Science One

Mathematics
September 20, 2018



Today

* Some practice with the Intermediate Value Theorem
* Mathematical definition of derivative and its interpretations



Intermediate Value Theorem

If f is continuouson theinterval [a, b]and N is any value between
f(a) and f(b), where f(a) # f(b), then thereis a number c
\between a and b suchthat f(c) = N.

~
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* In other words, f must cross the horizontal line y =N at least once

in the interval [a, b].

* If N=0, the intermediate value property implies that f has at least
one root x = c in|a, b].



Problem: Show that x°> — x%* — 4x — 1 = 0 has at least three solutions
in K.

Solution
Let f(x) = x> — x* — 4x — 1, continuous everywhere because it’s a

polynomial. Consider the function values

X -2 | -1 0 1 |2

foo) |41 |1 |1 |57

By IVT,
given f(—2) < 0 < f(—1), there exists one root ¢, in (—2,—1),
given f(0) < 0 < f(—1), there exists one root ¢, in (—1,0),
given f(1) < 0 < f(2), there exists one root c5 in (1, 2).



Problem (2015 October midterm)

. 1
Show there are at least two solutions to Zx—x =3

IN
N

for 0 < x

A more challenging problem

Show that along the equator there are two diametrically opposite sites
that have exactly the same temperature at the same time.



Problem (2015 October midterm)

. 1
Show there are at least two solutions to % =3

for 0 < x < 4.

Let f(x) = Zx—x — % We observe f(x) is continuous on [0, 4], and

£(0) = —§< 0 and f(4) =§—§< 0and (1) =§—§> 0, thus by IVT
there must a number ¢; in (0,1) such that f(c;) = 0 and a number ¢, in

[1,4] such that f(c,) = 0. It follows the original equation has at least two
solutions x = ¢; and x = ¢, in (0, 4).



Problem

Show that along the equator there are two diametrically opposite sites
that have exactly the same temperature at the same time.



Problem

Show that along the equator there are two diametrically opposite sites
that have exactly the same temperature at the same time.

Solution

Suppose T(0) gives the temperature at a point on the equator with
angle 6. Note T(8) is a periodic and continuous on [0, 2], that is
T(0) =T(2m).We need to prove the equation T(8) = T(0 + m) has
at least one solution.

Consider the function f(8) =T(8) — T(6 + m). We observe f(0) is
also periodic and continuous on [0, 2m]. In particular, on [0, ] we have

f(0) =T(0) = T(m)
f(r) =T(n) —T(2n) = T(w) —T(0) = —f(0)

Suppose f(0) > 0, then f(r) < 0. By IVT, there is a value 6, in (0, )
such that f(6,) = 0. It follows T(0,) = T(6, + m).



The derivative: Definition



The velocity problem

Given a position function f (t), the instantaneous velocity at t = a is
[ b L@ _ . 8f }

t—a t—a St—0 Ot

This is the limit of a difference quotient of the form 0/0.

Problem: Consider the position function (in m) f(t) = 5t%, compute the
velocity at t = 2 s.

Find the velocity function v(t). [without using any differentiation rules]



The velocity problem

Given a position function f(t), the instantaneous velocity att = a is

toa t—a St—0 Ot

This is the limit of a difference quotient of the form 0/0.

Problem: Consider the position function (in m) f(t) = 5t%, compute the
velocity at t = 2 s.

2_pE.n2 —
Solution: v = lim 22227 — |jy 2E=2E+2) _ 13 5(t+ 2) =20m/s
t—?2 t—2 t—2 t—2 t—2

Find the velocity function v(t). [without using any differentiation rules]



The velocity problem

Given a position function f(t), the instantaneous velocity at t = a is

lim Z27@ _ iy &
toa t-a 5t-0 8t

leth =t —a. Whent - a, h = 0, the limit above becomes lim flath)=/(a) .

h—0

The velocity v(t) of any instant t is given by

s A
v(t) = }lirrcl) Jerh) -1 () ,|  this is a function of t.
N y,

Problem: Consider the position function (in m) f(t) = 5t%, find the velocity
function (in m/s).



The velocity problem

Given a position function f(t), the instantaneous velocity att = a is
lim fO-f@ _ sf
t—-a t—a St—0 Ot

fla+h)—f(a)

leth =t —a. Whent - a, h — 0, the limit above becomes }llrr(l)

The velocity v(t) of any instant t is given by
U(t) — lim f(Et+h)—f (1)
h—0

a function of t.

Problem: Consider the position function (in m) f(t) = 5t%, find the velocity
function (in m/s).

Solution:

2_5.t2 2 2_.42
v(t) = lim U5 |y 2ETHIORHRT 75T iy (10t + h) = 10t m/s
h—0 h h—0 h h—0




The derivative: Definition
The derivative of a function at a point t = a is defined as

i 6f . fW)—f(a) . fla+h)—f(a)
im = lim = lim
ot—0 5t toa t —a h-0 h

= f'(@).

Mathematically, this means we can make the quotlent be as close

as we like to the number f'(a) by taking values of h (or St) sufficiently
close to O (or values of t sufficiently close to a).

The derivative function is definedas lim

fEAR)=F() _
lim ——"——== f'(?).



Useful formulae to memorize for the quiz



Derivatives of Elementary Functions
d

T SINX = COSX

— COSX = —Sinx

Basic Differentiation Rules

d _
Power rule ——[x"] = nx™ 1

Product rule%[f(x) -gx)] = Z—ﬁ-g + f - d—g =f'g+fg

Quotient rule — [% ! 't[gg‘]fzc‘g

Chainrule = [f(g ()] = - 22 = f(g () - g(x)’



