Chapter 12

Mutation-Selection Systems

The basic mechanisms of population biology are mutation, selection, recombina-
tion and genetic drift. In the previous chapter we concentrated on mutation and
genetic drift. In this chapter we introduce mathematical models of recombina-
tion and selection. However it should be emphasized that these are idealization
of highly complex biological processes and there is an immense biological liter-
ature including empirical investigation, theoretical models of varying degrees of
complexity and simulation studies. For example the concept of fitness is an ab-
stract notion that in the biological context can involve fitness at the level of a
single gene, genome or phenotype. At the level of the genome this can involve
the interaction between genes (epistasis) and various models of such interactions
have been proposed (see e.g. Gavrilets [270]). One of the continuing issues is
the question of the levels of selection (see e.g. Brandon and Burian (1984) [48],
Lloyd (2005) [438], Okasha (2006), [495] ) which include notions of group selec-
tion, kin selection, inclusive fitness (see Hamilton (1964) [295]) and so on. For
example, inclusive fitness represents to effective overall contribution of an indi-
vidual including its own reproductive success as well as its contribution (due to
its behavior) to the fitness of its genetic kin.

Our aim in this chapter is to introduce some mathematical aspects of the
interplay of mutation, selection and genetic drift.

12.1 The infinite population dynamics of mutation, selec-
tion and recombination.

12.1.1 Selection

The investigation of infinite population models with mutation, recombination
and selection leads to an interesting class of dynamical systems (see Hofbauer
and Sigmund (1988) [312] and Biirger [62], [61]). These are obtained as special
cases of the general F'V process by setting v = 0 and serve as approximations to
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254 CHAPTER 12. MUTATION-SELECTION SYSTEMS

systems in which the number of individuals N is very large.

One of the objectives of this chapter is to investigate in one setting the extent
to which the behavior of the finite system differs from that of the infinite system.

Consider an infinite diploid population without mutation or recombination
(ie. v =0, A =0, p=0) with K types of gametes. The unordered pair
{i,j} represents the genotype determined by the gametes ¢ and j. Let z;(t) be
the amount of copies of gamete ¢ in the population at time ¢ and p; denote the
frequency p; = me

Let V(i,7) = V(j,i) = b;; —d; ; where b;; and d;; are the birth and death rates
of the genotype. The fitness, V(i) of the ith gamete is defined by

V(i) = D pV (i)

and the mean fitness is defined by
Vip)=V = Z V(i)pi = sz‘pjv(i,j)-
i ij
Then the population sizes z; satisfy the equations

wi:xiZV(z,j)ﬁ, i=1,...,.K
j

Proposition 12.1 The proportions {p;} satisfy the equations:

pi=p(V(i)=V),i=1,....K

Proof. This can be derived from the & equations by the substitution z; = |z|p;
giving

pila| + pi(Y_y) = |xlp;V (i)
which yields
pi + pz(Z piV(j)) =piV (i)
J
and the result immediately follows. m

12.1.2 Riemannian structure on Ag_;

The deterministic differential equations of selection have played an important role
in the development of population genetics. A useful tool in their analysis was a
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geometrical approach developed by Shahshahani and Akin. We next give a brief
introduction to this idea.

Let M be a smooth manifold. The tangent space at x, T, M can be identified
with the space of tangents at x to all smooth curves through x. The tangent
bundle TM = {(p,v) :pe M,v e T,M}.

Definition 12.2 A Riemannian metric on M is a smooth tensor field
g:C®(TM)® C*(TM) — C(M)

such that for each p € M,
g(p)lTpM®TpM . TpM X TpM — R

with
g<p) : (X7 Y) - <X7 Y>g(p)

where (X, YY), @s an inner product on T,M.

Definition 12.3 The directional derivative in direction v s defined by

9. 4(x) = lim L 0) =S

t
N Z 8:@
The gradient V,f(x) is defined by
(Vof(z),v),=0uf(zx) Yv €T, M.

Example 12.4 Consider the d-dimensional manifold M = R? and a(-) be a
smooth map from M to R? @ R ((d x d)-matrices). We will write

a(z) = (ai;())
a~'(z) = (a(2))
Assume that

Zaij(x)uiuj > vZu?, v > 0.

