Science One

Mathematics
September 18, 2018



Last time: How to evaluate limits

e Use basic limits and the limit laws, when they apply...
* If the limit laws don’t apply, different strategies are possible.



When the limit laws fail:
How to handle indeterminate form

| O

* Rewrite function in simplified form

: 1-u?)(1+u
* Factor and cancel, e.g. lim Sl 5 )
u-1+t 1-2u+tu

. Multiply by conjugate, e.g. lim * "~

x—>2 X-—=2

2_
* Expand parenthesisand simplify, e.g. }llin% (ZH;I) !

* Split the limit into right-hand and left-hand limits, e.g. lirr}g li_;
y-3 Y-

* (later in the term we’ll apply I'Hopital’s rule)




Another case when the limit laws are not
useful...

lim x* sm(l)

x—0 X2

A. DNE because sine oscillates around 0.
B. DNE because x—z is undefined at x = 0.
equals (llmxz)(llm sm( )) = 0.

x—0 —0

. equals sin(1).

m o O

None of the above.
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A useful theorem

/ Squeeze Theorem
Consider three functions such that
f(x) < g(x) < h(x) forall x near a pointa
(except perhapsat x = a).

If lim f(x) =limh(x) =1L, then limg(x) =L
X—a X—a X—a




1
lim x?2 sm( 2)-?
x—0 X

We observe that —1 < sm( ) < 1forallx # 0.

x2

Forall x # 0,x* > 0. It follows —x* < x* sin (x12) < x°.

Since lirrg x?2=0= lirrg —x?, by the squeeze theorem
X— X—

it follows

lim x* 51n(1)=0.

x—0 X2



Continuous Functions

Defn: A function is continuous at x = a
if f(a) exists and lim f(x) = f(a).
X—a

Implications:
»f(a) is defined

»lim f(x) exists (right and left limits are the same)
X—a

»the value of the limit equals the value of the function



4 types of discontinuity:

1. hole (can be eliminated)
2. jump

3. vertical asymptote

4. (infinite oscillations)



Which of the following functions is NOT continuous at x = 07

A) g(x) = x|x]

B) f(x) = xsin(i) .ifx;tO
0 ifx =20

- X
0) h(x) = =
D) Both Aand C

E) All three A, B, C.



Which of the following functions is NOT continuousat x = 07

0) h(x)= =

X
||



You decide to estimate e? by squaring longer decimal
approximations of e = 2.71828...

nis is a good idea because e is a rational number.
his is a good idea because y = x? is a continuous function

nis is a good idea because y = e* is a continuous function.

O 0O w P

— 4 4 -

nis is a bad idea because e is irrational.



You decide to estimate e2 by squaring longer decimal approximations
of e=2.71828...

This is a good idea because e is a rational number.
This is a good idea because y = x2 is a continuous function
This is a good idea because y = eX is a continuous function.

O 0O w»r

This is a bad idea because e is irrational.



Problem

The gravitational attraction of the earth on a mass m at a distance r from
the centre of the earth is a continuous function F(r) defined forr > 0 by

mgR? .
— >
F(r) = —— f T=2R

mkr if 0 <r <R
Find the constant k. (December Exam 2017)
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mgR? .

— >

F(r) = —— f T=2R
mkr if 0 <r <R

Find the constant k. (December Exam 2017)

F(r) has possibly a discontinuity at x = R. To eliminate the discontinuity,
mgR?

F(r) = lim F h li = i
we require Thr}gl_ (r) = rn}rzl (r), thatis lim mkr = m =5,

2
mkR = ng thus k =



Two useful properties of continuous functions

* Intermediate Value property
e Extreme Value property (will discuss this later in the term)



Intermediate Value Theorem

If f is continuouson theinterval [a, b]and N is any value between
f(a) and f(b), where f(a) # f(b),

then

there isa number ¢ between a and b suchthat f(c) = N.



Intermediate Value Theorem

If f is continuouson theinterval [a, b]and N is any value between
f(a) and f(b), where f(a) # f(b),

then

there isa number ¢ between a and b suchthat f(c) = N.

* In other words, f must cross the horizontal line y =N at least once
in the interval [a, b].

* If N=0, the intermediate value property implies that f has at least
one root x = c in|a, b].



For the function f(x) = x? — % + 1, over which

of the following intervals does the IVT guarantee a root?

A. [-3,-1]

B. [-1, 1]

C. [1,3]

D. Both Aand C

E. All three intervals



For the function f(x) = x? — % + 1, over which

of the following intervals does the IVT guarantee a root?

C. [1, 3]



Problem (2015 October midterm)

1

Show there are at least two solutions to Zx—x =3

IN
N

for 0 < x

A more challenging problem:

Show that along the equator there are two diametrically opposite sites
that have exactly the same temperature at the same time.



Problem (2015 October midterm)

. 1
Show there are at least two solutions to % =3

for 0 < x < 4.

Let f(x) = Zx—x — % We observe f(x) is continuous on [0, 4], and

£(0) = —§< 0 and f(4) =§—§< 0and (1) =§—§> 0, thus by IVT
there must a number ¢, in [0,1] such that f(c;) = 0 and a number ¢, in
[1,4] such that f(c,) = 0. It follows the original equation has at least two

solutions x = ¢; and x = ¢, in |0,4].



Problem

Show that along the equator there are two diametrically opposite sites
that have exactly the same temperature at the same time.



Problem

Show that along the equator there are two diametrically opposite sites
that have exactly the same temperature at the same time.

Solution

Suppose T(0) gives the temperature at a point on the equator with
angle 6. Note T(8) is a periodic and continuous on [0, 2], that is

T(0) =T(2m).We need to prove the equation T(8) = T(0 + m) has
at least one solution.

Consider the function f(8) = T(8) — T(0 + ). We observe f(0) is
also periodic and continuous on [0, 2m]. In particular, on [0, ] we have
f(0)=T(0)—T(m)and

f(m)=T(m) —T(2r) =T(w) —T(0) = —f(0)

Suppose f(0) > 0, then f () < 0. By IVT, there is a value 6, in [0, 7]
such that f(6,) = 0. It follows T(0,) = T(6, + m).



