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Last time: [ tan™(x) sec™(x)dx

For any m, and n even

[ tan™(x) sec™(x)dx = [ tan™(x) sec™ % (x)sec”(x)dx

convert powers of secant into powers of tangent using
tan®(x) + 1 =sec?(x) thensubu = tan(x)

For any n, and m odd

[ tan™(x) sec™(x)dx = [ tan™ ! (x) sec™ *(x)sec(x) tan(x) dx =
convert powers of tangent into powers of secant by using
tan®(x) =sec?(x) — 1

What if » odd and m even? Use integration by parts!



If miseven,nisodd [tan™(x)sec™(x)dx use IBP and reduction formula

Example:
[tan?(x) sec3(x)dx = [(sec?(x) — Dsec®(x)dx = [ sec®(x) —sec? (x) dx

[sec3(x)dx = [ sec(x) sec*(x)dx u=secx dv = sec?(x)dx
du = tan(x)sec(x) dx v = tan(x)
= sec(x) tan(x) — [ tan(x) tan(x)sec(x) dx =
=sec(x) tan(x) — [ tan®(x) sec(x) dx [tan®(x) = sec?(x) — 1]
=sec(x) tan(x) — [sec’(x)dx + [ sec(x) dx
So [sec’(x)dx = sec(x)tan(x) + [ sec(x) dx

it reduces to computing [ sec(x)dx ..we need some trickery here... u = secx + tanx,
du = (sec x tan x + sec?x)dx

secx+tanx S€C2x+ secx tan x du
[secxdx = [secx dx = | dx = [—=1Inlu|+C =
sec x+tanx sec x+tanx u




Last time: Trigonometric integrals

Integrals of sin™(x)cos™(x) or tan™(x)sec™(x) are computable!

Strategies:
* u-substitution
* trig identities
* (sometimes) IBP



Last time: Trigonometric integrals

Not all integrals with trigonometric functions are computable, e.g.

[sin(x%)dx, [cos(x?)dx, fsm(x) dx

X

We can only approximate these integrals numerically.



When do we see trigonometric integrals?

Many computations lead to trigonometric integrals:

* Analysis of oscillating systems (waves, alternating current circuits, etc.)

* Fourier analysis (widely used technique where a periodic function is
decomposed in terms of infinite sums of powers of sines and cosines)

* Integrals with roots



Can we compute area of this shape?

The shaded area is called a “lune”

The Ducal Palace — Mantua, Italy

It reducesto [V1 — x2dx

need a new strategy! Trigonometric substitutions Russ Adams in Pike County, IL
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f1 2532 dx can be written as

A) f14x‘1/2 + x73/2(dx

B) f x1/2 x3/2 dx

C) Either one—they are equivalent

D) A and B are equivalent but they are not a correct simplification of /3,232



Today’s goal: Trigonometric substitutions

...how to compute integrals with roots.



How to we compute integrals with roots?

(V1 —x2dx

[x V1 —x2dx 4=m start with this one
[x%V1 — x2dx

[x3V1 — x2dx

|

| G

| G

| G



1 1
[xV1—x2dx = [—vudu=—_u??+C=— - (1-x%)*2+C

u=1-—x%du = —2xdx

Does substitution work for the other integrals?

(V1 — x2dx
[ x241 — x2 dx
[ x3v1 — x2 dx

| S

| G

| S



1 1
[xV1—x2dx = [—vudu=—_u??+C=— - (1-x%)*2+C

u=1-—x%du = —2xdx

Does substitution work for the other integrals?

V1 —x2dx no!
(x241 — x2dx no!

(x3V1 —x2dx yes! [x2V1—x?xdx=[—-1(1-u) udu-=..

| S

| G

| S

When u-sub doesn’t work, we need a different type of substitution...



An observation:

[x3V1 —x2dx = [x2V1 —x2x dx
1—x%*=u%,x*=1—u*
—2xdx = 2udu

=f—§(1—u2)\/ﬁudu =f—%(1—u2)u2 du = ..

So maybe to compute the other integrals we could use a substitution of
the form

1—x%={(..)>



An observation:

[x3V1 —x2dx = [x2V1 —x2x dx
1—x?=u?,x?=1—u?
—2xdx = 2udu

=f—%(1—u2)\/ﬁudu :f—%(l—uz)uz du = ...

So maybe to compute the other integrals we need to use a substitution of
the form

1—x%=(.)2

1 — sin?(8) = cos?(8)



Trigonometric substitutions

x =sinf, dx = cos8df then 1 —x?=1— sin?(x) = cos?(x)

[V1—x2dx =[./1—sin2(0) cosO db =
= [ \/cos2(0) cos0db = [ cos?(6)de

Note \/0052(9) = |cos O |. We take |cos@ | =cos, i.e. —% <0 <

NS

...and now we compute the trigonometric integral....