The tangent space Ty M = R and we define a Riemannian metric on M by

Jaz)(1, V) E a;;(z)u il
The associated Rzemanman gradient and norm are

< 0
(Vat) = gL

ullac) Z az;(z)u'.
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The Shahshahani metric and gradient on Ax_;

Let My = RY = {z € R¥ |z = (21,...,2k), z; > 0 for all i} is a smooth
K-dimensional manifold.
Shahshahani introduced the following Riemannian metric on My

(u,v)g = g.(u,v) := Z ||
|z| = sz

| l; and V,F will denote the corresponding norm and gradient. We have

- ' OF 0
(VgF)' = Z

|| 02 Oz

U; V4
X

Recall that the simplex Ag_y := {(p1,...,px) = pi > 0, S8 pi = 1}. The
interior of the simplex A} _; = RENAg_; is a (K — 1)-dimensional submanifold
of My. We denote by T,A%_; the tangent space to AY% _; at p. Then g induces
a Riemannian metric on T,AY% ;.

Basic Facts

We have the Shahshahani inner product on AK — 1 at a point p € AK — 1:

K .19,
(12.1) (w,v), = “p”
i=1

1. T,AY% , can be viewed as the subspace of T, M of vectors, v, satisfying
(p,v) , = 0 if we identify p with an element of T}, M.

Proof. Recall that T,AY%_, is given by tangents to all smooth curves lying in
AY_,. Therefore if v € T,A%_,, then v = ¢ —p where p,q € AY _, and therefore

Zfil v; = 0. Therefore,
1
> pi—vi =0.
PR
2. IfF: A?{ﬂ — R is smooth, then the Shahshahani gradient is

OF OF
(Vo F) =pi (3_]9, — ;w-) )

Proof. From the definition, V,F' is the orthogonal projection on the subspace
T,AY% , of

OF
Op;
and therefore we must have ), (V,F'); = 0. This then gives the result.

(VoF)i =pi
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Remark 12.5 This (Shahshahani) gradient coincides with the gradient on Ag_4
associated with the K -alleles Wright-Fisher model and appears in the description
of the rate function for large deviations from the infinite population limit (see

below).

Theorem 12.6 The dynamical system {p(t) : t > 0} is given by
1

p(t) = 5 (VownV) (P(2)-

Proof. From the above, applying the Shahshahani gradient to V, we get
(V0 =2 (pV () =2 > piV ()
=2p;(V (i) = V).
]

Theorem 12.7 (Fisher’s Fundamental Theorem)
(a) Mean fitness increases on the trajectories of p(t).

(b) The rate of change of the mean V (t) along orbits is proportional to the vari-
ance.

(c) At an equilibrium point the eigenvalues of the Hessian must be real.

Proof. (a) follows immediately from (b).

(b)

= 2Varp, (V) > 0.

(b) It also follows from the gradient form that the Hessian is symmetric (matrix
of mixed second partials of V). m

Theorem 12.8 (Kimura’s Mazimum Principle) “Natural selection acts so as to
maximize the rate of increase in the average fitness of the population.”

Proof. This simply follows from the property that the directional derivative
0,V is maximal in the direction of the gradient. m



258 CHAPTER 12. MUTATION-SELECTION SYSTEMS

Example 12.9 Consider a two type ({1,2}) population with frequencies (p1,p2) =
(p,1—p).

V(i,7) = av(i) + av(j) + cdyj

(When ¢ = 0 we have the additive (or haploid) model. When a =0 and ¢ > 0 we
have the heterozygote advantage model.)
In this case

V(p1,p2) = apiv(1) + apav(2) + cpips
=V(p,1—p) = ap(v(1) — v(2)) + av(2) + cp(1 — p)

Then depending on the choice of a,c,v(1),v(2),the optimum value of p can range
between 0 and 1.

Remark 12.10 For the multilocus situation there is the Fisher-Price- Ewens ver-
sion (e.g. Frank (1997) [257], Fwens [244]). This is also related to the secondary
theorem of natural selection of Robertson (1966) [522] which relates the rate of
change of a quantitative character under selection in terms of the covariance of
the character and fitness.

The above equations are special cases of the class of replicator equations of the
form

dp;it) =p:(t)(fi(p(t)) — ZPifi(P(t)), i=1,...,.K

where { f;(p}izim... k is a vector field on Ak _;. In the linear case f;(p) = Zj a;jp;
these are equivalent to the the Lotka-Volterra equations

(12.2)

(12.3) diéit) = 24(t) (n + Zn:Kijxj(t)> L i=1,... K—1

by setting p;(t) = < 4.

