Chapter 4

Branching Processes I1:

Convergence of critical branching
to Feller’s CSB

Figure 4.1: Feller

4.1 Birth and Death Processes

4.1.1 Linear birth and death processes

Branching processes can be studied in discrete or continuous time. We now
consider a classical continuous time version. This is a continuous time Markov
chain, {X;}:>o with state space Ny and with linear birth and death rates, b
and d and let V = b+ d > 0. This corresponds to a branching system in
which (independently) each particle can die or be replaced by two offspring in
the interval [t, + At) with probability VAt 4 o(At). This means that the time
until the first branch (birth-death event) is an exponential random variable with
1

mean ;. V' is called the branching rate. When the particle “branches” it dies
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with probability b%d and is replaced by two descendants with probability b%d.
Note that this process can be built directly on a probability space containing a
sequence of iid exponential (1) rv’s and a sequence of iid Bernoulli (p = %i)
rv’s (or a sequence of iid Uniform [0, 1] rv’s) and this description can be used to
generate a simulation of the model. The special case in which d = 0 is called the
Yule process.

The birth and death process can also be realized on a probability space (2, F, P)
on which independent Poisson random measures Ny, Ny on ]Ri are defined. Then
the birth and death process is defined via a stochastic differential equation driven

by the Poisson noises, namely,
(4.1)

bX (s dX (s
Xt—xo+// 1(du, ds) — // No(du, ds).

This equation has a pathwise unique cadlag solution which is a continuous time
Markov chain with the required transition rates. See Li-Ma [430].

Let P,, denote the resulting probability law on Dy, ([0, c0)), the space of cadlag
functions from [0, 00) to Np.

4.1.2 Semigroups and generating functions

Given the Markov process X; we can associate a Markov semigroup {7; : t > 0}
of operators on the Banach space Cy(Ny) (the space of bounded functions on Ny,
with limits at infinity) as follows:

T, f(20) = Euo(F(X)) = / J(2) Pry (X, € dr).

This semigroup determines the finite dimensional distributions of the Markov
chain. This semigroup satisfies the conditions of the Hille-Yosida theorem with
generator given by

6fn) = T,
= om0+ 1) — ) + dn(f(n — 1) ~ J(n)

Now consider the Laplace function of X, starting with one particle at time 0:

L(t,0) := B, (e7%), withzo=1,0>0

Noting the outcome at the first branching time and using the independence of the
particle and its offspring when a birth occurs, we obtain the nonlinear renewal-
type equation

d b t
L — Vit —6 1 — -Vt / —VuLQ o
(t,0) =e "t + b d d( e )+ V—b /. e (t —u,0)du
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Alternately, note that we can represent the jump in X; at a branching time
by the addition of an independent random variable ( with Laplace transform
E(e™%) = ﬁle% + #‘ldeg. Since the branching occurs at linear rate VX, at time
t, we get

ot Asp A
- lim (E(E(e—”wrxt)) - E@%))
A—0 A
. VAE(X,_E(e7"X=%9|X,_)) — E(X,_e %) 4+ o(A)
= lim
A—0 A
= Vygle D Vg — i

Here we have used F(Xe %) = —ag—gg). So we then have the first order PDE

_ d OL(t,0) _
1)+ —( -1 =0, L =e"
(0 =1+ (@ P =0, 10.6) =
We can solve this by finding the characteristic curves (t(s),0(s)) in the (¢,0)
plane along which L(t(s), 8(s)) is constant (refer to Garabedian (1964) [258], John
(1982) [350] or Delgado (1997) [157]). We write this as

(4.3) % L(t(s), 6(s)) = Llata(? a(;is)

where Li, Ly denote the first partial derivatives with respect to t, 0 respectively.
Comparing (4.3) with (4.2) leads to the characteristic equations

(4.4) ag(j) =0, ag(;) =1, agf) —h(®) =be? — 1) +d(e’ — 1)

For b # d we obtain the characteristic curve

OL(1.6) 1 b

(4.2) ot [b+d

=0

+ Lo

~0 _ {)plb-d)t
(4.5) (e = )ed = constant.
6 —

and general solution

(4.6) L(t,0) = \P(<e_9 _ 1)e(b—d)t

be=? —d
where VU is a differentiable function. From the initial condition we have
e -1
4.7) U(————) = ¢ o,
(@7) W)=
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Solving for ¥ we obtain for b # d the solution

dle=f — 1)e®=Dt _ (pe=0 _ )\ °
(48) L(t, 9) = (b((eg — 1))€(bd)t _ Ebee — d)))

and for b =d

_ — e f — o
(4.9) L(t.6) = (1 T 1)) |

Remark 4.1 Note that the form of the Laplace transforms (4.8), (4.9)implies
the branching property, namely, if Xo = Xo1 + Xoz2, then the probability law
of X, is identical to the distribution of the sum of independent random variables
Xi1+ Xt 0 where X, ; are versions of the linear birth and death process with initial
conditions X1, Xo2.

