Science One Math

April 1, 2019



What we learned about power series so far...
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e Convergence occurs on a symmetric interval centered at x = q,
(interval of convergence)

* The sum of a convergent power series ), c,,(x — a)™ is a function of x.

* We can manipulate power series to build functions.



Power series

Which of these are power series?

i) Yo—qIn(n) (2x + 5)"

i) X2 on! (T —x)"

A) iandii C)i and iii
B) ii and iii D) i, ii, and iii

ii) Zoo (2n—1)!

n=1 (2n)!

(x)2n+1

(—2)sin(n!x)

iv) Yy

E) all of them

n2



Power series

Which of these are power series?

] o0 00 2n—1)!
1) anl ln(n) (ZX + S)n |||) anl ((Tzln) !) (x)2n+1
i) 2p=on! (T —2x)" iV) Qi1 (—2)";i2n(n!x)

D) i, ii, and iii



Manipulating power series

Careful-some manipulations may change the interval of convergence.

* Making a change of variable - shifts the centre of the series
* Multiplying by a factor — changes interval of convergence

—_

* Adding and subtracting may change interval of convergence

—

* Multiplying and dividing

* Differentiate term by term} does not change interval of convergence

* Integrate term by term (may change convergence at endpoints)



Manipulating power series

* Making a change of variable
* Multiplying by a factor

4-.'X.'12 12 . 1

€.8. 1+3x = 4x 1—-(-3x)

4x12 i -
— 4X12(—3X)n= z (_1)n4 . 3nx12+n
1+ 3x s L

= 4x? (14 (=3x) 4+ (=3x)* + (=3x)° + )




Gallery of functions we expressed as power
series using some manipulations of ), g x™

= =Yoo x" for —1<x<1

1-x
1 , . . .
= Ymeo(—x)" for-1<x<1 rational, logarithmic, inverse trig. funct.
3x 00 3 n+1 X Q
= anoﬁx for |x| < 2 ..what about e”, sin(x), cos(x) ?
1 00 n—-1
Tk Y—q NX for|x| < 1

In(1+ x) = Zle(—l)"_l% for-1<x< 1

x2n+1

for—-1<x<1

arctan(x) = Y —o(—1D"

2n+1



Most functions can be produced by
manipulating ), x™...except...

... except important functions like e*, sin(x), cos(x).
— need a different strategy to build appropriate coefficients ¢,,.
More generally, we are interested in the following questions:

* what is the power series representation of a function?
e which functions have power series representations?



Observation: the coefficients of a power series
follow a pattern!

1
X

fx) = T—x
ff=0-072 f'@=20-07 [f"@)=61-x)"

fO=1 fO)=1 f"(0)=2 f"(0)=6

Lbx+a? 425 4o = £(0) + 1(0) - x + D2 4 LD

3 4 ...
5 6x+

same coefficients as in the Taylor polynomials!



Taylor Polynomials

Tu() = £(@) + f/(@ 0 — @) + 2D 4 oo L@ gy

. . . w ¥
Note T;, (x) is the partial sum of the series X_o—

(x — a)k.

Recall, a series convergesto S if lim S,, = S, where S,, are the partial sums.

n—>0o

We want lim T, (x) = f(x).
n—>0o

Recall, the error in approximating f (x) with T,,(x) is

f(n+ 1) (c)
(n+1)!

(x —a)™! for some c between a and x.

f(x) =Th(x) =

If we let the degree n to go to infinity, does the error go to zero? Yes, depends on f and x



Example: Let f(x) = e*. Does R,,(x) approach zero forn — oo?

f(n+1) (C) B 41
(n+1)! (x a)

Where R, (x) = f(x) — T,(x) =



Example: Let f(x) = e*. Does R,,(x) approach zero forn — oo?

f(n+1) (C) B 41
(n+1)! (X a)

Where R, (x) = f(x) — T,(x) =

Answer:.
* Build the Taylor polynomialata =0, T,,(x) = 1 + x + %xz + -+ %x”

*Then e* =1+ x+-x2+—=x3+ -+ —x" + R, (x).
2 3! n!

|x|n+1
for some constant M>0

. : _ e’ n+1
Now fix x, then |R, (x)] —1_|X| SM(nH)!

x|t1 . X X x| |x
| x| . x| |x] |||1|=Oforanyx

e observe lim =
n—-oo (n+1)! n-oo (n+1) n 2

* Then by squeeze theorem lim |R,,(x)| = 0
n— 00

= lim T,,(x) = e*, thatis Z;‘{;O%x” convergeto e”* for any x

n—>00



Taylor series
a power series representation of a function

Theorem: If f has a power series representation at a, that is, if

f(x) = T2g cn(x — a)"
then the sequence generating the coefficients of the series is
_ ™M@
Cp = ———.
fM(a)

The series )7, (x —a)" is called the Taylor series of f at a.

n!
f is called analytic on the convergence interval of its Taylor series.




Common Maclaurin series
(Taylor series centred at O)

—1+x+x x4+ =20 x™ for-1<x<1
—1+x+ +—x3+- ?loolx” for all x
° — i - . n 2n+1
sin(x) = x 3|x + x = dimo(—1) o for all x
o —_ . 1 2 . — ' n_1 2n
cos(x) =1 ¢ + x = Jin—o(—1) (Zn)'x for all x
°ln(1+x)—x— +; S— e =3 (- 1)" x™1 for —1<x<1
° — — 1 3 . . n 27’L+1 L
arctan(x) = x — - x + = x = 2o ) (2n+1) 1<x<1



Recall: operations on power series (provided it converges)

* Changing variable
* Multiplying by a factor
* Differentiating term by term

* Integrating term by term

Problem: Find the first few terms of the Taylor series centred at x = 0 of ¢S %,



Recall: operations on power series (provided it converges)

* Changing variable

* Multiplying by a factor

* Differentiating term by term
* Integrating term by term

Problem: Find the first few terms of the Taylor series centred at x = 0 of eSI" ¥,

1 1 . 1 1
Recalle* =1 + x +5x2 +;x3 + - and sin(x) = x —;x3 +;x5 .

By substitution,
| 2
eSIn ¥ = 1+(x—%x3+%x5+---)+—(x——x3+—x5+---) + =

[combine like terms] =1+x+ %xz ——x3—=x*+=x>..