12.1.3 Mutation-Selection
The replicator equations that include both mutation and selection are given by

(12.4) P pi)(V(i) = V) + m(z qjiPj — Pi)
i

where m is the mutation rate and for each j, gj;, ¢ # j is the probability that
type j mutates to type ¢ and Zi# ¢i = 1.
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Theorem 12.11 The mutation-selection dynamical system is a Shahshahani gra-
dient system if and only if

(12.5) qji =¢q; ¥ 7,

(that is type-independent mutation as in the infinitely many alleles model). In
the latter case the potential is

(12.6) W(p) =V(p) — H(qlp), Hl(qlp) = — ZQi log p;.

Proof. See Hofbauer and Sigmund [312], Chapt. VI, Theorem 1. m
We will see below that there is a far-reaching analogue of this for the stochastic
(finite population) generalizations.

Remark 12.12 In general the deterministic mutation-selection equations are not
a gradient system and can exhibit complex dynamics - for example, a stable limit
cycle (Hofbauer and Sigmund [312], 25.4). An interesting special case is the
diploid case with three types - two favourable and mutation. Baake [23] showed
that these can exhibit stable limit cycles. Hofbauer (1985) [311] also showed this
for selection mutation models with cyclic mutation.

Smale [555] pointed out that for n types, n > 5, dynamical systems on the
simplex can have complex behaviour. He gave an example that “may not be ap-
proximated by a structurally stable, dynamical system, or it may have strange
attractors with an infinite number of periodic solutions”. Some further basic re-
sults on competitive systems are covered by Hirsch (1982), (1985), (1988) [310]
and Liang and Jiang (2003) [424).

12.1.4 Multiple loci and recombination

Multiloci models give rise to dynamical systems that have been extensively stud-
ied. They give rise to a large class of dynamical systems that can have complex
behaviour. Akin [3] analyzed the simplest two loci model with selection and re-
combination and proved that in general this is not a gradient system and that
periodic orbits can exist. We briefly sketch the simplest example.

Consider a two-loci model with two alleles at each loci. We denote the types
by 1 = AB,2 = Ab,3 = aB,4 = ab and with gamete frequencies

(12.7)
DPAB,PAbs PaBsPab;, DPA = PAB+TDPAbs PB = PABTPaB; Pa = PaBtPabs Po = PAbtPab-

Then the measure of linkage disequilibrium is defined as

(12-8) d := PABDab — DABPbA
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so that d = 0 if pap = papp, etc. The diploid fitness function is denoted by
V'(i,7). Some natural assumptions are that

(129) mij = mji, mi4 = Moz — O

There are 10 zygotic types AB/AB, Ab/AB, ..., ab/ab and the corresponding
fitness table

AB Ab aB ab
AB W11 W12 W13 Wig
(1210) Ab Wa1 W2 W3 Wy
aB w3 w3y wsz wWsy
ab  wy Wae Wy3 Wy

The recombination vectorfield
(12.11) R =rbd¢;, i =1,2,3,4

where r is the recombination rate, b is the birth rate for double heterozygotes, d
is the linkage disequilibrium and

(12.12) €= (1,-1,—1,1)
so that
(12.13) d¢ = p — 7 (p)

where 7(p) has the same marginals as p but in linkage equilibrium (independent
loci).

The system of differential equations for the frequencies of types 1,2, 3,4 with
selection and recombination are

dp; N T .
(12.14) Ci = p(V(i) = V) —rbdg; i=1,23,4
where
4 B 4
(12.15) V(i) => pV(i.j), V=Y pV(i), d=pips—pps.
j=1 i=1

In the case V' = 0 the system approaches linkage equilibrium. However Akin
[3] showed that there exist fitness functions V' and parameters b, r such that the
system exhibits a Hopf bifurcation leading to cyclic behaviour. More generally,
multilocus systems can exhibit many types of complex behaviour (see for example,
Kirzhner, Korol and Nevo (1996) [405] and Lyubich and Kirzhner (2003) [439]).
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12.2 Infinitely many types Fleming-Viot:
Dual representation with mutation, selection and re-
combination

We now consider the Fleming-Viot process with selection and recombination and
establish uniqueness using a dual representation of Ethier and Kurtz.

Let p > 0 and n(x1,22,T') be a transition function from E x E — FE. For
i=1,...,m define R;, : B(E™) — B(E™") by

(12.16) Rimf(.l‘l,...,xm_’_l):/f(xl,...,l‘l‘_l,z,xi_i_l,...7$m)n(xi,xm+1,dz)

and assume that R;,, : Cy(E™) — Cy(E™"1). The R;, are called the recombina-
tion operators for the process and p is called the recombination rate.
Given V' € By (E x E), with V :=sup, . |V(2,y) — V(y,2)| < oo, define

the selection operators

(12.17)

Vi f(T1, ... Timgo) = Vizi, Tmi1) —‘;/($m+1, xm+2)f(x1, ey fori=1,...,m.

