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Abstract. We complete the proof of a Siegel type statement for finitely
generated Φ-submodules of Ga under the action of a Drinfeld module Φ.

1. Introduction

In 1929, Siegel ([Sie29]) proved that if C is an irreducible affine curve
defined over a number field K and C has at least three points at infinity, then
there are at most finitely many K-rational points on C that have integral
coordinates. The most important two ingredients in the proof of Siegel’s
theorem are diophantine approximation, along with the fact that certain
groups of rational points are finitely generated; when C has genus greater
than 0, the group in question is the Mordell-Weil group of the Jacobian
of C, while when C has genus 0, the group in question is the group of S-
units in a finite extension of K. Motivated by the analogy between rank
2 Drinfeld modules and elliptic curves (along with the understanding that
higher rank Drinfeld modules of generic characteristic are the right vehicle in
characteristic p for similar conjectures to Diophantine questions one would
pose for abelian varieties in characteristic 0), Ghioca and Tucker conjectured
in [GT08a] a Siegel type statement for finitely generated Φ-submodules Γ
of Ga(K) (where Φ is a generic characteristic Drinfeld module of arbitrary
rank and K is a finite extension of Fp(t)). In [GT07], Ghioca and Tucker
proved the Siegel type statement for Drinfeld modules under the technical
hypothesis that the ground field K admits a single place which lies over the
place at infinity of Fp(t). In the current paper, we are able to remove this
technical hypothesis on the field K and prove the following general result
for Drinfeld modules in the spirit of the famous Siegel’s theorem.

Theorem 1.1. Let q be a power of the prime number p, let K be a finite
extension of the function field Fq(t) and let Φ be a Drinfeld module of generic
characteristic defined over K. Let Γ be a finitely generated Φ-submodule of
Ga(K), let α ∈ K, and let S be a finite set of places of the field K. Then
there are finitely many γ ∈ Γ such that γ is S-integral with respect to α.

We refer the reader to Section 2 for more details on Drinfeld modules,
including the notion of S-integral points with respect to a given point.
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The strategy of our proof is identical with the strategy employed in
[GT07]; actually, with one exception, the statements proven in [GT07] are
valid in the generality of our Theorem 1.1. However, the main result from
the aforementioned paper, i.e., [GT07, Proposition 3.12] is proven under
the technical assumption that there exists a single place in the function
field K lying above the place at infinity from Fq(t). Moreover, the strategy
of proof from [GT07, Proposition 3.12] does not extend to arbitrary func-
tion fields K, as explained in [GT07, Remark 3.14]. So, the main result of
our current paper is to develop an alternative strategy for proving [GT07,
Proposition 3.12] for arbitrary function fields K; the statement generalizing
[GT07, Proposition 3.12] is proven in our Proposition 3.6. Finally, we note
that in Theorem 1.1, if Φ were a Drinfeld module of special characteristic,
then its conclusion could fail (as can be easily seen in the case the Drinfeld
module is simply given by Φt(x) := xq).

Our Theorem 1.1 completes the proof of the Siegel’s theorem in the con-
text of Drinfeld modules. Over the past 30 years, there was a significant
increase in the study of the arithmetic of Drinfeld modules which estab-
lished the validity of several classical theorems from the arithmetic geom-
etry of abelian varieties in the context of Drinfeld modules. Indeed, Scan-
lon [Sca02] proved the Manin-Mumford type theorem for Drinfeld modules,
conjectured by Denis [Den92a]. The second author proved an equidistri-
bution statement for torsion points of Drinfeld modules, which may be in-
terpreted as a weaker variant of the classical equidistribution theorem of
Szpiro-Ullmo-Zhang [SUZ97] for torsion points of abelian varieties. Breuer
[Bre05] proved an André-Oort type theorem for Drinfeld modules in the
spirit of the classical results of Edixhoven-Yafaev [EY03] for Shimura vari-
eties. The second author (both in a single author paper [Ghi05] and also in
a joint paper with Tucker [GT08b]) proved various instances of a Mordell-
Lang type statement for Drinfeld modules conjectured by Denis [Den92a].
Actually, the paper [GT08b] constituted the starting point of the Dynamical
Mordell-Lang Conjecture (formulated in [GT09]), which by itself generated
extensive research in the past 15 years (for a comprehensive discussion of
the Dynamical Mordell-Lang Conjecture, see [BGT06], especially [BGT06,
Chapter 12] which details the connection between the aforementioned con-
jecture and Denis’ conjecture for Drinfeld modules from [Den92a]).

The plan of our paper is as follows: in Section 2 we give the basic def-
initions and notation, and then, in Section 3 we prove the main results,
which is Proposition 3.6 and then derive Theorem 1.1 as a consequence of
our Proposition 3.6 and of the previous results established in [GT07].

2. Notation

Our notational section has a significant overlap with [GT07, Section 2].

