in 1D admits solutions with
internal transition layers if p1o is large and d; is sufficiently small in both the weak and strong
competition cases.

Great progress was made by Lou and Ni in [19, 20] on the qualitative analysis of steady
states of (1.4) over multi-dimensional domains. Their results can be briefly summarized as
follows. Both diffusion and self-diffusion have smoothing effect on the stationary problem of
(1.4) and only one of them is required large to suppress the formation of nonconstant steady
states if the corresponding cross-diffusion cooperates. However, cross-diffusion tends to support
nonconstant steady states. Moreover, they established the existence and limiting profiles of the
nonconstant steady states as pij2/D1 or pa1 /Do approaches to infinity. They also studied their
shadow systems that have boundary spikes. We refer the reader to [22], [30], [31], [35], [10], etc.
for results and recent developments on these problems.

We consider in this paper an alternative reaction-diffusion system with advection terms in
the following form

(1.4)

us = V- (D1Vu+ x®1(u,v) Vo) + f(u,v), x€Q, t>0,
vy =V - (DaVu + xPa(u, v)Vu) + g(u, ) x e t>0, (1.5)
u(z,0) = uo(z) 2 0, v(x,0) = vo(z) = z €1,

where x is a constant that measures the strength of interference sensitivity between the species
and ®; and ®,, or the so-called sensitivity potentials, are smooth functions that reflect the
variations of directed specific dispersals with respect to the levels of inter- and intra-species
distributions. If x > 0, this system models a competition relationship that each group of species
escape the region of high concentration of the interspecific competitors, and if x < 0, each group
of species invades the habitat of their competitors.



To justify our choices on the constant x and the sensitivity functions, we derive model (1.5)
from a macroscopic approach based on the conservation of species populations. For species u,
we have a transport equation in the following form

where J is the total population flux and f is the birth-death rate of the species. We assume
that the total flux is a superposition of the diffusion flux Jgigusion from random walks and the
competition flux Jeompetition due to the interspecific population pressure. The diffusion flux is
modelled by Fick’s law

Jdiffusion = —ngu;

on the other hand, if u escapes the habitat of v, we assume that the competition flux of u
is in the negative direction of Vv, in which the population density of the species v increases
most rapidly; moreover, we assume that the intensity of the competition flux depends on the
population densities of both species, therefore it has the following form

Jcompetition = _X(I)l(u, ’U)V’U,

for some x > 0; similarly we can have that x < 0 if u invades the habitat of v. Hence the
u-equation in (1.5) follows from (1.6) and we can also derive the v-equation of (1.5) by the
same reasonings. For the sake of simplicity and without loss of generality in our analysis, we
consider (1.5) with ®;(u,v) = u¢(v) and Po(u,v) = 0, then (1.1) follows and it models an
escaping-competition relationship as we have discussed above.

To compare (1.5) with the SKT model (1.4), we rewrite the second system as

ur = V- [(D1 + 2p11u + p120)Vu + p12uVol + (a1 — bju — cpv)u, x € Q, t >0,
v = V- [(Da + pa1u + 2p220)Vu + pa1vVu] + (ag — bou — cov)v, x € Q, t > 0,

g_zz%:o, x €, t>0,
u(z,0) = uo(z) >0, v(z,0) =vo(x) >0, x € Q.

Then it is easy to see that both diffusion rates in (1.4) increase with respect to the population
densities of the two species. Moreover, by our derivation of (1.5), the advection terms interpret
a dispersal strategy of avoiding population pressures from inter-species. Therefore, both the
diffusion and the advection in (1.4) can be an effective way for the species to escape intraspe-
cific crowding and interspecific competitions. However, one has to be cautious in applying (1.4)
to model an invading-competing relationship between u and v, which is modeled in (1.5) by
choosing x < 0. For example, if p;; < 0, ¢ # j, the diffusion rates in (1.4) become negative for u
and v being large and this makes (1.4) an unrealistic choice for the modeling of species compe-
titions. Therefore, some essential modifications of (1.4) is required for the sake of mathematical
analysis. We also want to point out that the global existence and blow-up of solutions to the
quasilinear models (1.4) and (1.5) are also important and challenging problems. Considerable
amount of works have been done on the global existence of (1.4)-see [7], [21] and the surveys in
[30] for relatively recent works in this direction. It is pointed out by Cosner in the survey paper
[4] (Sec. 3.4) that, u advects down Vv and vice-versa in (1.4), therefore the negative feedbacks
between u and v make finite time blow-ups of (1.4) less likely. However, it is unclear that if they
are is sufficient to suppress the blow-ups in (1.5) if xy > 0. Moreover, if x < 0, the advection in
(1.5) is of Keller-Segel type and the positive stimulations between u and v make the blow-ups
likely to occur during finite or infinite time period. It is also worth pointing out that systems
in the form of (1.5) can be used as predator-prey models.-see [1] and the references therein for
more details.

One of the most interesting phenomena in species competition is the segregation of inter-
species, namely, u and v dominate two separated patches over (2. Time-dependent systems may
describe the species segregation phenomenon in terms of blow-up solutions, i.e, the Ly, norm



of the solutions approaches to infinity over finite or infinite time period. Then the segregation
can be simulated by a J-function or a linear combination of J-functions that measure the species
population densities. Such attempts have been made on Keller-Segel chemotaxis systems that
model the directed cellular movements along the gradient of certain chemicals. See [13], [15]
and [36] for works in this direction. Though such blow-up solutions are evidently connected to
the species segregation phenomenon, a d—funtion is not an optimal choice for this purpose since
it challenges in one way the rationality that population density can not be infinity, and it also
brings difficulties to numerical simulations in another way. An alternative approach is to show
that the time-dependent system has global-in-time solutions which converges to bounded steady
states with boundary spikes, transition layer, etc. This approach has also been adopted for the
chemotaxis models. See [13], [39] and the references therein for recent results and developments
in this direction.

The remaining parts of this paper are organized as follows. In Section 2, we obtain the
local existence of classical smooth solution following the theories of Amann [2, 3] for general
quasilinear parabolic systems. Then we proceed to study the L>°-bounds of the local solutions
to establish the global existence. The boundedness of v is an immediate result of the Maximum
Principles. We employ semigroup arguments and the Moser-Alikakos iteration technique on
appropriate LP-estimate to establish the L*°-bound of u. Global existence of (1.1) is completely
proved for © C R! being a bounded interval with 7 > 0. We also investigate the global
existence for a parabolic-elliptic system (1.1) with 7 = 0 over a bounded multi-dimensional
domain Q ¢ RN, N > 2.-see Theorem 2.5 and Theorem 2.7 for the one-dimensional and multi-
dimensional global existence respectively.

In Section 3, we study one-dimensional stationary solutions of (1.1). By using the classical
Crandall-Rabinowitz bifurcation theories [3, 9], we investigate the existence and stability of non-
trivial positive steady states of (1.1)-see Theorem 3.1 and Theorem 3.2. Section 4 is devoted to
study the effect of large advection rate y. We show that the stationary system of (1.1) converges
to a shadow system as x — oo with x/D; — r € (0,00), i.e, x and D; being comparably large.
The shadow is a single equation for population density v and an unknown positive constant
A under an integral constraint-see (4.4). Then we apply the Crandall-Rabinowitz bifurcation
theories to investigate the existence and stability of nonconstant positive steady state to the
shadow system.

In Section 5, we carry out the analysis on the asymptotic behaviors of v in the shadow
system as its diffusion rate Dy = € shrinks to zero. It is shown that the shadow system admits
solutions with an interior transition layer for Dy = € > 0 and b; being sufficiently small-see
Theorem 5.4. The transition-layer solution is an approximation of a step function and it can be
a reasonable modeling of the species segregation. Finally, we include discussions and propose
some interesting problems in Section 6.

We remind our reader that we are interested in positive solutions to all the systems and we
assume condition (1.3) throughout this paper.

2 Global-in-time solutions

In this section, we study the global existence and boundedness of positive classical solutions
(u,v) to system (1.1) over a bounded domain 2 C RV, N > 1. We shall apply the well-known
results of Amann [2, 3] to obtain the local existence and then establish L>-bounds of u and v
for the global existence. First of all, we convert the u and v equations of (1.1) into the following



integral forms
u('u t) = eDl(A_l)tUO - /t V- e_DlA(t_S) (Xu(u 8)¢(U('7 S))V’U(, 8))d8
0
4 [ e DA (Drulis) + Flal ), o0 5))ds, (21)
0

t
V(-1 8) = DAty +/ P2 (A=DE(Dou(-, 5) + glu(-, 5), 0(-, 5)) ) ds,
0

where f(u,v) = (a1 — biu — c1v)u and g(u,v) = (az — bau — cav)v.

2.1 Preliminaries and local solutions

We present the local existence and uniqueness of the solution of (1.1) as well as some preliminary
results in this part. Our first result goes as follows.

Theorem 2.1. Let Q C RY, N > 1, be a bounded domain with its boundary 0Q € C3. Suppose
that 7 > 0 and ¢ € C°(R; R).

(i) For any initial data (ug,vo) € C°(Q) x WHP(Q), p > N, system (1.1) has a unique
solution (u(z,t),v(x,t)) defined on Q x [0, Timax) with 0 < Tmax < 00 such that (u(-,t),v(-,t)) €
C%Q, [0, Timax)) x C%(Q, [0, Trmax)) and (u,v) € C*L(Q, [0, Tinax)) X C*H(Q, [0, Tmax))-

(i) If supse(o,4) 1(u,v)(+, 8)| Lo ds bounded for t € (0,Twmax), then Tnax = o0, i.e, (u,v)
is a global solution to (1.1). Furthermore, (u,v) is a classical solution such that, (u,v) €
C*((0,00), C2=B)(Q) x C2(=F)(Q)) for any 0 < a < B < 1.

(i) Suppose that ug > 0 and ‘Z—j >v9>00nQ. Thenu >0 and ‘cl—j >0 >0 0nQx(0, Tax)-

Remark 1. If Q = (0,L), then for any initial data (uo,vo) € H'(0,L) x H'(0,L), (1.1)
has a unique solution (u(x,t),v(x,t)) defined on [0, L] X [0, Timax) with 0 < Tiax < 00 such
that (u(-,t),v(-,t)) € C([0, Tmax), H'(0, L) x H'(0,L)) and (u,v) € Cot®'™ * (z,t) € [0,1] x
(0, Tax) with 0 < o < 1.

Proof. Denote w = (u,v) and (1.1) becomes

w, =V - (Aw)Vw) + F(w), 2 €Q, t >0,
w(z,0) = (ug,v0),z € ;T =0, x € 90t >0,

where

A(w) = (D1 Xu¢(v))  F(w) = ((a1 —biu — clv)u> .

0 Dy (ag — bau — cov)v

Since the eigenvalues of A are positive, therefore (2.2) is normally parabolic. Then (i) follows
from Theorem 7.3 and 9.3 of [2]. Moreover, (ii) follows from Theorem 5.2 in [3] since (2.2) is a
triangular system.

To prove (iii), we observe that u = 0 and v = 0 are strict sub-solutions and we have from
the Strong Maximum Principle and Hopf’s boundary point lemma that u > 0 and v > 0 on €.
On the other hand, ‘c’—j is a super solution and it follows from the Comparison Principle that

v < ‘Z—z on Q x (0, Timax)- This completes the proof of Theorem 2.1. O

Lemma 2.2. Assume that Q is a bounded domain in RN, N > 1. Let the initial data (ug,vo) €
C%(Q) x WEP(Q), p > N, be non-negative and (u,v) be the unique positive solution of (1.1).
Then

”u(a t)”Ll(Q) < C= C(HUOHOOa ay, bla |Q|)7Vt S (OvaaX)v (23)

and

0 <v(z,t) < C = C(||vo|loc, a2, c2), ¥t € (0, Tinax)- (2.4)



Proof. 1t is equivalent to show that [, u(z,t)dz is uniformly bounded in time ¢ since u(z,t) > 0
according to Theorem 2.1. We integrate the first equation in (1.1) over Q and have that

% u(z,t)de = | f(u,v)ude < al/

u(zx, t)de — bl/ u?(x,t)dr,
Q Q Q

Q

then we conclude from Gronwall’s lemma that

/ u(z, t)dx < e_blt/ ug(x)dz + C|Q.
Q

Q
On the other hand, we denote o(t) as the solution of

di(t)
dt

= (ag — c20)0,9(0) = mngo(x), (2.5)

then we solve differential inequality (2.5) and obtain that

(t) < max{(%), (||v0|\;} + %t)fl}.

Obviously, 9(t) is a super-solution of (1.1). Hence we have that v(z,t) < 9(¢) from the Maximum
Principle and it implies (2.4). O

Lemma, 2.2 provides the L>-bound of v and L'-bound of w. To establish the L>°-bound on
u, we need to have estimates on ||Vo||r» for some p € [1,00]. To this end, we shall employ the
well-known smoothing properties of the operator —A + 1, on which [12], [16] and [37] are good
references. Applying V on the v-equation in (2.1), we have from the embedding on the analytic
semigroups generated by —A + 1, for example, Lemma 1.3, [37], that, for all 1 < p < ¢ < oo,
there exists positive constants C' dependent on |lvg ||y 1.4y and Q such that, for all T' € (0, 00)
and any t € (0,7)

t
Hv(.,t)||W1,q(Q) <C (1 +/ e*v(tfs)(t _ s)_%_%(%_%)ﬂu(-,s) + 1|Lpd5) , (2.6)
0

where v is the first Neumann eigenvalue of —A in . We have applied in (2.6) the uniform
boundedness of ||v(-,t)|| L in (2.4).