For f € D(A™) N B(E"), define F(f,n) = [ fdu™ and

F(f) =FA L4y > (F@ufp) = F(f.m)

1<i<j<n

+p2 (Rinf, 1)) = F(f,m)) + VY F(Vinf, ).

i=1

(12.18)

For f € Cyn(EY), with n(f) = n, and f € D(A") N B(E"), let

(12.19) Hf—ZAer’yZZ Ojnf — f+,oZ Rinf — f+VZ Vinf — f].

J=1 k#j
If 8(f) := Va(f), then
(12.20) GF(f,p) = F(H [, 1) + B )EF(f, 1),
and sup ey, () |[F(H f, )| < const - n(f).

Theorem 12.13 Let G satisfy the above conditions and assume that the mutation
process with generator A has a version with sample paths in Dg|0,00). Then for
each 1 € P(E) there exists a unique solution P, of the martingale problem for G.
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Proof. (Ethier-Kurtz (1987) [222]) We construct a function-valued dual pro-
cess. Let N be a jump Markov process taking non-negative integer values with
transition intensities

(12.21) gmm-1 =ym(m — 1), Gumia = VM, Gumi1 = pm, g ; = 0 otherwise.

For 1 < i < m, let {7} be the jump times of N, 79 = 0, and let {I'x} be a
sequence of random operators which are conditionally independent given M and
satisfy

2 .
(1222) P(Pk = @1J|N) = )1N(Tk*)*N(Tk)=17 1<i< 7 < N(Tk—)

N(’Tk—)N(Tk

1
(1223) P(Fk = Rzm|N) = El{N(Tk—):m,N(m:m-{-l)}

1
(1224) P(Fk = ‘/zmlN) - El{N(Tk—):m,N(Tk):m-i-ﬂ-

For f € Cym(EY), define the Cyp (EY)-valued process Y with Y(0) = f by

(12.25) Y (t) = Si_y, TsS-

k—Tk—1

Py T0SHf e < T

Then for any solution P, to the martingale problem for G and f € Cqpm(EY) we
get the FK-dual representation

1226) BF(X0) =0 [FO0.m e (7 [ tn(Y(u))du)}

which establishes that the martingale problem for G is well-posed. Since the
function G(f) = Vn(f) is not bounded we must verify condition (7.29). This
follows from the following lemma due to Ethier and Kurtz (1998) [224], Lemma
2.1.

u

Lemma 12.14 Let N(t) = n(Y (t)) be as above, 7 := inf{t : N(t) > K} and
0 > 0. Then there exists a function F(n) > const-n* and a constant L > 0 such
that

(12.27)

E [F(N(t A 7)) exp (e /O o N(s)ds> IN(0) = n] < Fn)e, VK >1,

and given N(0) = n, {N(t A T ) exp (‘7 fOtATK N(s)ds) K> 1} are uniformly
integrable.
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Proof. Take F(m) := (m!)?, with 3 < 1. Then

QF(m) + 6mF(m)

=m(m —1)(F(m —1) = F(m)) + pm(F(m + 1) — F(m))
+0m(F(m 4+ 2) — F(m)) + 6mF (m)

= —yO(m*™)(m)? + pO(m?)(m!)? + 00(m**)(m!)”

Since the negative term dominates for large m if 0 < 3 < % and v > 0, we can
choose L > 0 such that

(12.28) QF(m)+60mF(m) < L.

The optional sampling theorem implies that for 7 := inf{t : N(¢) > K} and
N(0)=m

E [exp <e OM N(s)ds) IN(0) = m}

tATE

<E {F(N(t A i) exp (e O N(s)ds) IN(0) = m]

< F(m)+E { /0 " e (9 /O uN(s)ds) (QF(N(w)) + ON (u) F(N (u)))du| N(0) = m
< F(m) + LE [ /0 R (e /0 ' N(s)ds> du|N(0) = m}

and the lemma follows by Gronwall’s inequality.

]

In Chapter 6 we showed that the martingale problem for the Fleming-Viot
process with mutation selection and recombination is well-posed and defines a
P(E)-valued Markov diffusion process. In this chapter we focus on mutation and
selection but also give a brief introduction to some aspects of recombination. In
evolutionary theory mutation plays an important role in producing novelty and
maintaining diversity while selection eliminates deleterious mutations and makes
possible the emergence and fixation of rare advantageous mutations. From a more
abstract viewpoint this can be viewed as a search process which generates new
information.