Distribution function, moments, extinction probability

Setting b, d as the birth and death rates. Then replacing 6 by —In z in L;(0) we
obtain the probability generating function

(4.10) Gy(z) = L(t,—In z) Zz pr(t

Then expanding in a power series in z we can obtain the standard formula
(4.11) po(t) = f(t),
(4.12) pa(t) = (L= f(1))(1 = g(t)g(t)" ", n > 1

where

d(e(b—d)t — 1) b(e(b—d)t —1)
(413) f() = S e 90 = =g -

Similarly if b =d = %, then

bt)" !
(4.14) po(t) = O(JW n> 1,
(4.15) po(t) = 5

Then the extinction probability is

1 ifb<d,

(b—d)t __ 1
(4.16) tlim po(t) = lim dle ) _

t=oo bed=dt —d it b > d.

Sl RS
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Recalling that

_ OL(9)

(4.17) BE(X;) = — T
02 L(0)

2\ t
@18 B = =55
we can obtain
(4.19) E(X;) = Xelt=9t,
(4.20) B((X,)%) = (X)2eX-Dt 1 Me“’*dﬁ(e(’)*d)t —1),b#d

b—d
(4.21) E((X,)?) = (Xo)? + 2bt, if b=d.

4.2 Critical branching

Exponential growth of a population is unrealistic and therefore supercritical
branching models describe only the growth of a population as long as the re-
sources are unlimited. Otherwise logistic competition comes into play. We will
return to this circle of questions throughout this course.

Only critical branching processes have the property that the mean population
size is stable but as shown above the critical branching process actually suffers
extinction with probability one. Nevertheless critical branching processes have
played a key role in the development stochastic population models. We will later
see that a key feature of critical branching is the limiting behavior of the process
conditioned on non-extinction up to time ¢ and letting t — co. We now give two
formulations of the resulting behavior.

Theorem 4.2 Consider the BGW process Z,, with mean offspring size m = 1.
Suppose that 02 := Var(¢) = E[¢?] — 1 < co. Then
(i) Kolmogorov

2
(4.22) lim nP[Z, > 0] = =

n—oo 0’2

(ii) Yaglom: If o < oo, then the conditional distribution of % gwen Z, > 0
converges as n — oo to an exponential law with mean "72

We refer the proof of this to the literature [9], [438].
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Theorem 4.3 Consider the critical linear birth and death process, {X:} with
a:%, b:d:%. Then
(1) Extinction probability: lim,_, po(t) = 1.

(i1) Expected extinction time: Let T := inf{t : X; = 0} Then E[1] = 0.
(11i) Exponential limit law: conditioned on X # 0,
X,
oy
t
where Y 1s exponential with mean b.

Proof. The proof is based on the explicit form of the generating function
(4.9).

(i) From (4.15), po(t) = 525 — 1 as t — oo,

(ii) The expected extinction time is infinite

E(T):/Ooo(l—po(t))dt:/ooo = o

(iii) From (4.9),

(4.23)
X,0 L(t,%) — P(X,=0)

E(e™ | X, #0) = t

(71X #0) 1— P(X; =0)

1-(bt=1)(e"~1) _ bt

_ 1-bt(e=0-1) bt+1

. _ X480 1
Jim E(e™ X #0) = 1775

and which is the Laplace transform of the exponential distribution with mean b.
n
4.3 Feller’s continuous state branching process (CSBP)
Consider the It6 stochastic differential equation (SDE)

dXt = thdt + ")/Xtth, Xo =z > 0

where {W;} is a standard Brownian motion. This equation has a non-Lipschitz
coefficient but its pathwise uniqueness follows from the Yamada-Watanabe theo-
rem [617].
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Using It0’s lemma one can then check that the generator of the resulting
diffusion process acting on D(G) = {f € C3(Ry), xfs, ©frx € Co(RL)} satisfies

0 1 0?
(4.24) Gf(z) = xa—f+ T 8{

and therefore X; is a realization of the Feller CSBP process.