“Best” strategy to compute [ cos*(6)d0 is...

a) By parts

b) By using trig identity cos?(x) = 1 — sin?(x)

c) By using double-angle identity and then substitution
d) By substitution right away

e) By parts and then reduction



“Best” strategy to compute [ cos?(0)d0 is...

a) By parts

b) By using trig identity cos?(x) = 1 — sin?(x)

c) By using double-angle identify and then substitution
d) By substitution right away

e) By parts, and then reduction



[V1—x2dx = [cos?(0)do = f% [1 + cos(26)] d6 =

= % |6 + %sin(ZH)] + C ..convertback to the original variable x...
Note x = sin 8, hence

6 = arcsin(x)

cos 6 = /1 —sin2(0) = V1 — x?2

Therefore, recalling sin(26)= 2sin(6) cos 6,

[V1—x2dx = %6 + %ZSin(H) cosf +C = %arcsin(x) + %xx/l — x2+ C.



[x%V1 —x2dx

[V9 —x2dx



[x2V1 —x2dx
x =sinf, dx = cos 0 db

=[ sin?(0),/1 — sin2(0) cos § df = [ sin?(6)./cos2(0) cosO db =
sin%(0)cos*(6)dO = [(1 — cos?(8))cos?*(0)dbO =

[cos? (0)dO — [ cos* (8)dO = [from last weeK]
=0 +-sin(20) — — (126 + 8sin(20) + sin(46)) + C =

e

e

1 1
=20 — 551n(49)+€—

= % 9 — SizzSin(ze) cos(20) + C =

% 0 — iZsin(@) cos(0) (1 —2sin?(0))+C =

% arcsin(x) — %x V1—x2 (1-2x3)+C




What substitution would work for [ V9 — x2 dx ?

a) x = sin(96)

b) x = 9sinf
c) 3x = sinf
d) x = 3sinf

e) None of the above



What substitution would work for [ V9 — x2 dx ?

d) x= 3sin@



Using the substitution x = 3sin @, the integral
[V9 — x2 dx is equivalent to...

a) [+9—9sin2(x) dx
b) [3/1—sin%(0) do
c) [ 3cos?(6) do
d) [9cos*(6) d6
e) [9cos>(6) do




Using the substitution x = 3sin @, the integral
[V9 — x2 dx is equivalent to...

a) [+9—9sin2(x) dx
b) [3/1—sin%(0) do
c) [ 3cos?(6) do
d) [9cos?*(0) dO
e) [9cos>(6) do




What substitution would simplify [ V9 + x2 dx ?

a) x = 3sinf
b) x = 3cos@
c) x = 3tan@
d) x = 3secH

e) None of the above



What substitution would simplify [ V9 + x2 dx ?

a) x = 3sinf
b) x = 3cos@
c) x= 3tan@
d) x = 3secH

e) None of the above



General case: 3 basic substitutions

*VaZz — x2 = aV1 —sin20 with x = asinf, where —%S 6 S%

* Va2 + x2 =aV1+ tan20 with x = atan 8, where —§< 6 <§

e Vx2 —a? = aVsec?6 — 1 with x = asecd, where 0< 286 <§



dx
(16—x2)3/2

yy/1+(In )2



dx _ dx
f(16—x2)3/2 o f163/2[1—(%)2]3/2

x =4sinf,dx = 4cos 0 db
1 4 cos 6d6 1 4 cos 6d6
J /

1

do

" 64 64 cos36

[1—(sin 9)2]%

16

J

cosZ26

:itan9+C
16



f dx _ f dx
(16—X2)3/2 o 163/2(1—(x/4)2)3/2

x =4sinf,dx = 4cos 0 db

1 4 cos 0d6 1 ~4cosfBdéb 1 ao 1
=— | =— | =—| =— tanf + C
64 (1—(sin 9)2)% 64~ cos36 167 cos?6 16
Trig. Substitutions are a manifestation of Pythagora’s thrm.
X 4 X =4sin6
0 tan = —
V16—x2
V16 — x?2
Thus
dx 1 X
f(16_x2)3/2 = —tanf+C = ———+C



dy o _1
fy\/1+(ln = U= Iny, du = ydy

f \/1+(ln y)2 IW
u =tan @, du = sec?(0)d0, V1 +u? = \/1 + tan4(0) = \/secz (60)

f du fsecz(é?)de
V1+u? o sec 6

= [secH df = In|secH +tanf| + C =

=In|[v1l+u?+u|+C=In[{/1+ (ny)2+Iny|+C



Compute the area of a circular segment (shaded region)

=
N

X =asiné

=a [arcsm(x/a)+ = J1—(x/a)? ] .

- (30 —aresin(}) —sJ1—<s>2)=

T

—Cl —Cl arcsin

2

(2) - bvaZ -

2
A=2fbd\/a2 — x?% dx =Zafba\/1— (E)

dx

2a2 fxx:ba cos?60 df = a*(0 + 3sin(26)) . _,



