1. Let f(z) = z"e”. Find all the values of n for which f(z) satisfies the differential equation

J"(x) = 3f"(x) +3f'(x) — f(x) = 0.
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2. For ¢ > 0 let f(c) be defined as
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(b) Find the value of Sf(2) with three decimal places. To do so, use your calculator to find the values of
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Z—h_—l for increasingly smaller and smaller values of h.
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(c) Find the value of f(4) with three decimal places using a similar computation.
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So F(4)= [, 336,

(d) Show that for ¢ > 0 and d > 0, the equality f(c-d) = f(c) + f(d) holds.
Hz'.nt: vou might find the following identity useful for this purpose: (ed)" — 1 = (" — 1)a" + (d" - 1).
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(e) We have recently talked about another function g(c) defined for ¢ > 0 and satistying g(cd) = g(c)+g(d)
for any ¢ > 0 and d > 0. What is this function?

(f) Can you guess an algebraic expression for f(c) (i.e. an expression that does not involve limits)?
Check that this expression agrees with the values of f(1), f(2) and f(4) which you found before.
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3. This question will be based on data in the Wikipedia article “List of cities in the European Union with
more than 100,000 inhabitants” located at
http://en.wikipedia.org/wiki/List_of cities in the European Union with more_than 100,000 _inhabitants

(a) Let N(P) be the number of cities in the list with population at least P, where P is measured in
hundred thousands of people. For instance N(1) is the number of cities with population at least
100, 000.

For P=1.P=2,P=4,P=8, P=16, P=32 and P =64 find N,In P and In N. Organize your
answers in the following table.

P N hP | InN
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(b) A hypothesis has been proposed that N and P might be related by a formula of the form

N=C.p"

for some C' and m.
Let y=In N and x = In P. Express y in terms of z assuming that N = C - P™.
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(c) Using data from part (a), plot 7 points on the graph of y as a function of .
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(d) Using the graph from previous part, estimate the values of m and C.
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