2.2 Existence of global solutions in one-dimensional domain

We now proceed to establish the L>-estimate of v under the assumption on the initial data
(uo,v0) in Lemma 2.2. Then the existence of global-in-time classical solutions follows through
(i1) of Theorem 2.1. In particular, we consider (1.1) over one-dimensional domain Q = (0, L).
The uniform boundedness of ||u(-, )|/ is a consequence of several lemmas.

Lemma 2.3. Let Q = (0,L) be a bounded interval in R'. Assume that the nonnegative initial
data (ug,vo) € H*(0, L) x H*(0, L) and suppose that ¢ € C°(R,R). Then there exists a positive
constant C' dependent on the parameters of (1.1) such that, for any q € (1,00)

Hvﬂﬁ('vt)HLq < O, vt € (OaTmax)- (27)

Proof. We choose p =N =1 in (2.6) and obtain

t
||vm<-,t>|m<o,ms0(1+ / e-”“-”(t—s)%%“%>|u<-,s>||u<o,mds), (2:8)
0



where C' depends on [[vo|[yy1.90,2)- On the other hand, we see that for any ¢ € (1, 00)

t
sup / e V=9 — s)_1+ﬁds < Cy,
)J0

te(0,00

where (Y is a positive constant independent of ¢, hence it follows from (2.8) that

low (o)l a0,y < C(1+ sup Jul, )z )- (2.9)
s€(0,t)
Then (2.7) is an immediate consequence of (2.3) and (2.9). O

Lemma 2.4. Suppose that the assumptions in Lemma 2.3 hold and let (u(x,t),v(x,t)) be a
positive classical solution of (1.1). Then for each p € (2,00), there exists a positive constant
C(p) such that

”u('at)”LP < O(p)th € (Ovaax)- (210)

Proof. For p > 2, we multiply the first equation of (1.1) by u?~! and integrate it over (0, L),
then we obtain from the integration by parts and the L°°—boundness of v in (2.4) that

1d

L L L
upd:v :/ wP luyde = / uP ™ (Dyuy + xu(v)vg)dx + / (a1 — byu — cyv)uPdx
pdt 0 0 0

— L P L L
- )/ I(uf)zIde—x/ (ufi’l)usb(v)vzdﬁ/ (a1 = biu — cro)ulde

0 0 0

4D1( 1
p2
L
<_4D1(p_1)/ |(
B p? 0
4D1( 1
p2
4D1(

m\‘d

_ L . L
)e|?dx +2(Tl)x/o uzp(v)(uz), vmdx—Cl/O uP M dx

wl’d

L L
)a |2dx+02/ u? |(u?), ||vm|d3:—C'1/0 uPHlde  (2.11)

_L)/OLK

1))

P P 1
<- I(u2)zZ2 + Coll(u T

Dol cellu® | oo loall 2een — Cullull 7

4D1( D)z v
= 1@E)alZ2 + Coll(wh)allze ull f |2l 240y — CallullEL

where C; and Cy are independent of p and we have applied the Holder’s inequality in the last
o
inequality and used the fact [[u®|| 241y = ||lu]|Z,,, in the last identity of (2.11). Moreover, in
L~ »p

light of (2.7), we can further estimate (2.11) by the Young’s inequality

4D1( 1)

P z P
Coll (w2 el L2l|ull 7 pra vl L2 < 1(w?)a 22 + Callullfpis,

where C3 is a positive constant that may depend on p, then we see that (2.11) implies that

1d ("
L | e < Colllles - it (212)
Denote y,(t) = fOL uPdr and we obtain

1

pt1l
Yp(t) < Cayp — Coyp” 5 yp(0) = [luoll7,,

then solving this differential inequality implies that y,(t) < C(p) for all ¢t € (0, Tmax). This
completes the proof of (2.10). O



By taking p sufficiently large but fixed in (2.6), we see that the following result is a quick
implication of Lemma 2.4.

Corollary 1. Under the conditions in Lemma 2.2, we have
Hvx('vt)HL“’ < 07Vt S (O;Tmax); (213)

where C' is a positive constant dependent on the parameters in (1.1).

Now we are ready to present our first main result concerning the global existence of bounded
positive classical solutions to (1.1).

Theorem 2.5. Let Q = (0,L) and ¢ € C°(R,R). Then for any positive initial data (ug,vo) €
HY(0,L) x HY(0,L), system (1.1) has a unique bounded positive solution (u(z,t),v(z,t)) de-
fined on [0, L] x [0,00) such that (u(-,t),v(-,t)) € C([0,00), H'(0,L) x H*(0,L)) and (u,v) €
CPET((0,1] x [0,00)) for any 0 < a < L.

loc

Proof. To prove this Theorem, we need to show that |u(-, )|z is uniformly bounded for all
t € (0, Timax), then we must have that T,ax = 0o and Theorem 2.5 follows from (i) of Theorem
2.1 and Corollary 1. Moreover, one can apply parabolic boundary LP estimates and Schauder
estimates to show that wus,v; and all spatial partial derivatives of u and v up to order two are
bounded on [0, L] X [0,00), and then (u,v) have the regularities as stated in Theorem 2.5.
Without loss of our generality, we assume in (2.4) and (2.13) that ||¢(v)||r~ < 1 and [Jvg ||~ <

1. Through the same calculations that lead to the proof of Lemma 2.4 and using the fact
u > 0,v > 0, we obtain

1d [* ADs(p—1) [ 2p—Dx (" » » g
—— updarg—#/ |(u2)z|2dx—u/ uf(uf)ng(v)vzdx—i-al/ uPdx
pdt Jg P 0 p 0 0

ADi(p—1) [E 20p—1)x [* o
S_%/ |(u%)m|2d$+%/ u%|(ug)m|dx+a1/ uPdx (2.14)
0 0 0
4Dy (p—1) [* —1 L 2D o
N e R S UL N2 S Ry
p 0 p 0 pX 1 0
2D (p— 1) /L py (p— 1x* /L
< w2 ), |“dx + (74—@) uPdzx,
e ; [(u?)al 5D, oA

where we have used a Young’s inequality in third line of (2.14). To estimate fOL uP, we shall
apply in (2.14) the following estimate (P. 63 in [23] and Corollary 1 in [6] with d = 1) due to
Gagliardo-Ladyzhenskaya-Nirenberg inequality and the Young’s inequality, for any u € H*(0, L)
and any € > 0

P b 1 P
a8 13 20,0) < el (B)alFagony + K (12 1 10,0,

where K only depends on L. Choosing ¢ = 2D;(p—1) such that 21&=1 — (pz—[l))lf +as,

p? ((P*l)XZJr?alDl pre
we obtain that

(p—1)x? L 2Di(p—1) Lupx_ (p—1x* a Lupx
(u—l-m)/o uda:—ip /0 d (p X + 1)/0 d (2.15)

2D, p2e 2D,
2D:(p—1) [F 2D (p— 1)K (1 + e 3 L 2
< 1(p2 )/ |(u%)z|2da:—|— 1(p )2 ( € 2)(/ u%dm)
p 0 b€ 0
(p—1)x* )/L ,
— (=L dz.
( oD, ) ) v



Then we see that (2.14) and (2.15) imply that

d [* —1)x2 [ 2D1(p— DK (14¢ 2 L \2
— upd.’I]S _M uPdx + 1(p ) ( € ) wzdx ,p22
dt 2D

0 1 0 be 0

2D} (p—1)
p? ((p—l)x2+2a1 D1)

On the other hand, we can choose py large such that for all p > pg, € =

D12 d 1z 3
(px) an - <

1+ 5

DHIEER then we have

2 pPX
P oo — 12 [* 2(p — 1)K x (1+—D1) Lo s
E | ypde < PP IXE [ ng ( 54 ) p>po. (216
@ J, uPdr < 5D, /0 u’dx + D, /0 uzdr) ,p>po. ( )

Denote k = %. For each T' € (0,00), we solve the differential inequality (2.16) for all

t € (0,T) and obtain that

L L 2 t L
2 - 1)K P 2
/ WPy < et / ugdHM(H@) / emrte=) / ubdr) ds
0 0 D, D1/ Jo 0

L L 5
§/ ubdr + 4K <1 + %) sup (/ ugdx) ,P > Do (2.17)
0 D1 ) teo,r) NJo

We now employ the Moser-Alikakos iteration [1] to establish L>-estimate of u and to this end,
we introduce the function

M (p) = max {|[uol| =, sup lu(,t)llze }
te

)

and it follows from (2.17) that

1
4K P
M) < (15 + 257) /290> o

Taking p = 2%, i = 1,2,... and choosing pg = 2% for iy large, we have

; 4K x2i\27" , AR y20y 277 AKy2i—1\ 276D _
M) < (4K + 22X ) M(2“1)§(4K+ X ) (4K+ Xi) M(272)
D, D, D,
; d 4K x29\2"’ , : S AKy29N\27
< 0 < 0 J .
<m@) I] (45 + b ) <me ) 11 (4k27 + b ) (2.18)
j=io+1 j=io+1

SM(QO)(4K+ D, )j_];[+1(23) gM(zo)(4K+ D )2J T+
gc(1+Di1)M(2io),

where C' is a constant that only depends on L and M (2%) is bounded for all ¢ € (0,00) in light
of (2.3) and (2.10). Sending ¢ — oo in (2.18), we finally conclude from Lemma 2.4 and (2.18)
that

[lu(-,t)|| L < C,VE € [0, 0). (2.19)

and this completes the proof of Theorem 2.5. O
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2.3 Global solutions of parabolic-elliptic system in N-dimensional do-
main

In this section, we establish the global existence of (1.1) for €2 being a bounded multi-dimensional
domain in RY, N > 2. In particular, we consider model (1.1) with 7 = 0, which approximates
an competition relationship that v diffuses much faster than u. Same as the analysis for the

1D domain, our global existence result is a consequence of several Lemmas. Our first step is to
establish the ||u(:,t)||Le-bounds for p large and it goes as follows.

Lemma 2.6. Let Q be a bounded domain in RN, N > 2 with 0 € C? and suppose that T = 0 in
(1.1). Moreover, we assume that ¢ € C®(R,R) and ¢'(v) <0 for all v > 0. Let (u(z,t),v(x,t))
be a positive classical solution of (1.1). Then there exists C* > 0 dependent of as, co and
lvollLe such that, if % > C*, for any p > max{% 1}

lu(-, 8)l[» < C(p), ¥t € (0, Timax), (2.20)
where C = C(p) is a positive constant that also depends on N and Q.

Proof. For any p > max{%, 1}, we test the first equation of (1.1) by u?~! and then integrate it
over Q by parts. Then we have from ¢'(v) < 0 and L*°—boundness of v in (2.4) that

1d updac:/up_lut:/up_lv-(D1Vu+xu¢(v)Vv)+/(a1 —biu — crv)uPde
pdt Jo Q Q

Q
AD1(p—1
= —% |Vu? 2 — x/ VuP~tug(v) Vo + / (a1 — byu — crv)uPdx
p Q Q Q
< —X/ VuP~tug(v)Vo + / (a1 — byu — cyv)u? (2.21)
Q Q
1
= = x / uf (¢ (v)| Vol + ¢(v)Av) + / (a1 — biu — crov)uP
b Q Q
1
< u/ uPp(v)Av + / (a1 — biu — cro)uP.
p Q Q
Since 7 = 0, we can substitute Av = —(as — bau — cov)v /D5 into (2.21) and collect
1d 1
—— [ wPdx < = 1x / uPp(v)Av + / (a1 — byu — cyv)u? (2.22)
pdt Jo p Q Q
1
= _p=Dx / uPd(v)(ag — bau — cov)v + / (a1 — bru — crv)u?
pD2  Ja Q
(0 = Dxl[¢(v)[|~bo / 1 (p — Dxee 2 /
< (b — P+ M TIATe o p
< ( 1 oDs ) Qu + (a1+ oDs lo(v)v=||L ) Qu :
For b;fx 2 being large, we have that (2.22) implies
d +1
— [ wPlde < —-Cy | w"Tde+Cy | uWPdx, (2.23)
dt Jo Q Q

where C7 and C5 are positive constants independent of p. Then Lemma 2.6 is an immediate
consequence of (2.23). O

Corollary 2. Under the conditions in Lemma 2.6, there exists a constant C such that

Vo, t)|| Loy < C,Vt € (0, Trax)- (2.24)
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Proof. (2.24) is a quick implication of Lemma 2.6 and (2.6). O

Now we prove the L*°-bound of u and present our main result on the existence of global
solutions for the parabolic-elliptic model.

Theorem 2.7. Consider (1.1) with T = 0 with nonnegative but not identically zero initial data
(uo,v0) € CQ) x WYP, p > N. Under the assumptions in Lemma 2.6, (1.1) admits a unique
globally bounded classical solutions (u(x,t),v(x,t)) for all (x,t) € Q x (0,00); both u and v are
nonnegative on Q for all t € (0,00).