As above we consider the mutation generator A and the bounded diploid fitness
function For V € Bym(E x E), set V = sup,, . [V (x,y) — V(y, z)|. Without loss
of generality we can assume that V' = 1 and define the selection coefficient s > 0
and selection operators

(12.29) Vi f(z1,. s Tmae) = (V(xi, Ts1) — V(Tmat1, Tma2)) f(X1, -0y T).
For f € D(A™) N B(E™), define F(f,n) = [ fdu™ and
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(12.30)

n

i=1

For f € Cym(EY), with n(f) = n, and f € D(A") N B(E"), let

(1231) Kfi= Aif+v3 > [Onf = fl+s) [Vaf = f]

=1 k#j i=1

where éjk, n(f) are defined as in section 7.5.

If B(f) := sn(f), then
(12.32) GF(f,p) = F(Kf,p) + V(n(f)E(f. ),

and sup ey, gy [F (K f, )| < const - n(f).
The function-valued dual process is constructed as follows. Let N be a jump
Markov process taking non-negative integer values with transition intensities

(12.33) ¢mm—1 = ym(m — 1), gmm+2 = sm, ¢;; = 0 otherwise.

For 1 < ¢ < m, let {7} be the jump times of N, 79 = 0, and let {I'x} be a
sequence of random operators which are conditionally independent given N and
satisfy

~ 2 . .
(1234) P(Pk = ®U|N) = )1N(Tk—)—N(Tk)=17 1<i< 7 < N(Tk—)

N(Tk—)N(Tk

1
(12.35) P(Lk = Vim|N) = — L{n(r—)=mN(n)=m+2}-
For f € Cym(EY), define the Cyp (EY)-valued process Y with Y(0) = f by

(1236) Y(t) = St,-,—kaSTk,Tkilrk,I Ce FISTl f, Tk S Tk+1-

We then have the dual representation: for f € Cgp,(EY), define the Cyp (EN)-
valued process Y with Y (0) = f by

(1237) Y(t) = St_TkaSTk_kale_l N I‘lSTlf, Tk S Tk+1-

Then for any solution P, to the martingale problem for G and f € Cyp,(EY) we
get the FK-dual representation

0289 BP0 = @ [P mes (V[ 0]



12.2. INFINITELY MANY TYPES FLEMING-VIOT:DUAL REPRESENTATION WITH MUTATION, SELECTION AN.

12.2.1 Girsanov formula for Fleming-Viot with Mutation and Selec-
tion

Recall that the Fleming-Viot martingale problem MIP(4 ,q,0) corresponds to the
case

(), b)), = [ Q(X.i A, A)ds

where

Q(w; dz, dy) = p(dx)d,(dy) — p(dr)p(dy).

and that M is a worthy martingale measure.
Now consider a time-dependent diploid fitness function V : [0,00)x EXE — R
with ||V]|o < 00. . Then the FV martingale problem MP(4 ¢ v)is

MY (6),
- <Xt,¢>> / (X, Ag) ds

{ Viso)X(dy) = [ [ Vi >Xs<dz>} 6() X (dx)ds

— (X, ) / (X, Ad) ds

///K/ 2 )Xs<d2)) ’YQ(Xs,dx,dy)} o(z)ds
(MY(9)), = ///¢> Q(X,. do, dy)ds.

We then apply Girsanov to conclude that this martingale problem has a unique
solution PV and that the Radon-Nikodym derivative

dPV
W ’ft

where P is the unique solution to MP(4 0.0 is given by

t
Z) = exp (l/ /V(S,Xs,y)Mo(ds,dy)
7 Jo
t
_%/ //V(S,Xs,x)V(s,Xs,y)yQ(Xs;dx,dy)ds)_
7 Jo

where we write

A

V(s, X5, 1) = /V(s,z,x)XS(dz).
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12.3 Long-time behaviour of systems with finite popula-
tion resampling, mutation and selection

Systems with finite population resampling can have rather different long-time
behaviour than the corresponding infinite population systems. One essential dif-
ference is that even high fitness types can be lost due to resampling and in the
absence of mutation the system can eventually become unitype. On the other
hand if the mutation process can regenerate all types, then the system can reach
equilibrium in which all types are present. We now consider these two situations.