Proposition 4.4 (Laplace transform and extinction probability)
(a)The Laplace transform is given by

(4.25) L(0,t) = E, exp(—0X;) = exp(—u(t)z)
where u(s) satisfies the equation:

(4.26) ?;: = mu — %u2 u(0) = 0.

(b) In the critical case m =0

(4.27) Py(z, = 0) = exp (—5) .
Proof. Assume that 6(s) > 0 is differentiable. Then applying It6’s lemma ([517],
Theorem 3.3, Remark 1) to F(, 1) = e~ we have

(4.28)  F(0(t), X:) — F(6(0), Xo)

¢
—m/XF2 )d3+/ X)X dW;

/0 Fi(0(s), X /XF22 X.)ds

Noting that E(X,e %%s) = —L,(0,s) we obtain

% = L (60s), 8>d§f) = mB($)L1(0(s),5) + 50(5)*La(0(5), 5)

2
with L(6,0) = e

(4.29)

If u is a solution of

(4.30) % = mu(6, s) — %M(e, s),  u(6,0)=0

then the derivative with respect to s

0
— < g <
88((015 5),8) =0, 0<s<t

and therefore

(4.31) E,(e %) = L(0,t) = L(u(f,t),0) = e~



56 CHAPTER 4. BRANCHING PROCESSES 11

(b) Solving (4.30) we get

0
4.32 0t) = ——— ifm=0
(4.32) u(0,t) (1+t79>,1m
Ome™
4.33 0,t) = if 0.
( )u(a) m-'-’ye(emt—l)’lm?é
Ifm=0
(4.34) Px,(z; =0) = 9hm e~ Tou(0:t) _ 67%'
| |

Remark 4.5 An immediate consequence of (4.31) is that for each t, X, is an in-
finitely divisible random variable. In fact the law of X; corresponds to the law of
the sum of a Poisson distributed number of independent exponential random vari-
ables. These facts will provide an important tool for the study of these processes
and their infinite dimensional generalizations.

Feller CSBP with immigration

Adding an immigration term ct to X;, one obtains the continuous state branching
with immigration process (CBI), and can verify (see e.g. Li (2006) [426]) the
following:

Proposition 4.6 Consider the continuous subcritical branching process with im-
migration (CBI), given by the SDE:

(4.35) dY; = cdt — bY,dt + /7Y dWy, Yo =10, b,c>0.
(a) The Laplace transform of the distribution of Y; is given by:
du _ 2
ot 2
(b) In the subcritical case Y; converges to equilibrium, Y; = Yo ast — oo,
where Yy, has the gamma distribution with Laplace transform

(4.36) E,, exp(—0Y (1)) = e vout)=Jo culs)ds,

C
[(b+~0) = ~yfe bt

Proof. (a) This can be proved using the method of Theorem 4.4. Alternately,
we can prove this by consider the process with immigrants coming according to
= >y, where {y;} are the points of a Poisson process with rate K and letting
K — oo.

(b) follows from (a) by simple integration of (4.36). m

(4.37) L(0) =
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Remark 4.7 The critical Feller CSBP with immigration

(438) dY, = Bdt + 2/Y,dW,
Yo =1uo

is the square of a [3-dimensional Bessel process. (See Revuz Yor [517] where this
is called a BESQ® process). For 3 > 2, {0} is polar. For 0 < 3 < 2, {0} is
instantaneously reflecting. For 0 < 3 < 1 the set {t : X, = 0} is a perfect set.
(See Revuz Yor [517] Chap. XI.)

4.4 Diffusion limits of critical and nearly critical branch-
ing processes

4.4.1 Convergence to Feller’s continuous state branching process

In a celebrated paper Feller (1951) [242] developed the diffusion approximation
to branching processes using semigroup methods.

Theorem 4.8 (Convergence of B+D and BGW processes to Feller CSBP)

(a) Consider the sequence of birth and death process, {XK}, K € N, with
linear birth and death rates by = 1+ %, dg = 1— 3% with X§* = [Kz]. Assume

2K’
that % — 2 and let

1
(4.39) ZF = EX{@.

Then as K — oo
(4.40) {Z} 10 = {Zi}ix0,
where {Z; }1>¢ is a CSBP with generator G given by (4.24) withy =1 and Zy = x.

The convergence is in the sense of weak convergence of probability measures on
Dip,00)([0,00)) and the limiting process is a.s. continuous.
(b) Consider a sequence of BGW processes { X'} with mean offspring sizes
m

(4.41) BE(N) =my =1+ N

and offspring variances
(4.42) Var(&N) =~ > 0.