Proof. Similar as the proof of Theorem 2.1, we can show the existence of unique classical local
solutions (u(zx,t),v(z,t)) for (z,t) € Q x (0,Tmax). Moreover, by the same Moser-Alikakos
iteration estimate that leads to the proof of (2.19), we can prove that [[u(-,t)| () for all t €
(0, Tinax), therefore Ty = 0o and the classical solutions are global. Finally, the nonnegativity
of the classical solutions follows from the Strong Maximum Principle and Hopf’s boundary point
lemma. O

We should mention that the largeness assumption on by Do /bax is made out of the mathe-
matical analysis and both the self-competition rate b; and diffusion rate Dy have the stabilizing
effect to exclude finite time blow-ups. There is clearly global existence in (1.1) for xy = 0 for
bounded domain 2 in arbitrary dimensions, then we expect this is still true for y being small
from the standard perturbation theory. On the other hand, it is also worth pointing out that, the
restriction on by D1 /by is necessary in this sense that the largeness of b; may be insufficient to
guarantee the existence of global solutions for the general multi-dimensional parabolic-parabolic
system (1.5).

3 Existence and stability of nonconstant positive steady
states

From the viewpoint of mathematical modeling, it is interesting and important to understand
whether or not two competing species can form spatial segregation eventually. For this purpose,
we focus on the stationary system of (1.1) and study the existence of nonconstant positive
steady states that exhibit striking patterns such as boundary or transition layers. In particular,
we consider the species competition model over an one-dimensional habitat and we study the
stationary solutions to the following strongly-coupled system in this section,

uy = (D1u/ + xup(v)v') + (a1 — biju — c1v)u, x € (0,L
vy = Dav” + (ag — bau — cav)v, xz € (0,L),
u(z,0) = up(x), v(z,0) = vo(x), z e (0,L
u'(z) =v'(x) =0, x =

el

0,L,t>
d

We remind the reader that classical solutions of (3.1) exist globally and are uniformly bounded
for all t € (0, 0).

Unlike random movements, directed dispersals have the effect of destabilizing the spatially
homogeneous solutions. Then spatially inhomogeneous solutions may arise through bifurcation
as the homogeneous one becomes unstable. To study the regime under which spatial patterns
arise in (3.1), we first implement the standard linearized stability analysis at (@, 7). Let (u,v) =
(@, )+ (U, V), where U and V are small perturbations from (@, 7), then we arrive at the following
system of (U, V)

Uy = (D U’ + xugp(0)V') — byulU — c1uV, x € (0,L), t >0,
Vi =~ DQVN — bovU — vV, S (O, L), t>0,
U(x) =V'(z) =0, x=0,L,t>0

12



According to the standard linearized stability analysis, we see that the stability of (@, ) can be
determined by the eigenvalues of the following matrix,

—D1A — b —X’U,¢(’U)A —C1u (3 2)
—bov —DoA — o0 ’ '

where A = (%”)2 >0, k=1,2,..., are the k-th eigenvalues of — d < on (0, L) under the Neumann

boundary conditions We have the following result on the linearized instability of (@, ) to (3.1).

Proposition 1. The constant solution (u,v) of (5.1) is unstable if

Dl(—ﬂ-) +b112 Dg(k—ﬂ')2 +Cg@ —bgclﬁﬁ
X>X07mln ( L )(kﬂ' 2L* a3 ) ’
keN+ ba (55 )2 p(v)uv

Proof. For each k € N, the stability matrix (3.2) becomes

. <_D1(,€Tﬁ)2 b —yad( )k %2)2 - ?111) 7 (3.4)

—bov -D
Then (u,?) is unstable if Hy has an eigenvalue with positive real part for some k € NT. Tt is
easy to see that the characteristic polynomial of (3.4) takes the form

(3.3)

p(A) = A? + TrA + Det,

where s 2
Tr = (Dl + DQ) (%) 4+ b1u + cov > 0, and

Det = (D1 ()2 1 0y3) (0 (T)? + e29) — (xa0(0) (B0)? + v,

then p(A) has a positive root if and only p(0) = Det < 0. Hence (3.3) readily follows and this
finishes the proof of the proposition. (I

(u,v) changes its stability as x cross xo. We note that in the strong competition case
< “— < & Xo in (3.3) is negative if Dy and Dy are sufficiently small. Tt is well known
that (u v) is “unstable if x = 0 in (3.1) in this case. Moreover, the semi-steady states ($,0)
and (0, ‘2—;) are global attractors. We also want to remark that Proposition 1 holds for multi-

=l

@

dimensional domain ¢ RY with N > 2, replacing ( ) by the k-eigenvalue of —A under the
Neumann boundary condition.

3.1 Positive solutions through bifurcation

The linearized instability of (@, ?) in (3.1) is insufficient to guarantee the existence of spatially
inhomogeneous steady states. As we have shown above, the advection term yu¢(v)Vov has the
effect of destabilizing (@, ), which becomes unstable if x surpasses yo. Then we are concerned
if a stable spatially inhomogeneous steady states of (3.1) may emerge through bifurcations as
x increases. Clearly, the emergence of spatially inhomogeneous solutions is due to the effect of
large advection rate x and we refer this as advection-induced patterns in the sense of Turing’s
instability.

In this section, we carry out bifurcation analysis to seek non-constant positive solutions to
the following stationary reaction-advection-diffusion system,

(D1u' 4+ xud(v)v') + (a1 —bju — c1v)u =0, x €
Dov" + (ag — bau — cov)v = 0, T €
u'(z) = (x) =0, T =

13



In order to apply the bifurcation theory of Crandall and Rabinowitz [8], we first introduce the
Hilbert space
X ={w e H*0,L) |w'(0) =w'(L) = 0}. (3.6)

Then by taking x as the bifurcation parameter, we rewrite (3.5) in the abstract form
F(u,v,x) =0, (u,v,x) € X x X xR,

vhere (D + xud(v)v'Y + ( )
- Diu' + xuo(v)v') + (a1 — byu — c1v)u
]:(’U,, v, X) - ( DQUN + (0,2 — bQ’LL — CQ’U)U ’

It is easy to see that F(u,v,x) = 0 for any x € Rand F : X x Rx R — ) x ) is analytic
for Y = L?(0, L); moreover, we can have from straightforward calculations that, for any fixed
(uo,v0) € X x X, the Fréchet derivative of F is given by
D0y F (0, v0, X)(u,v)
_ ( Dy + x(¢(vo)uvg + ¢(vo)uov” + ¢’ (vo)uovgv)’ + DF, )
- DQUN + (CLQ — bQUO — 202’00)’0 — bQ’U/UO ’

(3.7)

(3.8)

where DFs = (a1 — 2bjug — c1v0)u — c1ugv.
Denoting u = (u,v)T, we can write (3.8) as

D F (0, vo, X) (u, v) = Ag(u)u” + Fo(z, u, v,

. D1 ’U,0¢(’U0) . (al — 2()1U0 — Cl’Uo)u — C1UQVU
where Ag(u) = ( 0 Dy and Fg = (a3 — battg — 2¢200)0 — bouvy )’ then we see that

operator (3.8) is elliptic; moreover it is strongly elliptic and satisfies the Agmon’s condition
according to Remark 2.5 of case 2 with N = 1 in Shi and Wang [34]. Hence by Theorem 3.3
and Remark 3.4 of [34], D, .)F (uo,vo, x) is a Fredholm operator with zero index.

For bifurcations to occur at (@, s, x), we need the Implicit Function Theorem to fail on F
and we require the following non-triviality condition on the null space of Dy, ,,F (4,7, x),

N(D(u,v)}—(ﬂvﬁvxn 7é {0}7

hence, there exists some nontrivial solutions (u,v) to the following system

Dyu” 4 xug(v)v"” — biau — cruv =0, x € (0,L),
Dov" — botu — cotv = 0, x € (0,L), (3.9)
u'(z) =v'(x) =0, x=0,L.
We expand the solutions u and v into the following series
- k - k
u(z) = ;tk cos %, v(x) = ,;)Sk cos %,

and then substitute them into (3.9) to obtain

(—Dl(’%)Q ~bin —x(%)"

_ _ tr 0
¢(v) — a1 _
—byp —Dy(kx)? ) B ' (3.10)

Sk 0

We want to establish the condition such that (3.10) admits nonzero solutions (¢, sx) for some
k € N. k = 0 can be easily ruled out, otherwise we must have from the fact B # C that
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tp = s1 = 0. For k € NT, (3.10) has nonzero solutions if and only if its coefficient matrix is
singular, which implies that

N (Dl Tﬂ- + blu)((k ; ( ) 24 CQ’U) — bgclu’U. (311)

We readily see that xj > 0 if and only if
km

(27

)* + b (DQ(’%T)2 +20) > bycriin, k € N*, (3.12)

and we shall assume (3.12) from now on. Moreover, we have that the null space N'(D(y, ) F (4, 0, X))

is one-dimensional and it has a span
N (D0 F (1,9, X)) = span { (ux, U%) } ,
where
D2(kT7r)2 —+ CQl_)
ba
Having the potential bifurcation values xx in (3.11), we now verify that local bifurcation

does occur at (i, ,xx) for each k € NT, which establishes nonconstant positive solutions to
(3.1) in the following theorem.

Theorem 3.1. Suppose that ¢ € C*(R,R) and ¢(v) > 0 for all v > 0. Assume that the
conditions (1.3), (3.12) hold, and for all positive different integers k,j € N7,

k
(tig, 7)) = (Q, 1) cos % with Qg = — ke NT. (3.13)

, m .
(bica — bacr)uv # k232D1D2(Z)4, k # j, (3.14)

where (4, ) is the positive equilibrium of (3.5). Then for each k € N, there exists a constant
d > 0 and continuous functions s € (—0,0) :— (ug(s,x),ve(s,x), xx(s)) € X x X x R" such
that,

Xk(0) = xk, (up(s,z),vi(s,z)) = (4,0) + s(Qk, 1) cos k% + o(s), (3.15)

and (uy(s,z),v,(s,2)) — (@,0) — $(Qk, 1) cos 2L € Z where
L
Z={(u,v) eXx X ’/ utiy, + vopdr = 0}. (3.16)
0

with (G, 0g) and Qi defined in (3.13); moreover, (ur(s,z),vr(s,x)) solves system (3.5) and
all nontrivial solutions of (3.5) near the bifurcation point (G,v,xr) must stay on the curve

Fk(s) = (uk(S),’Uk(S),Xk(S)), s € (_57 6)

Proof. To apply the local theory of Crandall and Rabinowitz in [8], we have checked all but the
following transversality condition,

d o - _
dX (D(u v)]:(uv v, X)) (’U,k, Uk)'X:Xk ¢ R(D(uyv)]:(’uﬂ U, X’C))7 (317)

where (u, Uy) is defined in (3.13) and R(-) denotes the range of the operator. If (3.17) fails,
there must exist a nontrivial solution (u,v) to the following problem

Diu" 4+ xpo(v)uv” — byau — cruv = —(%”)2¢( ) cos kzm, x € (0,L),
Dov” — byvu — cotv = 0, x € (0,L), (3.18)
u'(z) =v'(x) =0, x=0,L.
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x

Multiplying the both equations in (3.18) by cos 7% k” and then integrating them over (0, L) by

parts, we obtain

L krx (k)2 ug(v)
_ - _ d —
CDy () bya —Xk(kfﬂ)2u¢2v)— eyi\[Jo weos “frde _ | (319)
—bov —Dg(—kg) — C20 IL v cos KT do 0
0 L

The coefficient matrix of this system is singular because of (3.11), hence we reach a contra-
diction in (3.19) and this proves (3.17). Moreover, we must have that yx, # x; for all integers
k # j, then (3.14) follows from easy calculations and this finishes the proof of Theorem 3.1. [

3.2 Stability analysis of the bifurcation branches near (u, v, x)

We now study the stability or instability of the spatially inhomogeneous patterns (uy (s, x), vg(s, x))
established in Theorem 3.1. Here the stability or instability is that of (ug(s, z), vk (s, x)) viewed
as equilibrium of system (3.1). To this end, we first determine the direction of for each bifurca-
tion branch I'y(s), k € NT.