12.3.1 Fixation in finite population systems without mutation

In the previous section we have considered the infinite population system with
selection but no mutation. In this case Fisher’s fundamental theorem states that
such a system evolves to one of maximal population fitness. But what happens
in the finite population case, v > 0?7 We first observe that if V' = 0, then
{Xi(A) : t > 0} is a bounded martingale and

(12.39) X,(A)—

t— oo

1 with probability X,(A)
0 with probability (1 — Xy(A)).

Therefore
X iy 0, with € A with probability Xy(A)

that is, the system experiences ultimate “fixation”. If we add selection to this,
ultimate fixation still occurs. However if v is small then the tendency is for the
limiting types to be those of higher fitness.

12.3.2 The Equilibrium Infinitely Many Alleles Model with Selection

In order to have a non-degenerate equilibrium a source of new types through
mutation is required. In this section we consider the type independent infinitely
many alleles mutation together with selection. If 1y is a non-atomic measure,
then mutation always leads to a new type and thus provides a mechanism to
guarantee sufficient diversity on which selection can act.

Let PY denote the probability measure on Cp(j 1]y (—00, 00) corresponding
to the reversible stationary measure, with one dimensional marginal distribution
Hg(du), for the neutral infinitely many alleles model (recall the representation in
terms of the Moran subordinator). Assume that V' is symmetric and V (s, z,y) =
Viz,y) =V(y,z).

The following results is the infinitely many types analogue of a result of Wright
[616].
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Theorem 12.15 The infinitely many alleles model with selection has a reversible
stationary measure given by

1 vw
I (dp) = e = T (dp)

where Z is a normalizing constant.

Proof. Let X, have distribution
1 V(Xo)

15 (dXo)

Recall that to verify that this is a reversible equilibrium measure it suffices to
show that for any two continuous functions, f and g, on [0, 1]

Poo(f(X0)9(X3)) = Poc(9(Xo) f (Xe))-
But

P /(X090
- / F(Xo)e™ " (X% (d{X, 1 0 < 5 < EIT (dXo)

:E/ﬂ%k

By Girsanov

Vo exp (% / t [ Ve s, ay)
.y V(X 0)V (X QX )

M(dy) = X, — /A*X du

—X / l/()

As a preparation, note that by Ito’s lemma,

[ [ Vi) Xitdo) Xi(ay)
://V(;E,y)Xt(da:)tht(dy)—i—//V(a:,y)Xt(dy)tht(dx)

n / / V(Xs, 2)V (X, y)vQ(X,; da, dy)

0o (AX ) g(X).

where
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Hence by symmetry in z and y and [to’s Lemma,

/// (2, y) X, (dz)d, X, (dy) = // (z,y) X, (dz) X, (dy)

_ / / V(z,y) Xo(dz) Xo(dy)]

/// (X, 2)V(Xs, )y QX3 d, dy)

Therefore

log(ew VXo) ZVy

// V(Xa,y)MO(ds, dy) + //nyXodeo(dw
-5 /0 / / V(X 2)V (Xo, y)yQ(Xy; do, dy)ds
) l/ / [ Viewxanax.a - [ / [ Vie )X (da)enfas) = X,
/// (Xo, 2)V (Xo, y)1Q(Xs; da, dy ds) // 2, y)Xo(dz) Xo(dy)
_ Z[ / / V (2, y) Xs(dr) X (dy) + / / V(, y) Xo(dw) Xo(dy)]
_% / t / / V(Xe, )V (Xe, y)1Q(X,: da, dy)ds
_s/Ot//V(x,y)Xs(dx)(uo(dy) — Xs(dy))ds

This is symmetric with respect to the direction of time. Also under P2, {X; :
t € R} is stationary and reversible. Therefore we conclude that

E(f(Xo)g(X:)) = E(f(X:)g(Xo))
Therefore %e%ﬂg(du) is a reversible invariant measure. m

Corollary 12.16 Consider the K-allele case with ¢ = v and vo(dz) = dx. As-
sume that V (p) is continuous and has a unique global maximum py € Ag_1. Then
asy — 0, ITY = 4y,

Proof. In this case II)(dp) is the Dirichlet (1) distribution on Ag_;. Let

N,y = {p:V(p) —V(p) < ¢}
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Then for any & > 0, II3(N;,) > 0. It is then easy to check that
1Y ((N;,)¥) — 0 as v — 0.
u

Remark 12.17 One can ask if there is a reversible equilibrium for other mutation
processes. The fact that the only mutation process for which the equilibrium is
reversible was proved by Li, Shiga and Ya (1999) [432]. This is the analogue of
the result of Hofbauer and Sigmund mentioned above.