Let

1
(4.43) zZN = NX{YWJ.
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Assume that Z) — Zy as N — oo. Then
(4.44) {2 }iz0 = {Zi}iz0,

that is, Z¥ converges in distribution on Djy([0,00)) to a Markov diffusion
process, {Zi}i>0, called the Feller continuous state branching process (CSBP).
The generator of the CSBP {Z;} acting on functions f € C2(]0,00)) is given by

0 02
(4.45) Gf(x) = mxa—i + %wza—x‘é

Proof. (a) The proof follows a standard program for weak convergence of
processes, namely,

e the convergence of the finite dimensional distributions,
e proof that the laws of the processes P* € P(Djy0)([0,00)) are tight.

To show that the finite dimensional distributions converge, first substitute

birth and death rates b = 1 4 7%, d = 1 — g%, in (??) to obtain the Laplace

transform of ZF with ZI = | Kz] as follows:

(4.46)
E(e7%7) = LX(t,0)

This coincides (see Proposition 4.4) with the Laplace transform at time ¢ of the
diffusion process with Z; = x and with generator
of 1 9*f
447) G =mr— + —r—=.
(447) Gf(x) " o * 2" 92
Using the Markov property and the continuity of the transition probability in
x we can then obtain convergence of the finite dimensional distributions.
To complete the proof we must verify that the probability laws of {Z[};5o
denoted by PX € P(Djy ) ([0,00)) are tight. We will use the Aldous condition.
We first verify that given § > 0 there exists 0 < L < oo such

(4.48) sup PX(sup X*(t) > L) <.
K 0<t<T
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Note that the generator of ZX = Xk ig

(4.49)

1) = k(P o O K (" - ()
Then

¢
(4.50) M} = Z]F — m/ ZKds is a martingale.
0

By Gronwall’s inequality

(4.51) sup ZK < sup |M[|e™.
0<t<T 0<t<T

Applying Doob’s maximal inequality to M/

E MK 2
(452) P(sup [MF| > R) < ZUMT))
0<t<T R2

It remains to compute F((MX)?). We have
T T T
(4.53) E((M£)?) < B(ZE)?) + 2|m|/ E(ZXzK)ds +/ / E(ZEX 7 dsdt.
0 o Jo
Using (4.20) we can check that
@54y Bz < zkemi " — 1)

A simple calculation then yields
(4.55) E((M7)*) < C(T, 2)

where C(T, z) does not depend on K which proves (4.48).
We can then apply the Aldous sufficient condition for tightness, namely, given
stopping times 7 < T and 0k | 0 as K — oo

: K (| 7K K
(4.56) I}LH;P (12760 — Zry] >€) =0.

First note that Xf; is tight so we can take a convergent subsequence. Then by
Skorohod’s representation we can put these on a common probability space so
that there is a.s. convergence. In this setting assume that Xff{” — z. In now

suffices to prove that X ff(” converges in distribtion to x. Then by the strong

+k,
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Markov property we have

(4.57)

B Ficrar) — 077 1ZE)

KZK
[ K(eF — e ) - gk - pemin - mek D\
+1)

5
K(e % —1)(emn — 1) + B¢ % — 1)emdn — B(e™x

—0on {sup Z5(t) < L} as K — oo.
0<t<T

Therefore ZX

A B s — 25 — 0 in distribution and for £, > 0 we can find K such
that

(4.58) PX(|1ZE 5. —Z5 | >¢€) <2n, VK > K,.

This completes the proof of tightness.

(b) See Ethier and Kurtz ([222] Chapter 9, Theorem 1.3) for a proof based
on a semigroup convergence theorem (e.g. [222], Chap. 1, Theorem 6.5). This
involves showing that

(4.59) lim  sup |N(Tnf(x) = f(2)) = Gf(x)| =0 V [feCZ(0,00)),

N—o0 x:% , eN

where

(160) Tnf(x) = Ef(= D &)). 2 (. (€N

and where {£N} are i.i.d. satisfy (4.41), (4.42).
|

Remark 4.9 These results can also be proved using the martingale problem for-
mulation in the same way as is carried out below for the Wright-Fisher model.

4.5 The critical BGW tree

4.5.1 The rooted BGW tree as a metric space

We begin by recalling that given a BGW tree 7 € T with root @ we can embed
it in the plane the edges appear according to the lexicographic order to produce a
plane tree. This is given by a subset of the set of potential individuals Z satisfying
(3.1.2) and in which each parent is connected to its offspring by an edge. If we
assign length 1 to each edge then a metric d(x,y) can be defined on 7 by

(4.61) d(z,y) := the length of the shortest path in 7 from z to y.