The operator F defined in is C*-smooth if ¢ is C°-smooth, hence by Theorem 1.18 from [g],
(ur(s, ), vk (s, @), xx(s)) is a C3-smooth function of s and we can write the following expansions

up(s, ) = @+ sQp cos B2 + 5701 (2) + s°p2(x) + os?),
v (s, ) = 0+ scos k’L”” —i— s21hy (x) + s3a(x) + o(s?), (3.20)
Xk(8) = xk + sK1 + s2Ka + o(s?),

where for i = 1,2, (p;,1;) € Z defined in (3.16) and K; is a constant. o(s®) in the first two
equations of (3.20) are taken with respect to the X-topology. On the other hand, we have the
following fact from Taylor expansions for ¢ € C®

+ (¢ @+ @0 T0) wols?). (321)

S(vk(s,2)) = B(D) + 56/ (8) cos "2 ;

L
Substituting (3.20) and (3.21) into (3.5) and equating the s?>-terms, we collect the following
system

D! + xipd(@)ayy = (brpr + c1h)u + K1 p(0)u(EE)? cos K22 + Ry,

Dotp{ = (bar + cath1)v + (b2Qx + c2) cos® K7L, (3.22)

¢i(z) = ¢i(z) =0,2=0,L,
where L2

_ R . _

Ry, = Xk( i ) (<Z5 (D) + Qk(b(v)) cos
Multiplying the first equation of (3.22) by cos “7% ]”r
have

2k k
AL (b1Qk + ¢1)Qy, cos® %:v

X

and integrating it over (0, L) by parts, we

k2m2p(v)ukK,

L
5T (xk ()1 — c12) / 1 cos @dx (3.23)
0

L

L
(Dl(kw) —l—blﬂ)/ golcosk—zxdx.
0

X

Multiplying the second equation of (3.22) by cos “7Z ]”r , we have from the integration by parts

that . .,
k k2 k
5217/ o1 cOs ——day + (Dz (—W) + 0217) / 1) cos ——dz = 0. (3.24)
) L L ; i
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On the other hand, since (¢1,%1) € Z, we have from (3.16) that

L L
k k
Qk/ prc0s Ly + | 4y cos ot dy =0, (3.25)
0 L 0 L

where Qf = _ D) her. Solving (3.24) and (3.25) leads us to

b2’U

L
k
(1+Qi)/ cplcos%xd:vzo,
0

and it implies that

L L

k k

/ gplcosﬂdx:/ 1/11cosﬂda::(), Vke Nt,
0 L 0 L

therefore it follows from (3.23) that K7 = 0.
To determine the sign of Ko, we equate the s3-terms in (3.5) and collect

D1yl = Ko (v)u(EE)2 cos K22 + (201 Qpep1 + c11 + c1Qpabr) cos 222

+(b1p2 + C1¢2)u — xrAs, 526)
Datply = (bapz + c212)0 + (bapr + (b2Qr + 2¢2)11) cos E2E, :
py(x) = Py(x) = 0,2 =0, L,

where
Az = o(0)ayy — (¢(5)30/ + (¢(0)Qxk + 2¢' (V)1 )1/11) (%) smk—zx
D)er + ¢/ @) () (9(0)Qk + ¢/ (0)) ) cos T

-((o0
—|—(2¢' )Qk + ¢ (0)a )(%)281n2k—?cosk—7
( 0)Qk + 5 ¢”( )t )(k%)zcos3 k}ix

We have used in (3.26) the Taylor expansion (3.21) with ¢ replaced by ¢'.
Multiplying the first equation in (3.26) by cos “ZZ k” , we conclude from the integration by parts
and straightforward calculations that

o(v)u(km)?
T g e

L L
_(b1ﬂ+D1(k%)2)/0g02 cos%dm—l— (clﬂ—i-)(k(b(f;)ﬁ(k%f /1/)2 cosk%dx
L
+ 1 (leQk-i-Cl +Xk¢(5)(k%)2)/901d$+ L (Cle+Xk¢ /"/Jldx

da (3.27)

L
(2b1Qk+cl—Xk¢( )(k;) )/gal cos%m:

3 (0@ 260010 ) (51)°) [ s 2

kQﬂ'QXk
8L

{9/ (0)Qut 59" (7))

On the other hand, we test the second equation of (3.26) by cos “I% k” over (0, L) to obtain
r ko ke
52?7/ (P2 COS —dw + (Dg( i 2 ¥ 02U / g COS —dw
0

L
k kmx
= —bg/ @1 cos? T g — (b2Qr + 2¢2) 1/)1 cos? —dx, (3.28)
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Since (¢2,12) € Z, we obtain from (3.13), (3.16) and (3.28) that

/L cos kﬂ':zrd 1 /L cos kﬂ':zrd
—Far = — T = —dax
0 p2 L 1+ QQ)’ #1 L

(b2Qk + 2¢2)
- % 1+Q2 / 11 cos? —dw (3.29)

and

L L
krx Qr / 5 kmx
/0 vacosTpmde A+Qo ), 7% T ™

(b2Qr + 2¢2)Qk
Tharar / e (330

Therefore, thanks to (3.28)—(3.30), the K3 equation (3.27) becomes

0)u(km)? , . k2 1 _k L
- SO g, — (5 011+ 36 @) 2L 4 (0@ oxao(@) () B) [ e
1 k baQr 42 L
+ 5 (a@utxad (0)(F)° %)/O e
1 k L 2k
+ 5(2b1Qk+Cl_Xk¢( )( ;)Q—B)/ (1 COS Zlmdx (3.31)
1 baQA2C2) \ [* 2
+§(01Qk+Xk 2(2¢ (0)Qr+1ug (v)) — (2%722))/0 Y1 cos " da,
where in (3.31)
5 D) 4 b~ Quferi + e (5) 000)
o(1+Q3) '
Moreover, in the light of (3.11) and (3.14), we conclude from (3.31)
2,2 (=)o L L
WKQ = BO + B1 /O (pldI + BQA 1/)1d$ (332)

L L
2k 2k
+Bj3 / 1 COS " x4+ By / 1)1 cos e dz,
0 0

where we have used the following notations in (3.32),

By = — £(2¢’(@)Qk + ﬁsb”(@)) (ug(k ) (Im) Dt %)
B (S ) - e U
(g S o e g
( - 2_5) 31’162’“27+2Q + 1721_;
and
B, _(ﬁ(b/(l_);:—qu)(l_))Qk O + %;202) (’%)Qpl + (ug! (v) + 2¢(26;81;) (b1Qk + 1)
gy (0 +2)
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Hence, we need to evaluate the following integrals to calculate K in (3.32)

L L L L
2k 2k
/ cpldx,/ wldx,/ ©1 cos—mcd:v, and / 11 cos T
0 0 0 L 0

To find the first two integrals, we integrate both equations in (3.22) over (0, L), and then because
of K1 = 0, we obtain from straightforward calculations that

dzx.

L _ - 2
/ ordr c1uL(b2Qy, +_?2) c20L(b1Q7, + c1Qr) (3.33)
0 2’Uﬂ)(b102 — b2C1)
and
bva(lek +c1Qk) — biuL(b2Qr + 02)
.34
/ 1/)1 2uv(b102 — bgcl) (3 3 )

To find the last two integrals, we multiply both two equations in (3.22) by cos %L” L and integrate

them over (0, L) by parts. Then again since K7 = 0, we have from straightforward calculations

that
L 2k7m: |A1 2kﬂ':17 |As|
A 1 COS i |.A| / 1 co W (3.35)
where
|A|:(D1(2I€Tﬂ)2+b1ﬁ)( 2(2?) +02@)—b2m(><k¢(@)(2i”) +c1) (3.36)
(200 (k) (16 (0) + Quo(®)) + L2 (1@Q3 + 1Qn) ) (D2 (22)" + co0)
= 1L
+L(b2Qk + cQ) (xkz:;s(v)(%w) + clu) | .
bot ( 2xk (k) (ad (0) + Qud(D)) + L2(b1Q2 + ¢
|Az| = : ( k) 42 ) S 1)) (3.38)
L(b2Qk+Cz) (Dl( ) +blu)

4

We observe that Ko in (3.32) is extremely complicated and it is very hard to obtain the
sign of Ky which determines the stability of bifurcating solution (ug(s,z),vk(s, z), xx). On the
other hand, as we shall see in the coming sections, (3.5) admits nontrivial positive solutions
(u,v) that have interior transition layers if D; is sufficiently large and D is sufficiently small,
therefore, throughout the rest of this section, for the purpose of mathematical modeling of
species segregation as well as the simplicity of calculations, we assume that min{D;, Diz} is
sufficiently large and now we present the following results on the sign of Kj.

Proposition 2. Assume that the assumptions in Theorem 3.1 hold. For each k > 1, there
exists a large D* = D*(a;,b;,¢;) > 0 such that for all Dy, Dy with min{ Dy, Di2} > D*, we have
the following results about Ko in (5.20),
/ = 2 1= 2
(i). when S8 — 2 =0, Ky >0 if £8 > Z2 and Ky < 0 if S8 < 22,

( ) bem bz’ vZu
(). when (ﬁ) #0, K2 >0 ZfDlDQ(TTr) < M and K2 <0 if D1 Dy(km)t >
(b102 bgcl)uv.

( b2'u. T



Proof. For D1 — +oo and Dy — 07, we have Q, = —g—j—l—O(Dg) and the asymptotic expansions

B":Dl(%b ac;(-) (0" (0 - 25 152) )(kg) +0(1/Dy)),
=D1((55 - =) (S5) + 01/D).
:Dl( 2b2v - 2CZQ¢¢ @)))( ) +0a/Dy)),
By=Di (55 + 5p25) (F)° + 001/D),
and
Bi=Di(( + = - 220 (41 oq1/o).

Thanks to these expansions, we see that the K equation (3.32) implies

ap(v)L . L ¢ w29 (D)ey 1 co L
201 2= 16 hyuo(n) (¢ (o) = — ) + (% N 2b211) /0 prde
L

cs cod' (D) \ ba /L 1 cs / 2kmx
_ _ 22 d il
(21)2@ 2b2¢(6)) A (2@ + 2b2a) , Frees

2 /(5 L L
(G o @) b_z/ 2kmx / 2km
(bga * 20 2b2¢(@))02 | preos —p—de+ O(1/Dh) | o1 cos 7=du
+0(1/D1) + O(D2)
_ £ C2 "i—\= 2¢/(6)62 /L 2kmx
16 batig(0) (¢ (v)a by ) +O(1/Dn) o 1 COS
T

/ ‘ L L o
+2 (Z((ﬁ)) - 172—2&) (/0 901d96+/0 ©1 COS 2k
+0(1/D1) 4+ O(D2)

dx

d:c) (3.39)

where we have used in (3.39) the facts

/ Prde = (— = —i— O(Dy)) /OL prdz,

from (3.34) and

dzx.

L
Lz = ( _b + O(Dg)) / 1 COS 2kma
(6] 0

/ U cos

from (3.35), (3.36) and (3.38). On the other hand, we have that (3.33)—(3.35) become

L 2
cs L
dr = —-=—=2-+0(D
A¢1$ 2()%’&, (2)7 )

)

2y c (o 7\ 2
/L P 2k7m:d:r: Dl( 2172L(l)2_2u - q;((ﬁ)))(kf) +O(1/D1))
0 L 24D1D2(kfﬂ')4 — 6(b102 - bgcl)’ﬁ’ﬁ
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We now divide our discussions into the following two cases. If o0 _ er 0, we see in (3.39)

6(®)  bou
e SOL . Les(d'®
up(v c2 v 2c2
Ko=—=—-(—--— O(1/D O(D
2D, 2 16b2(¢(17) 0Za i722) + 01/D1) + 0(Dy),
therefore, (i) follows immediately. If ;75;5((?) sies 7 0, we have that
k7 Cco ¢’ (9)\2
’(7,¢(’U)LK2 _ D1 (CQ’UL( ) (bg_ﬁ - FYG) ) + O(l/Dl)) (3 40)
2D1 12b2 (4D1D2(kfﬂ') — (blcg — bQCl)’l_M_})
We conclude that (7) is an immediate consequence of (3.40). O

Remark 2. According to Theorem 3.1, we have that 4D1D2(’%)4 — (b102 — bgcl)ﬂﬁ s always
nonzero since X # X2k- We also point out in Proposition 2 that, in the strong competition case
g—; <<, Ky <0 df min{Dy, DLZ} is large, independent on the size of D1Ds.

We continue with the stability analysis of the bifurcation solutions (uy(s,x), vk (s, x), xx(s))
with s € (—=9,d). This branch of solutions will be asymptotically stable if the real part of any
eigenvalue p of the following problem is negative:

D) F (ur (s, ), vi(s, ), xx(5)) (u, v) = p(u,v), (u,v) € X x X. (3.41)

Taking s = 0, we see that A = 0 is a simple eigenvalue of Dy, ,)F(u,?, xx) with eigenspace
N (D) F (0,0, xx)) = {(Qk, 1) cos k721 moreover, following the same analysis that leads to

(3.17), one can also prove that (Qy,1)cos 2L & R(D(uﬁv)]:(u,v,xgg)). We now present the
following stability results.

Theorem 3.2. For each k > 1, there exists a large D* = D*(a;,b;,¢;) > 0 such that for
all Dy, Dy with min{ Dy, Di2} > D*, we have the following cases on the bifurcating solutions

(uk(s,z),vi(s,x)), ke NT,

(i). when ((g)) 1z =0, (uk(s, ), vi(s, x)) is stable if ﬁ/(%) > bé and (ug(s,x),vg(s,x))
s unstable zf o )) < 5%3;
(it). when ((5 35 70, (ur(s,z),vi(s,x)) is stable if DlDQ(T”) < 7@102_2201)% and

(uk(s,z), vi(s,x)) is unstable if D1Dy(EX)* > W.

Proof. According to Corollary 1.13 in [9], there exist an interval I with x; € I and C*-smooth
functions (x,s) : I x (=4d,0) = (u(x), A(s)) with A(0) = 0 and p(xx) = 0 such that, A(s) is an
eigenvalue of (3.41) and p(y) is an eigenvalue of the following eigenvalue problem

D(u,v)]:(ﬂal_)aX)(uvv) = [L(’U,,U), (u,v) EX XX, (342)

Moreover, A(s) is the only eigenvalue of (3.41) in any fixed neighbourhood of the origin of
the complex plane and the same assertion can be made about p(x). We also know from
[9] that the eigenfunction of (3.42) can be represented by (u(x,z),v(x,x)), which depends

on y smoothly and is uniquely determined by ( (Xk> ), v(Xk, )) = (Qk cos kzx,cos k’L””) and
(u(x, x),v(x,x)) — (Q cos kzm,cos kxz) € Z, where Q) is defined in (3.13) and Z in (3.16). We

have from (3.9) that (3.42) is equivalent to

Dy + xo(0)uv” — byau — crav = pu, x € (
Dov" — bavu — catv = pw, x € (
€r =

0,L
0,L), (3.43)
u'(z) =v'(x) =0, L
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Differentiating (3.43) with respect to x and then taking y = xx, we have

Dyi"—¢(v)a (cos ’“”) + Xk (0)ud"— byt — 1w = fi(xx)Qr cos KL,

Dot"— byttt — cotv = fu(xk) cos kzz (3.44)

W(x) =0 (x) =0, 2=0,L,

where the dot-notation " in (3.44) denotes the differentiation with respect to y evaluated at
M‘ 61}()()1) ‘

ox  Ix=xx’ X=Xk
Multiplying both equations in (3.44) by cos “ZZ k” and integrating them over (0, L) by parts,

we arrive at the following system

L. T . N (kw2
D (o) (S ) ({0t
—b25 —Dg(k C

X = X% and in particular u =

L. .
i cos Sz )%
We see from (3.11) that the coefficient matrix is singular, therefore if the algebraic system

kny2ipia y —¢(v)u(kx)? . .
is solvable, we must have that 21t Lb;ﬁ'kbl = “(X’“)Q"ﬂ(i’i)) C£) which together with (3.13),
implies that

bap (v )a@( x)?
D1+D2( ) + b1 + cov

By Theorem 1.16 in [9], the functions A(s) and —sx}.(s)f(x%) have the same zeros and the same
sign near s = 0, and for A\(s) # 0,

< 0.

f(xr) =

i —SXa(8)A0xk)

50 A(s) =1

therefore, this shows that sgn(A(s)) = sgn(K3z) in light of K7 = 0.