2.1. General notation. We let N0 denote the non-negative integers: {0, 1, . . . },
i.e., N0 := N ∪ {0}.
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2.2. Drinfeld modules. We begin by defining a Drinfeld module. Let p
be a prime and let q be a power of p. Let A := Fq[t], let K be a finite

field extension of Fq(t), and let K be an algebraic closure of K. We let τ

be the Frobenius on Fq, and we extend its action on K. Let K{τ} be the
ring of polynomials in τ with coefficients from K (the addition is the usual
addition, while the multiplication is the composition of functions).

A Drinfeld module is a morphism Φ : A→ K{τ} for which the coefficient
of τ0 in Φ(a) =: Φa is a for every a ∈ A, and there exists a ∈ A such that
Φa 6= aτ0. The definition given here represents what Goss [Gos96] calls a
Drinfeld module of “generic characteristic”.

We note that usually, in the definition of a Drinfeld module, A is the ring
of functions defined on a projective nonsingular curve C, regular away from
a closed point η ∈ C. For our definition of a Drinfeld module, C = P1

Fq
and η

is the usual point at infinity on P1. On the other hand, every ring of regular
functions A as above contains Fq[t] as a subring, where t is a nonconstant
function in A. Furthermore, even for such a general ring of regular functions
A, we have that A is a finite Fq[t]-module, which means that the statement
of our Theorem 1.1 is left unchanged.

For every field extension K ⊂ L, the Drinfeld module Φ induces an action
on Ga(L) by a∗x := Φa(x), for each a ∈ A. We call Φ-submodules subgroups
of Ga(K) which are invariant under the action of Φ. We define the rank of
a Φ-submodule Γ be

dimFrac(A) Γ⊗A Frac(A).

A point α is torsion for the Drinfeld module action if and only if there
exists Q ∈ A \ {0} such that ΦQ(α) = 0. The monic polynomial Q of
minimal degree which satisfies ΦQ(α) = 0 is called the order of α. Since
each polynomial ΦQ is separable, the torsion submodule Φtor lies in the
separable closure Ksep of K.

2.3. The coefficients of the Drinfeld module. Each Drinfeld module is
isomorphic over K to a Drinfeld module for which the leading coefficient of
Φt equals 1; in particular, for each a ∈ Fq[t] \ Fq, we would then have that
Φa is a polynomial whose leading coefficient lives in Fq. This is a standard
observation used previously in [Ghi07a, Ghi07b].

2.4. Valuations and Weil heights. Let MFq(t) be the set of places on

Fq(t). We denote by v∞ the place in MFq(t) such that v∞(fg ) = deg(g) −
deg(f) for every nonzero f, g ∈ A = Fq[t]. We let MK be the set of valuations
on K. Then MK is a set of valuations which satisfies a product formula
(see [Ser97, Chapter 2]). Thus (with an appropriate normalization for each
absolute value | · |v) we have

• for each nonzero x ∈ K, there are finitely many v ∈ MK such that
|x|v 6= 1; and

• for each nonzero x ∈ K, we have
∏
v∈MK

|x|v = 1.
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We may use these valuations to define a Weil height for each x ∈ K as

(2.0.1) h(x) =
∑
v∈MK

log max(|x|v, 1).

Definition 2.1. Each place in MK which lies over v∞ is called an infinite
place. Each place in MK which does not lie over v∞ is called a finite place.

2.5. Canonical heights. Let Φ : A→ K{τ} be a Drinfeld module of rank
d (i.e. the degree of Φt as a polynomial in τ equals d). The canonical height
of β ∈ K relative to Φ (see [Den92b]) is defined as

ĥ(β) = lim
n→∞

h(Φtn(β))

qnd
.

Denis [Den92b] showed that a point is torsion if and only if its canonical
height equals 0.

For every v ∈MK , we let the local canonical height of β ∈ K at v be

(2.1.1) ĥv(β) = lim
n→∞

log max(|Φtn(β)|v, 1)

qnd
.

Furthermore, for every a ∈ Fq[t], we have ĥv(Φa(x)) = deg(Φa) · ĥv(x). It is

clear that ĥv satisfies the triangle inequality, and also that
∑

v∈MK
ĥv(β) =

ĥ(β) (therefore, also ĥ(·) satisfies the triangle inequality).

2.6. Integrality and reduction. Since we can always replace K by a finite
extension, we will define the notion of S-integrality with respect to a given
point α under the assumption that α ∈ K (note that we are interested in
Theorem 1.1 for the S-integrality with respect to α within a given finitely
generated Φ-module Γ and therefore, once again at the expense of replacing
K by a finite extension, we may assume Γ ⊂ K).

Definition 2.2. For a finite set of places S ⊂MK and α ∈ K, we say that
β ∈ K is S-integral with respect to α if for every place v /∈ S, the following
are true:

• if |α|v ≤ 1, then |α− β|v ≥ 1.
• if |α|v > 1, then |β|v ≤ 1.