Thanks to Proposition 2, the instability statements follow right away from the positive sign
of A(s). To show the stability part, we first observe that, following the same calculations that
lead to (3.16), as s — 0, (3.42) has no nonzero eigenvalues with nonpositive real parts if K5 > 0.
Then it follows from the standard perturbation theory that all eigenvalues of (3.41) have no
positive real part in a small neighborhood of the origin of the complex plane. This completes

the proof of Theorem 3.2 thanks to Proposition 2. O
A xX XxX
(@v,xx) X (@, 0,x0) X
KQ >0 Ky <0

Figure 1: The pitchfork-type bifurcations are illustrated. The solid line represents stable
bifurcating solutions (ug(s,z),vk(s),xx(s)) and the dashed line represents unstable solutions

(ug(s, ), v(s), xk(s))-

From the view point of biology, the perceived intensity of a stimulus should have a saturation
effect on the strength of stimulus. This can be modeled mathematically by choosing ¢” < 0
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in (3.5). According to Proposition 3 and Theorem 3.2, if min{D;, Diz} is large, in the strong
competition case g—; < 22 < 24 the small-amplitude solutions (ux(s, ), v(s,x)) are unstable
independent of the size of DjDs. Moreover, the advection rate x tends to destabilize the
constant solution (u, ) as we have seen in Proposition 1, therefore, we are motivated to study
the solutions to (3.5) that have large amplitudes as x increases, with min{ Dy, Di2} being large. In
the weak competition case, we see that the bifurcating solutions (uy(s, ), vk (s, x)) are unstable

for all k large.

4 Effect of large advection rate y

This section is devoted to study the asymptotic behaviors of positive solutions (u,v) to (3.5) if
the advection rate y is large. The first step of our analysis is to present the following a prior
estimates.

Lemma 4.1. Assume that ¢(v) € C*(R,R). Let (u,v) be any positive solution of (3.5). Then

we have that
ag

< = 4.1
zrggi]v(x) S (4.1)
and . )
L
/ u?dr < abl—Q. (4.2)
0 1

Proof. First of all, we see that (4.1) follows from the Maximum Principles. We integrate the
u-equation in (3.5) over (0, L) and obtain

L
/ (a1 — biu — cyv)udz = 0.
0

Then we have from the Young’s inequality that

L L L b [t 2L
b1/ w?dr + cl/ wodr = CL1/ udz < —/ wlidr + -, (4.3)
0 0 0 2 Jo 20,

This implies (4.2) and it completes the proof of Lemma 4.1. O

We now study the asymptotic behaviors of (u,v) by passing the advection rate x to infinity
in (3.5). It seems that one needs the largeness of Dy in order to establish nontrivial patterns.
On the other hand, we have assumed that the diffusion rate Dy is sufficiently small for our
stability analysis in Section 3, and here we treat D; and D separately and then as y — oo, we
have the following results.

Theorem 4.2. Suppose that ¢ € C*(R,R). Let (u;,v;) be positive solutions of (3.5) with

(D13, Da2iy xi) = (D1, D2,x) and g~ = r;. Assume that x; — 00, Da; — Do € (0,00) and

ri = r € (0,00) as i — oo, then there exists a nonnegative constant Aoy such that

U;V; — Ao uniformly on [0, L];
moreover, after passing to a subsequence if necessary as i — 0o
(ui, i) = (Moo "= v ) in C1([0, L]) x C([0, L)),
where Voo = Voo () satisfies the following shadow system

Dol + (as — badeoe "?0=) — cyu)vae =0,  x € (0,L),

fOL(al - bl/\ooeiﬂb(vm) - Clvoo)eiﬂp(vm)daj =0, (44)
o (0) = (1) = 0.
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Proof. We see from (4.2) and the v-equation in (3.5) that, ||v;||f2(0,z) is uniformly bounded for
all y; and Dy ;. By Sobolev embedding theorem, we can show that v; — v in C1([0, L]) as
i — o0, after passing to a subsequence if necessary. Dividing the w-equation in (3.5) by Dy ;
and then integrating it over (0, z), we obtain that

1 x
wp + ru ' (v;) = — / (a1 — biu; — c1v;)ugde.
D1 Jo
Denoting w; = u;e"*®(*?) | we can easily show from Young’s inequality that
1 x L
efrié(”i)w;- < / (a1 — bru; — crvy)u;|de < / 2b1uf + Mdx, (4.5)
D1 Jo i Jo

where M is a positive constant independent of D; ;. Sending ¢ to oo in (4.5), we conclude from
(4.1), (4.2) and the Neumann boundary conditions that w; — 0 uniformly. Therefore, we must
have that w; = w;e"®®) converges to some nonnegative constant \... Moreover we can show
from elliptic regularity theories that v is smooth and it satisfies the shadow system (4.4). O

Remark 3. If r; — r = 0, we see that the convergence in Theorem /.2 still holds and u;
converges to the constant . Moreover, (4.4) with r = 0 has only trivial solution v, therefore
(ui,v;) can only be trivial if x; — oo with Dy ,; being relatively larger. Same conclusions can be
made if r; — r = co. Hence we only consider the limiting process with the diffusion rate D1
and the advection rate x being comparably large.

We want to point out that, if b; # 0, the boundedness of ||u||z2 in (4.2) is required to show
the convergence in Theorem 4.2. However, if by = 0, the statements in Theorem 4.2 still hold
though ||u||z2 may be unbounded. Actually, if by = 0, (3.5) implies

L o [P
/ udr = — uvdx.
0 ai Jo

Integrating the v-equation over (0, L), we collect that

L 1 L
/ uvdr = — / (a2 — cov)vde, (4.6)
0 b2 Jo

which is uniformly bounded, and this implies that ||u||z: is uniformly bounded. Then taking
b1 = 01in (3.5), we can also show that w; converges to a constant as D ; converges to infinity.

4.1 Existence of nonconstant positive solutions to the shadow system

Now we proceed to study the existence of nonconstant solutions of (4.4). One can easily show
that (4.4) has only trivial solution if Dy is large. On the other hand, since small diffusion
rate Do tends to support v, that has an interior transition layer, we denote Dy = € and put
(Voos Aso) = (Ue, Ae) in (4.4) and consider the following shadow system to (3.5)

ev! + (ag — bodee T2 _ 021)6)116 =0, z € (0,L),

foL(al —bidee ") — ¢p )e W) dy = 0, (4.7)
ve(x) > 0,z € (0, L); v/(0) = vl(L) =0.

Obviously (4.7) has a unique positive trivial solution

(5, %) = ((Izbl — a1b2, azby — a1bs 6_@(@)),
blcg — b201 b102 — b201
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provided with (1.3). First of all, we establish the existence of nonconstant positive solutions to
(4.7) through the bifurcation analysis by taking e as the bifurcation parameter. Similarly as the
bifurcation analysis in Section 3, we rewrite (4.7) into the following abstract form

T, \e)=0, (v,\€) € X x Rt x RT,

where X is defined in (3.6). Then T (v, A, €) = 0 for any € € R and 7T is analytic from X x R x R+
to Y x R, where Y = L?(0, L); moreover, it follows through straightforward calculations that,
for any fixed (vg, A\g) € X x R, the Fréchet derivative of T is given by

Dy )T (vo, Ao, €) (v, A)

B ( ev” + (ag —2¢oug —bae " P0) (Ng— )\ovor@'(vo)))v—bge_rq’(””)vo)\ >

foL(b1 o7 ® (vg)e=2r®(v0) — 1 e ®(0) )y — b1 e 2P (v0) \dy (4.8)

Similar as the arguments for (3.8), we can show that D, x)T (vo, Xo,€) : X x RT = Y xR is a
Fredholm operator with zero index.
For bifurcation to occur at (7, \), we need to check the following necessary condition,

N(D@nT (v, €) # {0}, (4.9)

where N denotes the null space. First, we claim that if (v, A) € N'(D, T (7, A, €)), then A = 0.
In fact, assume that (v, \) satisfies the following system

ev’ + (( ag — co0)ord’ (v) — 0217)1) — bove "*WN =0, z € (0,L),
fo (=1 + (a1 — 0)rd! (0))v — e "0 Mz = 0, (4.10)
v (0) =/ (L) =0.

Integrating the first equation in (4.10) over (0, L), we have
L —
((a’Q - CQ’D)T(I)/(T)) - 02)/ vdx = bz)\efrq)(”)L_
0
The second equation in (4.10) implies that
L —
((a’l - Cll_))T‘q)/(l_)) - Cl)/ vdx = bl)\e_T(I)(U)L_
0

If A #£ 0, we equate the coefficients of the two equations above to obtain
((ag - 02’17)7”‘1)/(’17) — 02)b1 — ((a1 - clz’))r@'(ﬁ) — Cl)bg =0,
which implies through direct calculation that

a2b1 — a1b2 _ 1
bica — bacy 7"‘1)/(17)'

v =

Comparing this with the formula

azby — a1by
V= ————

bico — bacy’

we reach a contradiction, hence A = 0 as claimed and (4.10) becomes

e’ + ((az — c20)r® (V)v — c20)v = 0, z € (0, L),
fo ((ar — c10)r®’ (v) — c1)vdz =0, (4.11)
v'(0) = v'(L) = 0.
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It is easy to see that (4.11) has nonzero solutions if and only if

(a2 — co0)r®'(v) —ca __ mw

. v (L )2, n e N. (4.12)

First of all, n = 0 can be easily ruled out since ¢+ # Cl. Otherwise, we must have that v is
a constant from the first equation in (4.11) and v = 0 thanks to the integral constraint, which
contradicts the condition (4.9). For n # 0, the local bifurcation might occur at (o, A, Gn) with

((az — c20)r®'(v) — )0

Nt 4.1
CEIIAE >0, ne , (4.13)

€n =
provided that (ag — c2¥)r®’(v) > ¢z > 0. Furthermore the null space
N(D )T (0, €,)) = span{( cos 0)}, ne NT,

and it has dim N (D, 2T (0, A, €,)) = 1.
Having the potential bifurcation values, we can now proceed to verify in the following theorem
that the local bifurcation does occur at (7, A, €,,).

Theorem 4.3. Suppose that the conditions (1.3) and ca < (az — c20)r®’(v) are satisfied. For
eachn € N7, there exists 6 > 0 and continuous functions s € (—8,0) :— (vn(x, 8), A (8), €n(s)) €
X x RT x RT, with

en(0) = €ny (vn(2,5), An(8)) = (5, A) + s(cos =~

7 ,0) + o(s), (4.14)

such that (v, (,s), An(s)) solves the system (4.4). Moreover, all nontrivial solutions of (4.4)
near (U, \, €,) take the form in (4.14).

Proof. Again, to make use of the local bifurcation analysis of Crandall and Rabinowitz [8], we
only need to show

d 7y 3 _ —
= (DnT(X,9) @ A)|_ # RO T (@A), (115)
where ; .
= (D T(@X,€)) (vn; An) - ( (cos nxz ° ) )

If not and we suppose that there exists a nontrivial solution v € X to the following problem

ev” + ((ag — ¢co0)ord’(v) — CQ’U)U = (Cos ey x e (0,L),
fo —c1 + (a1 — e10)rd® (7))o — e ") by Mz = 0, (4.16)
v'(0) =o' (L) = 0.

By the same analysis that leads to the claim under (4.9), we have that A = 0 in (4.16), and it
becomes

ev” + ((az — c0)r®’ (V) — 02)171) = (cos 222)" x € (0, L), (4.17)
v (0) =v'(L) = 0.
However, this reaches a contradiction to the Fredholm Alternative since cos "z”” is in the kernel

of the operator on the left hand side of (4.17). Then we have proved the transversality condition
and thus conclude the proof of Theorem 4.3. O
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4.2 Stability of bifurcating solutions from (7, A, ¢,,)

In this section, we proceed to investigate the stability or instability of the spatially inhomoge-
neous solution (v, (s,z), A, (s, 7)) that bifurcates from (7, \) at € = ¢,. Here again the stability
refers to that of the bifurcation solution taken as an equilibrium to the time-dependent system
of (4.4). Similar as the analysis in Section 3, we write the following expansions

Un(s, %) = 0+ s cos 12 + s2pa(x) + sPp3(2) + o(s),
A (8,2) = A+ 8% X2 + 8303 + o(s3), (4.18)
en(s) = en + sK1 + s°Ka + o(s?),

where ¢; € X satisfies fOL @i cos(**)dxr = 0 for i = 2,3 and X2, KC1, KCo are positive constants
to be determined.
For notational simplicity, we denote in (4.7),

f(Av’U) - (QQ - b2Aee_Tq>(’U6) - C2ve)ve
and
g\ v) = (a1 — bidee TP clvé)efm)(vé);

moreover, we introduce the notations

= O0f(v,\) : O0f(v,\)
v = Tkm):(m), = T|(U,A):(5,X)

and in the same manner we can define fv,\, fmw, Gus s Gurs Gou, €tC.
Substituting (4.18) into (4.7) and collecting the s-terms, we obtain

) _
enpy — K1 <%> cos —nZI + fop2 + fare + % cos? ”Lﬂ =0. (4.19)

nmwx

Multiplying (4.19) by cos *7% and integrating over (0, L) by parts, we have

2,2

L
2Tk = (—en(ﬂ)%ﬁ,)/o 3 cos = =0, (4.20)

L L

therefore IC; = 0 and the bifurcation at (v, A, €,) is of pitch-fork type for all €,, n € N7T.
Equating the s3-terms from (4.7), we have

2
r N n nmwr
enly + Forps + s — Ko <%> cos % (4.21)
+ (fvv%é?z + fv,\)\2> cos ? + % cos® nLiw =0.

Testing (4.21) by cos 2% and from straightforward calculations, we obtain

2.2

_ . . o _
n-mw f'uv 2nmx ka)\2L fvva
Ko = —( d d ) : 4.2
57 Kz 5 /0 2008 — x—l—/o padx ) + 5 + 16 (4.22)

Multiplying (4.19) by cos Q”L” and integrating it over (0, L) by parts, then thanks to K1 = 0,
we conclude from straightforward calculations that

L _
2nmwx fooL
e = 2 4.23
/szcos ATy (4.23)
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where we have used the fact that f, = en(%)2. Integrating (4.19) over (0, L) by parts, we have

f_v'uL
4

L
fv / (pzdfb + f_)\S\QL +
0

= 0. (4.24)

Moreover, we collect s?-terms from the second equation of (4.7)to have

L _
N 'U'UL
gv/ podr + gaxro L + g 1 0. (4.25)
0

Then we conclude from (4.24) and (4.25) that

L (.f'uvg)\ - gv'uf_)\)L 3 fvgvv - gvav
dr = — - = = 4.
~/O P 4(fv§>\ - gvfk) 7 ? 4(fvg)\ - gvfk) ( 26)
Substituting (4.23) and (4.26) into (4.22), we see that Ky equation becomes
n2772lc _ & (fva o (f_vng_gvvf_A)L> . ka(fggvv - gvav)L_i_]Fvva
2L 27 2 \24f,  4(fugn — 9ol 8(fodr — Gufr) 16
_ (gvv (f_vva - fvaA) _f_'uv (f_vng_gvaA))L n f?UL n fvva ' (427)

8(fvgr—gufr) 48f, 16

To evaluate Ky in (4.27), we derive the following partial derivatives of f and g at (v, \) through
straightforward calculations

fo = (az = 20)109' () — 20, fa = —bave "), (4.28)
foo = (a2 — c20) (= @(@’(@))272 + (29/(v) + 09" (0))r) — 2¢, (4.29)
fox = boe ") (30 (5)r — 1) (4.30)
and
Fovw = (a2=c20) (09" (0)r* =30/ (5) (@' () + @ (0))r*+ (30" (1) + 99" (0))r),  (4.31)
together with
Go = ((al — 10) P’ (v)r — 01)67@(6), ga = —bre 2@ (4.32)
and ,
Jow = refrq)(ﬁ)( —3(®'(v)) (a1 — c10)r + (a1 — c10) " (0) 4 219’ (v)). (4.33)

We now proceed to calculate Ko in (4.27) with (4.28)—(4.33) as follows. First of all, in the light
of the fact by(az — c2¥) = ba(a1 — ¢10), we have from (4.28) and (4.32) that

fvg)\ - gvfk = (bICQ - bgcl)fje_%"q)(f’);
moreover, we have

gv'u (f_vvf_)\ - f_vf_v)\) - f_'uv (f_v'ug)\ - g'uf_'u)\)
(f'uv (blfvve_r@(ﬁ) - bQ’DQ’Uv) + fv)\ (.f'uv((al - Cl’D)r(I)I(’D) - Cl)

—Gove" ™ ((az — c20) 7@ (v) — 02)77) ) e (4.34)

((blfvv - b2ﬁer¢(ﬁ)gvv) (fvve_r¢(ﬁ) + fv)\e_r@(ﬁ) (I)I(’D)j‘r)

+f_v)\ (021_)erq>(ﬁ)gv'u - le_v'u)) e_T(I)(ﬁ);
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furthermore, we apply (4.29), (4.30) and (4.33) and obtain in (4.34),
Fove ™ 4 fre PO (1) A
_ ((a2 — eo0) (= (¥ (1)) + (20 (1) + 0D (1)) 1) — 25 + boA
(ro®’(v) — 1)@'(6)7‘6_@(5))6_@(5)
_ ( —2e5 + (a5 — c20) (r®' (0) + rm”(@)))e—”’(@), (4.35)
then we conclude from straightforward calculations with (4.28) and (4.29)
Goo(Fonds = Fofin) = FoulFgs — 9uFon)
) Jogx — Gufx

= m ((blf_v'u — b21_)€7"<1>(17)gvv) ( _ 202 + (0,2 _ CQ@) (T(I)/(ﬁ)

+7"D(I)H(/D))) + kaeﬂb(ﬁ) (02’ngverq>(ﬁ) - clfvv)) . (436)

Substituting (4.36) into (4.27), we arrive at the following form for Ky

n2m? L

= —_— £ = r®(v) =~ _ _ _ 7 /—
2L Ky 817(1)162 — bQCl) <(b1f'uv bave gw)( 2¢o + (a2 021;) (Tq) (v)

bica — b2cl)f_'uv
6 fo

—I—T’D‘I)”(@))) + Czﬁe%@(ﬁ)fw\gw T (U(

+5(b102 - b2cl)f_v'uv>

- CleT(I)(ﬁ)va) fvv

5 (4.37)

Ko in (4.37) is extremely complicated, hence, for the simplicity of calculations and without
losing much of our generality, we choose ®(v) = v and consider (4.7) in the strong competition
case with b1 = 0. Actually, we see that if by = 0, both (@, v) and the small-amplitude bifurcating
solutions (ug(s,x),vx(s,x)) are unstable, therefore, we are motivated to study the solutions
that have large amplitude. Indeed, we shall see that, the shadow system (4.7) has solutions
with interior transition layer when b; = 0, therefore, this assumption does not inhabit the
applications of our original system (3.5) and the shadow system (4.7) in the mathematical
modeling of interspecific segregation.

Assuming ®(v) = v and b; = 0, we see that (4.37) becomes

n2n? L

-\2,.2 =2 1
— Ky = — as—co0) r°(2a10r° — 17a17r" +8c1) + 4.38
K 4&4@Twﬂy;@)02 20)°r? (21 1+ 8e) (4.38)
(ag—cQT;)r(QalcQ@rQ—l—éllalcgr—1601@) —12alc§6r2—24alc§r+8clc§),
where v = 2. Moreover, for notational simplicity, we denote

c1
0 = (ag - 026)7“,
then (4.13) implies that bifurcation occurs at (v, A, €,) only if
0 > co,
and we shall assume this throughout the rest of this section. Now we see that (4.38) becomes

n2n? F(9) ab? + 30 + v
IC = = 4.39
2L 7 48(0—c)  48(6—c) (4.39)
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where and we have employed in (4.39) the notations

a = —2a,0r% + 17a1r — 8¢y, (4.40)
B = —9a1c0r? — 4laicor + 16¢1c2, (4.41)

and
v = 12&103171"2 + 24alc§1" - 8610%. (4.42)

To determine the sign of ICy for all 8 > co, we first have through straightforward calculations

that the determinant of the quadratic function F'(6) in (4.39) is
57 2 = 6228
2 4oy =1 222(- = _)
B oy TTajcyr (vr—l— 177) + 172 >0,

therefore F'(6) = 0 always have two roots

PP im , _ s+ /F—in »
te 2« UG 2« ' (4. )

We now present the following results concerning (4.39).

Proposition 3. Suppose that ®(v) = v and by = 0 in (4.7) and the condition (1.3) holds.
Denote 0 = (ag — 0217)7° and assume that 0 > cy. For each m € NT, we have the followings on

Ky in (4.18):

(i). if r € (0,5=) U (2,00), Ko >0 for 6 € (c2,61), and Ky <0, for € (6;1,00);
(it). if r € (5, 2), K2 >0 for 0 € (c2,61) U (#2,00), and Ky < 0 for 6 € (61,62);
(i1). if r = 21?, K2 >0 for 6 € (c2,52), and K2 < 0 for § € (32, 00);

(iv). Zf(?")7 j, K2 >0 for 6 € (c2,2%2), and Ky < 0 for 6 € (122 00), where we have
v="%qn (i)-(iv).
01

Proof. For all @ > ¢, we readily see from (4.39) that Ko has the same sign as F(6) = af?+360++.
Moreover, in light of (4.39)—(4.42), we have from straightforward calculations

F(c2) = arcir? > 0. (4.44)

On the other hand, we notice that (4.40) is equivalent as
8

=—c1(20r —1)(r — = 4.45
a c1(20r — 1) (r 17)’ (4.45)
and o = 0 if r = £ or r = £, then it follows that F(0) = —21920 + 7¢ic3 and F(0) =
—888c1c20 + 960c; 5 respectively. Therefore, (iii) and (iv) follows from (4.39) immediately.
To prove (i) and (ii), we compare axis of symmetry 6* = —% of the parabola F(#) with ¢y
o — B+ 2ca 13a1c0012 + Taqcor
2 - 2a 20 ’

then it readily implies that sgn(cy — 6*) =sgn(—a). If r € (0, =) U (2, 00), we have ¢z — 6* >0
since @ < 0, then the parabola F'(0) opens down and with its axis of symmetry to the left of
co. Therefore, F(0) > 0,Ky > 0, if 6 € (c2,01), and F(0) < 0,2 < 0, if 8 € ($1,00). This
completes the proof of (i). By the same arguments, we can show (%) and this proves Proposition

3. (]

Since F'(c2) > 0, we see that [Co > 0 if § > ¢y is small, i.e, for all (ag — c20)r — c2 > 0 being
small. We shall interpret this observation by its relevance with our results and mathematical
modeling. Before this, we present the following theorem on the stability of the bifurcation
solution (v, (s,2), A\, (s)) established in Theorem 4.3. Here the stability refers to the stability
of the inhomogeneous solutions taken as an equilibrium to the time-dependent counterpart to
(4.7).
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Figure 2: Graphs of Ky as a function of § = (CL2 — 6217)7*; the assumption 6 > ¢o is required such
that bifurcation occurs at (v, A, €,).

Theorem 4.4. Suppose that all the conditions in Proposition 3 are satisfied. Then for each
n € N*t, the bifurcation curve I',,(s) at (0, )\, €,) is of pitch-fork type; moreover, T',(s) turns to
the right and the bifurcation solution (v, (s,x), An(8)) is unstable if Ko > 0, and T'y(s) turns to
the left and (v (s, ), \n(s)) is asymptotically stable if Ko < 0, where Ko is defined in (4.39).

The local bifurcation branches described in Theorem 3.1 are formally presented in Figure
3. In contrast to the y-bifurcation Figure 2, small € supports stable bifurcating solutions, while
large € oppose these nontrivial solutions.

X xR+ X xR
>(v e < (0, ) €
Ko <0 Ky >0

Figure 3: Pitchfork type bifurcation branches. The solid line represents stable bifurcating solution
(v (s,x), Ak (s), €x(s)) and the dashed line represents unstable solution.

Following the results of [9], we can prove this theorem by the same analysis that leads to
Theorem 3.2. For the sake of completeness, we sketch it as follows. To study the stability of the
bifurcation solution from (v, A, €,), we linearize (4.7) at (v, (s, ), Au (), €,(s)). By the principle
of the linearized stability in Theorem 8.6 [9], to show that they are asymptotically stable, we
need to prove that the each eigenvalue 7 of the following elliptic problem has negative real part:

D )T (0n(8,2), An(8), €n(5)) (v, A) = n(v, A), (v,A) € & x R. (4.46)

where v, (s, 2), Ap(s) and €,(s) are established in Theorem 4.3. On the other hand, we observe
that 0 is a simple eigenvalue of D(v,,\)T(ﬂ,/_\,ﬁn) with an eigenspace span{(cos “F%,0)}. It
follows from Corollary 1.13 in [9] that, there exists an internal I with €, € I and continuously
differentiable functions € € I — ((€), s € (—0,9) — n(s) with n(0) = 0 and ((e,,) = 0 such that,

n(s) is an eigenvalue of (4.46) and ((x) is an eigenvalue of the following eigenvalue problem

Dy T (v, A6, A) =((v,N), (v,)) € X xR; (4.47)

moreover, 7(s) is the only eigenvalue of (4.46) in any fixed neighbourhood of the origin of the
complex plane (the same assertion can be made on ((€)). We also know from [8] that the
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eigenfunctions of (4.47) can be represented by (v(e,x), A(€)) which depend on e smoothly and

can be uniquely determined by (v(en, x), )\(en)) = (cos 7 O).

Proof of Theorem 4.4. Similar as the analysis that leads to the claim behind (4.9), we can show
that A = 0 in (4.47). Then by differentiating (4.47) with respect to € and setting € = €,, we
collect the following system from (4.8) in light of ((e,) =0

—(25)2 cos 2IE + €,0" + ((ag — c20)r — c2) 00 = C(en) cos ey
[ (—e1 + (a1 — erv)r)yodz = 0, (4.48)
¥'(0) = /(L) = 0,

where the dot-sign means the differentiation with respect to e evaluated at € = ¢, and in

. . Ovu(ex)
particular © = —2=

Multiplying the first gquations of (4.48) by cos “F* and integrating it over (0, L) by parts,
we apply (4.13) with ®’(v) =1 and obtain from (4.48)

nmw. 2
C(en) = _(T) .

According to Theorem 1.16 in [9], the functions n(s) and —se/ (s)C(e,) have the same zeros and
the same signs for s € (=4, 0). Moreover

Now, since K1 = 0, it follows that lim_,o 5772(—’;2 = (%)2 and we readily see that sgn(n(s)) =

sgn(kCe) for s € (—0,0), s # 0. Therefore, we have proved Theorem 3.1 according to the
discussions above. O

As we can see in (4.13), for each e being small, there always exists positive solutions to
(4.7) from bifurcations. However, according to Proposition 3 and Theorem 4.4, the small-
amplitude bifurcating solutions (v, (s, x), An(s),€n(s)) are unstable in the strong competition
case with b; = 0. Therefore, we are motivated to find positive solutions to (4.7) that have large
amplitudes.

5 Existence of transition-layer solutions to the shadow
systems

In this section, we study the positive solutions to a shadow system in the form of (4.7) that
have an interior transition layer. Without losing much of our generality, we choose ®(v) = v in
(4.7) and consider the following nonlinear boundary value problem,

ev” + (ag — bede ™ — cov)v = 0, x € (0,L),
fOL(al —bide "™ — crv)e "dz = 0, (5.1)
v (0) =o'(L) =0,

where v = v (\, ) depends X and A = A, is a positive constant to be determined. Our aim of this
section is to show that, for € being sufficiently small, system (5.1) admits solutions with a single
transition layer which is represented by an approximation of a step-function. The transition-
layer solution can be used to model, not only the coexistence, but also a more interesting
segregation phenomenon of the competing species. Though we are concerned with v.(z) that
has only single transition layer over (0, L), one can construct multiple-transition-layer solutions
by reflecting and periodically extending v, (z) at x = +L, +2L, £3L, ...
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Our approach is to construct the single transition-layer solution v (A, z) to (5.1) for an
arbitrarily predetermined A\. Then we proceed to find A = A, and v.(Ae,x) such that the
integral condition is satisfied. To this end, we first investigate the follow equation

ev + f(\v)=0, ze€(0,L),
v(x) >0, z € (0,L), (5.2)
v (0) =4'(L) =0,

where we have used the notation
F(Av) = (ag — baAe™™ — cov).

It is obvious that 9p(A\) = 0 is a constant solution (5.2). Integrating the first equation of (5.2)
over (0, L), we have

L
/ f\ v)dz =0,
0

therefore f(\,v) changes sign in (0, L). Denoting f(\,v) = ag — boAe " — cov. We can observe
that f(/\, v) = 0 has two positive roots if and only if f()\, 0) < 0 and there exists a positive v*
such that f,(\,v*) = 0 and f(\,v*) > 0. Then it follows from straightforward calculations that
f(A,v) = 0 has two positive roots 71 (\), U2(\) with

1
f()\,’ljl):f()\,’ljg)zo, 0< <’U*:?—; < U2, (53)
2
provided that
as Cp @2ty . C2
A (—, 22 % ) thr> 2 5.4
€ b bgre 2 wi r>a2 (5.4)

We shall assume (5.4) throughout the rest part of this section.

One can easily observe that the constant solutions 0 and v, are stable and v; is unstable in
the corresponding time-dependent system of (5.2). Moreover, for each A satisfying (5.4), f(A,v)
is of Allen-Cahn type with f,(A,0) < 0 and f,(\,02) < 0, therefore, we have from the phase
plane analysis, in [11] for example, that the following system has a unique smooth solution
VQ (Z),

Vo' + f(\ Vo) =0, z€R,
Vo(z) € (0,02(N)), 2z € R, (5.5)
VQ(_OO) = ’Ug()\), VQ(O) = ’172()\)/2, VQ(OO) =0;

and there exist positive constants C, x that depends on A such that

‘ dVo(2) ‘

p <ce ™ 2 eR. (5.6)

Our construction of the transition-layer solutions v to (5.2) begins with an approximation of a
step-function and we follow the idea in [14] for this purpose. Denoting L* = min{zg, L — ¢} for
each fixed zo € (0, L), we choose the cut-off functions xo(y) and x1(y) of C*°([—L, L]) smooth
to be

L, lyl < L*/4, 0, ye[-L,0],
Xo(y) = (éa 0.1), SJLE[_LL(?J], and x1(y)= { B\ (1 = xo(y)), y € [0, L). (5.7)
Let _
Veh ) = xolw = 20)Vo (A, 2 ﬁm) + 1z — o), (5.8)
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agr

then for each A € (‘g—j, %e?_l), we want to construct a solution to (5.1) that takes the form

ve(\, ) = Ve(\, 2) + Vel (), ).

Then we have that W satisfies

LY+ P+ Q. =0, (5.9)
where )
L= 6@ + fv()‘a ‘/;()\,JJ)), (510)
2
P.o—e 3 (e% + O V;()\,:v))), (5.11)
and
Qi = H(FOVelh @) +VEw) = FAVelA, ) = VAU £, (A, Ve, 2))) (512)

=bode Ve (Vo /e — eV (V. e+ W) — U(rV. — 1)) — e/l

We readily see from (5.9)—(5.12) that P, and Q. measure the accuracy that V; (A, z) approximates
the solution v (A, z). Our existence result is a consequence of several lemmas and we first present
the following two about P, and Q..

Lemma 5.1. Assume that r > 2 and suppose \ € (‘;—; 148, 2ea g for 6 > 0 small.

a ? bor

Then there exists C; = C1(0) > 0 and € = €1() > 0 small such that, for all e € (0,€1(9))

sup |P.(z)| < Ch.
z€(0,L)

Lemma 5.2. Under the same conditions in Lemma 5.1. For any Ry > 0, there exists Cy =
C5(d, Ro) > 0 and ez = €2(d, Ry) > 0 small such that, if € € (0,¢€2), then

1Qc[¥illloo < Cov/ell¥illoo, VIIWilloo < Ro (5.13)
1Qe[¥1] — Qe[¥a]lloc < Cov/el|T1 — Voo, V[[Willoo < Ro (5.14)

We also need the following Lemma in our existence arguments.

Lemma 5.3. Under the same conditions in Lemma 5.1. For any p € [1,00], there exists
Cs = C5(0,p) > 0 and e3 = €3(8,p) > 0 small such that, L. with domain W*P(0,L) has a
bounded inverse L7 and for all € € (0,¢€3(d,p))

I£ 9y < Csllgllp, Vg € LP(0, L).
In light of Lemmas 5.1-5.3, we can prove the following existence results on the transition-
layer solutions to (5.2).
Proposition 4. Assume that (5.4) is satisfied. Let xo be an arbitrary point in (0,L). Then for
each & > 0 being small and any \ € (Z—j 10, 2e% T4 , there exists a small e4 = €4(5) > 0

) bg’l‘

such that for all € € (0,€e4(5)), (5.2) has a family of solution ve(\,x) such that

sSup |’U€()\,.’II) - Vve()\ux)l < C'4:\/;
z€(0,L)

where Cy is a positive constant independent of €. In particular,

D2(N), compact uniformly on [0, xg),
lim ve(A,z) =< 2(N)/2, =z, (5.15)

ot 0, compact uniformly on (xo, L].
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Proof. We shall establish the existence of v, in the form of ve = V. + 1/e¥, where V, is defined
n (5.8). For this purpose, it is equivalent to show the existence of smooth functions ¥ and we
shall to apply the Fixed Point Theorem to this end. For all ¥ € X', we define

S[¥] = —L (P + Q[¥]). (5.16)

Then S, is mapping from C([0, L]) to C([0, L]) according to elliptic regularities. Moreover, we
choose
B={VeX||Yx < Ro},

where Ry > 2C1C3. By Lemma 5.1 and 5.3, we have |£7!P¢||o < C1C3. Therefore, it follows
from Lemma 5.2 that

||S€[\IJ]HOO < CC5+ CQO?,\/ERO < Ry, YV € B,

provided that € is small. Moreover, it follows from Lemma 5.2 that for e being sufficiently small,
1
[[Se[¥1] = Se[Wa]lloe < §||\I/1 = Usloo, VW1, Vs € B,

hence S, is a contraction mapping on B for all small positive €, then it follows from the Banach
Fixed Point Theorem that S, has a fixed point ¥, in B, which is apparently a smooth solution
of (5.9). Therefore v. = V. + /P, is a smooth solution of (5.2). Moreover, it is easy to verify
that v, satisfies (5.15) and this finishes the proof of Proposition 4. O

Proof of Lemma 5.1 Substituting Ve(\, z) = xo(z — x0)Vo(A, zyg") + x1(x — z0) into Pc(x) in
(5.11), we collect from the Vp equation that

V1)

dx?

FLVe) =xof (A, Vo) +ex Vo + 2v/exo Vi +extf
FONVE) =x0f (X Vo) +O(Ve)
F(Axo(x —z0)Vo (A, (z — x())/\/EH'Xl(fl7 — 9))

—xof (A VoA, (z — m0)/Ve) + O (5.17)
where O(y/€) is with respect to L>°-norm.

We claim that [ f (X, Vo) — xof (A, Vo)| = O(y/€) in (5.17) and our discussions are divided into

the following cases. If |x — xo| < L*/4, or & —x¢ > L*/2, or x — 29 < —L*/2, we can have from

(5.7) that f(X Vo) —xof (A Vo) = 0. If [z — x| € (L*/4,L*/2), since Vy(z) decays exponentially
to 0 at co and to U2 at —oo, there exists C' > 0 uniform in € such that

|F(AVe) = xof (A Vo)l < CVe.

This proves our claim and Lemma 5.1 follows from (5.17). O

+F(A Ve(A, @)

Proof of Lemma 5.2. First of all, we have from the Taylor’ expansion that

2
eV =1 — /el + @ + o(e¥?) (5.18)
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where o(e¥?) is taken in the L°-norm. Substituting (5.18) into (5.12), we collect

O, —byre "V (14(1 — eV ) e — e VY — Y, + \If) N
r e\If r 6\112

= ng\e_TVG( < (rv/eW — —0(e¥?)) /e —T(1 —rye+ + 0(eT?))
VU + \11) - Cz\/E\If2
2 2

=bode "V (r/el — ! \/;‘I’ Ve) = caV/e¥? + o(/eW)

2\112
_ \/g(bQAe*’“Ve (e — v, - 02\112) +o(y/eD), (5.19)

then we have from (5.19) that
r? 2 2
1Qclwi] o s\/z(bzxrnwoo + SIVe0 o + 2l 92| )
<e(bar + —HV oo + c2R0) (| 4| (5.20)

2
.
1 Qel 1] = Qul s oo < Ve (BAr|[ W1 = Wl T [V (5 = 03) [ + 2| 9 — 03 )

< V(bW = Wl oo Ror? | Ve [ 91— Wal o265 Ro | 1~ 3 )
= 6(1)2)\7'+R0T2||V;Hoo+202R0)||‘I’1—‘I’2HOO (521)

Taking Cy = boAr + 72|V, ||eo Ro + 2c2 Ro, we see that (5.13) and (5.14) follow from (5.20) and
(5.21) respectively. O

Proof of Lemma 5.3. To show that L. in (5.10) is invertible, it is sufficient to prove that L.
defined on LP(0,L) with the domain W?2P?(0, L) has only trivial kernel. Our proof is quite
similar as that of Lemma 5.4 in [20] given by Lou and Ni. We argue by contradiction and
without loss of our generality, we choose a sequence {(e;, )}, with ¢, — 0 and \; — X €

(a2 45, Ll - 5) as i — oo such that, there exists ®; € W2P(0, L) satisfying

? bg’r‘

JVe,(\i,2))®; = 0,2 € (0,L),

61 dgczI + fv( i
0 (5.22)

2,(0) = &(1)

SUPze(0,L) ®;(z)

Let us denote R
0;(2) = ®i(wo + VEz), Ve, (Mi 2) = Ve, (i, o + VE2),

for all z € (:CO i € NT, then we see that

_%7$0+ﬁ)7
2®; . . 1
v(Aiy Ve, (Ai, 2)) @5 = 0, - —

5+ o Ve (0 2) B = 0 ze(xo \/_ \/_)

Thanks to (5.4) and (5.7), it is easy to see that both f,(\;,V;,) and ®; are bounded for all
i € NT, therefore, we can apply the standard elliptic regularity and the diagonal argument

that, after passing to a subsequence if necessary as i — 0o, Pd; — Dy in C YR,) for any compact
subset R, of R; moreover, ®, is a C*®-smooth function that satisfies

d2d,
dz?

+ fo\ Vo(A, 2))®0 = 0,z € R, (5.23)
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where V5 (A, 2) is the unique solution of (5.5). Let a; € [0, L] such that ®;(z;) = 1. Then we have
that f, (A, Ve, (A, 2;)) > 0 according to the Maximum Principle. We claim that |z;| = L\/gﬂ <
Cy for some Cj independent of ¢;. Suppose otherwise and there exists a sequence z; — +00 as
€; — 0, then it follows from the definition of V¢, in (5.8) that f/e ()\, zl) — 9 and 0 respectively.
On the other hand, we recall that f,(\,72) < 0 and f,(\,0) < 0, therefore f,(\, Ve, (A, 2;)) <0
for €; being sufficiently small and we reach a contradiction, hence |z;| is bounded for all €; being
sufficiently small. Now as ¢; — 0, one has that z; — z( for some zy € R such that

Do(z0) = sup g(2) = 1, ®)(z0) = 0.
z€R

Differentiating equation (5.23) with respect to z, we can obtain

d2V0

dz?

+ fo(A Vo, 2))Vy = 0, (5.24)

where V = %. Multiplying (5.24) by ® and (5.23) by V{ respectively and then integrating
them over (—o0, zg) by parts, we obtain that

=0 = jod = Z Z

0= [ @y - BV ds = BV, - BV ]

— 00

Since V{'(20) # 0 and thanks to (5.6), we conclude that ®o(z9) = 0, which is apparently a
contradiction. Therefore, we have prove in invertibility of £. and we denote its inverse operator
by £ from now on.

To show that £_' is uniformly bounded on LP(0, L) for all p € [1,00], it suffices to prove
it for p = 2 thanks to the Marcinkiewicz interpolation Theorem. We consider the following
eigenvalue problem

Eespi,e = WiePie, T E (07 L)7
©.c(0) = ¢} (L) =0, (5.25)
SUPge(0,L) pie(z) = 1.

By applying the same analysis as above, we can show that for each A € (a2 + 4, b‘j—ie g Tl 5),
there exists a constant C'(A\) > 0 independent of e such that p; . > C(\) for all e sufficiently
small. Therefore

o0

< g,Pie > _

1t glle = |32 =221 l, < O gl
4_ 1,€

where < -,- > denotes the inner product in L?. This finishes the proof of Lemma 5.3. O

We proceed to employ the solution v (A, x) of (5.2) as obtained in Proposition 4 to construct
solutions of (5.1). Therefore, we only need to show that there exists (ve(Ae, x), Ac) to (5.2) such
that the integral condition in (5.1) is satisfied.

First of all, we have from straightforward calculations that, if r € (2—2, 2—11 ﬁ],
A(v2) < 2 for all vy € (¥, ¥). However, this is a contradiction to (5.4) and no transition layer
occurs under this condition. Therefore, we shall assume from now on that r > % In %
Moreover, we have the following necessary conditions on the existence of transition-layer solu-

tions to (5.2).

Proposition 5. Denote \(v9) = 9239222 We assume that - < % and o5 € (%, 2)N (2~

Cl ? ca
L 92y with r € (< 1In —29 o). Then, there exists a unique v§* that \(05*) = 22 moreover,
) Cco ai a2C€1—0ai1c2 b

if (5 1) exists transition-layer solutions v. that satisfy (5.15), we must have the followmgs

()ifr e (S s ) then A(n) € (3, 2ymmse ) for all 5 € (2,57,
agr
(i) if r € [azc?c;l@ 00), then \(v2) € (Z—j, g 1) for all va € (2 — 1 2).
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Proof. Tt follows easily from (5.3) and (5.4) that 7y € (£, 22); moreover, we can easily show

c1? co
that A(2) is monotone increasing when vy € (g4, 22 — %) and is monotone decreasing when
= ag 1 asz . ag 1 e Zr—1 112
U2 € (2 — 5, %). On the other hand, since \(22 — ;) = 2 > 32 from(5.4) and
as

)\(‘i—;) = 0, there exists a unique v5* such that )\(17;*2) = We also want to point out that, if
a C
o <o c c asc cic

2 Ly 2C1 - 1C2

a9 aq a9C1 — a1C2 asCy — alcQ'
Sending € to zero in (5.1), we have from Lebesgue Dominated Convergence Theorem that A =
“22—22“26”’2. Now we finish the proof by considering the following two cases.
If 22 — 1 < % and \(2) > £, then 172 € (4,92) and r € (& 1n 24 acs )

r c1 c1’ ca a2c¢1—a1c2’ A2¢1—a1C2
Moreover we have that A(2-) = %e g 32 for all v, € (22 — 1 22), thanks to the
monotomclty of )\(vg) therefore we have finished the proof of (i).
Ife_1sa =+, we have that r € (;—%2— 00) and correspondingly v; € (£ — 1 22). Then,
we can also prove (ii) by the monotonicity of A(v2) for r € (22—, o0) O
For the simplicity of notations, we take
ase
pr= L2
al agCy — a1cCy
and denote
aq 3 * C1C2
I - (&, v 1) if re (r, 22—, (5.26)
(Z2 __7’0**)7 ifr e (#700)7
2 T ascl1—aica

Now we are ready to present the final Theorem of this paper.

Theorem 5.4. Suppose r € (r*,00) and ¢+ < £ with by — 0 as ¢ — 0. . Then for each
Ug € Iy defined in (5.26), there exists eg = €o(U2) > 0 such that (5.1) admits positive solutions
(Ae, Ve(Ae, ) for all € € (0, €0); moreover

Vo, compact uniformly on [0, xo),
lim ve(Ae,z) =< 02/2, x =g, (5.27)
ot 0, compact uniformly on (xg, L],
and _
_ _ M TVU2
lim A, = 3o — (27020207 (5.28)
e—0t bQ
where in (5.27)
L
2o = @ (5.29)

ap — (al — 01’172)6_”72 ’

Proof. 'We shall apply the Implicit Function Theorem for the proof. First of all, we see from
Proposition 5 that, A(v2) = “2522%2¢"" is an one-to-one function of v2 in Iy and A\(v2) €

(l;_;’ bzzrei_gril)'
For each A(T2) € (ﬂ < ei_zwl) with vy € Iy, we take § > 0 and €y(d) > 0 small and define
for all € € (0, ¢)

L
Z(e,\) = / (a1 — byde ") clve()\,x))efwﬁ()"z)dx, (5.30)
0

where \ € (5\0 — 5, Mo + 5), 5 > 0 small and )y is to be determined. For ¢ < 0, we set
ve(A, ) = T2(N) if z € [0,0) and ve(A, ) = 0 if € (zg, L]. Then we have that

I(E, )\) = Io(al - bl)\€77ﬂ62 — 0152)677052 + (L — {E())(al — blA), Ve S 0
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On the other hand, for € > 0, we have from (5.30) that

OL(e,\) [F v
= 201 re 2T — ayre "V + cprvee Ve — ¢ e‘”’e)— — bre 2 dy
B\ /0 ( 1 1 + C17Ve 1 o 1
L
0
:/ (bl)\refwve - clefwé) 6—§ — bre 2"edx;
0
moreover, we see from Proposition 5 that % < 0 for all v > ‘;—j — %, then we have from that

lim, o+ 92 < 0if 2 € [0,20) and lim._,o+ ¢ = 0 if # € (20, L]. By the Lebesgue Dominated

Convergence Theorem, we readily see that lim,_,q+ 818(;’)‘) # 0. Therefore % is continuous

is a neighborhood of (0, \g) for all \g € (‘Z—j, b‘;—zre%T_l). Finally, it concludes from the Implicit
Function Theorem that, there exist solutions (v¢(Ac, ), Ae) to system (5.1) Ac — Ao.

Sending € to zero in (5.1), we conclude from the Lebesgue Dominated Convergence Theorem
that

zo(ar — e1ta(Xo))e ") 4 ay (L — ) = 0,

then we see that (5.29) follows from straightforward calculations. This completes the proof of
Theorem 5.4. il

T

Thanks to Proposition 5, we have that in (2.8), A € (a—2 Me#) ifr e (r*, —42 )

ba bacy ? azci—aice

227
az €2 ,7¢ 1 __cc2
and \g € (b2 e if r e (12, ).

According to (5.27) and Theorem 4.2, both u and v admit transition layer at © = .
Moreover, we can construct infinitely many such transition-layer solutions to the shadow system
(5.1) at © = x¢ given by (5.29), provided that v, € Iy. These transition-layer solutions are
schematically illustrated in Figure 4. The parameters in (5.1) are chosen to be, a; = ay = 3,
by =0,by=06,c1 =6,co=1and r=0.45.

Population densities Population densities Population densities

25| E— 25 —
—

zo = 0.7049,72 = 0.8 xo = 0.5775,79 = 1.1 zo = 0.4350,79 = 2.5

Figure 4: The transition-layers solutions of (5.1). Dashed curve represents the population density
of u and solid curve represents the population density of v. xg is the size of the habitat for v and
U9 is the population level of v in segregation. We see that xy decreases as 75 increases.

6 Conclusion and discussion

In this paper, we propose and study the 2 x 2 reaction-advection-diffusion Lotka-Volterra system
(1.1) that models the population dynamics of two competing species. For the one-dimensional
domain @ = (0,L), the global classical solutions have been obtained which are uniformly
bounded for all ¢ € (0,00). Same results are also found for multi-dimensional domain for a
parabolic-elliptic system. For the 1D stationary problem (3.5), we show that the constant so-
lution (@,v) becomes unstable for x > mingecn+ Xk in the sense of Turing’s instability driven
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by advection. And then we apply the Crandall-Rabinowitz bifurcation theories to establish
nonconstant positive solutions. The stability or instability of these bifurcation solutions has
also been obtained when the diffusion rates D; is sufficiently large and Do is sufficiently small.
By sending xy — oo with Dil =17 € (0,00), i.e, Dy and x being comparably large, we show
that uv converges to a constant A uniformly over [0, L] and v converges to v in C*([0, L])
such that vy satisfies (4.7), a shadow system to (3.5). The existence and stability of v, have
also been obtained through bifurcation theories. The bifurcation solutions of (3.5) and (4.7) are
small perturbations from the constant solutions to the corresponding system and they have only
small oscillations. Moreover, for the strong competition case £+ < g—; with b; = 0, we construct
positive transition-layer solutions to the shadow system (4.7), or (5.1).

We are interested in the mathematical modeling of interspecific segregation in the stationary
problem (3.5) over Q = (0,L). According to Theorem 4.2 and Theorem 5.4, we see that, if
min{y, D1, Di2} is sufficiently large with x and D; being comparable, the steady state v has an

interior transition layer at xg, therefore u ~ 8% also admits a transition layer at zg. These
transition-layer solutions model the phenomenon that v dominates the habitat [0, z¢) and w the
region (zg,L]. We see that the formation of the transition-layers is a combining effect of the
advection (escaping) and diffusions terms. However, neither the diffusion rate D;, i = 1,2, nor
the advection rate x determines the size of the dominating habitat for each species. Therefore,
coexistence and species segregation depends on the kinetic terms rather than the rate of random
or directed species dispersals. Biologically, fast-diffuser u (with large D7) can take the fast-
escaping mechanism (y large) to avoid interspecific competitions and this can be an effective
and active way for species u to coexist with and eventually form spatial segregation with slower-
diffusers v (with small D3). We want to compare our results on (3.5) and the results obtained
by Lou and Ni [19, 20] on the stationary system of (1.3). It is shown that, as D; approaches
to infinity with p12/D7 = r € (0,00], the steady states (u,v) of (1.3) approximate certain
shadow systems if r € (0,00) and v — 0 if » = 0. Therefore, the species v extinguish through
competition under the influence of large advection rate of species u. This coincides with our
results on (3.5) as D1 — oo with 7 = oco. Therefore, large diffusion and advection have the
effect, not only protecting the species for survival, but eliminating the competitors.

In our proof of the multi-dimensional global existence of (1.1), we require 7 = 0 and the
cooperation between the intraspecific crowding rate by and Ds, bs as well as x. Though these
assumptions are not entirely unrealistic from the view points of mathematical and ecological
modeling, we surmise that they are not necessary for our mathematical analysis. To this end,
we still need to estimate [|[Vv(-,t)|| e for some p € (1,00), and it is a mathematically challenging
problem. The crowding term with b in the u-equation helps to prevent ||u(-, )| L from blowing
up over finite or infinite time period, however, it may be insufficient for this purpose and indeed,
the advection term xuVwv plays an essential (or more important) role in the analysis, which
makes ||Vo(-, )|~ almost deterministic in the analysis on global solutions to many reaction-
advection-diffusion system.-see the surveys of Cosner [4] and the finite-time blow-ups solutions
of a chemotaxis model in [38]. Though the global bounded solutions (1.1) has been obtained
for in both 1D and nD domains, its global dynamics is way from complete understanding. The
dynamics of the double-advection model (1.5) is a more realistic but harder problem to consider.

There are also a few important and interesting unsolved questions regarding the stationary
system (3.5). The existence of non-existence of nontrivial solutions in multi-dimensional domain
deserves exploring. The stability of the interior transition-layer solution is another challenging
problem that worths future attentions. The calculations becomes very hard if one wants to
remove the constraints on the parameters in our stability analysis of the bifurcating solutions
in Theorem 3.2 and Theorem 4.4. Last but not least, the steady states of the double-advection
problem (1.5) can be another important but also challenging problem that one can pursue in
the future.
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