We note that if β is S-integral with respect to α, then it is also S′-integral
with respect to α, where S′ is a finite set of places containing S. Furthermore
(as noted in [GT07, Subsection 2.6]), the notion of S-integrality with respect
to a point is invariant when replacing K by a finite extension L and also
replacing S by the set of places in L lying above the places from S.

Definition 2.3. The Drinfeld module Φ has good reduction at a place v if
for each nonzero a ∈ A, all coefficients of Φa are v-adic integers and the
leading coefficient of Φa is a v-adic unit. If Φ does not have good reduction
at v, then we say that Φ has bad reduction at v.
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It is immediate to see that Φ has good reduction at v if and only if all
coefficients of Φt are v-adic integers, since we already assumed that the
leading coefficient of Φt equals 1.

3. Proofs of our main results

Before proceeding to the proof of Theorem 1.1, we prove several facts
about local heights. We start by stating a result obtained in [GT07, Lemma 3.11].

Proposition 3.1. Suppose that Γ is a torsion-free Φ-submodule of Ga(K)
generated by elements γ1, . . . , γr. For each i ∈ {1, . . . , r} let (Pn,i)n∈N ⊂
Fq[t] be a sequence of polynomials such that for each m 6= n, the r-tuples
(Pn,i)1≤i≤r and (Pm,i)1≤i≤r are distinct. Then for every v ∈MK , we have

(3.1.1) lim inf
n→∞

log |
∑r

i=1 ΦPn,i(γi)− α|v∑r
i=1 q

d degPn,i
≥ 0.

From now on, let Φt =
∑d

i=0 aiτ
i; also, as explained in Section 2, we

assume from now on that ad = 1. The following result is a special case of
[GT07, Fact 3.6] (in the case Φt is monic).

Lemma 3.2. For every place v of K, there exists a real number Mv ≥ 1
such that for each x ∈ K, if |x|v > Mv, then for every nonzero Q ∈ A, we

have |ΦQ(x)|v = |x|q
d·deg(Q)

v . Moreover, if |x|v > Mv, then ĥv(x) = log |x|v.

The following result is an immediate consequence of Lemma 3.2.

Lemma 3.3. For each place v of MK and for each x ∈ K, if ĥv(x) > 0,
then for all polynomials Q ∈ Fq[t] of sufficiently large degree, we have that

ĥv(x) =
log|ΦQ(x)|

v

qd·deg(Q) .

Proof. The proof is an immediate corollary of Lemma 3.2 once we note that

if ĥv(x) > 0 then there exists a nonzero integer ` (depending on x and v)
such that |Φt`(x)|v > Mv; moreover, we may assume ` is minimal with this
property. Then Lemma 3.2 yields that

(3.3.1) ĥv(x) =
ĥv (Φt`(x))

qd`
=

log |Φt`(x)|
qd`

.

Moreover, for each polynomial Q ∈ Fq[t] of degree at least equal to `, we
have that

(3.3.2) |ΦQ(x)|v = |Φt`(x)|q
d(deg(Q)−`)

v .

Equations (3.3.1) and (3.3.2) finish the proof of Lemma 3.3. �

The following result is an immediate consequence of [Ghi07a, Theorem 4.5]
(which provides a more general positive lower bound for the canonical height
of non-torsion points x ∈ K depending only on the number of places of bad
reduction for the given Drinfeld module in the field extension K(x)).
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Lemma 3.4. There exists a positive constant c0 such that for all non-torsion

points x ∈ K, we have ĥ(x) ≥ c0.

The next result will be used in the proof of Proposition 3.6 (which is our
main technical ingredient for the proof of Theorem 1.1).

Lemma 3.5. Let r ∈ N, let γ1, . . . , γr ∈ K and let v ∈MK . Assume that

(3.5.1) ĥv(γ1) >
maxi>1 ĥv(γi)

qd
.

Then there exists n0 ∈ N (depending only on Φ, v and on γ1, . . . , γr) and
there exists a positive real number c1 (depending only on Φ and v) such that
for all polynomials P1, . . . , Pr ∈ Fq[t] satisfying

(i) deg(P1) > max{deg(P2), · · · ,deg(Pr)}, and
(ii) min{deg(P2), · · · ,deg(Pr)} ≥ n0,

we have log |ΦP1(γ1) + · · ·+ ΦPr(γr)|v > c1 · qd·(deg(P1)−n0).

Proof. Let Mv ≥ 1 be the real number as in the conclusion of Lemma 3.2

and let Lv := 2Mv. Then for each i = 2, . . . , r such that ĥv(γi) = 0, we
must have that for all polynomials Qi ∈ Fq[t] then

(3.5.2) |ΦQi(γi)|v < Lv.

Similarly, according to Lemma 3.3, we have that for each i = 1, . . . , r for

which ĥv(γi) > 0 (note that our hypothesis yields that ĥv(γ1) > 0) then
for all polynomials Qi ∈ Fq[t] of degree larger than some positive integer n0

(which depends only on v and on the γi’s),

(3.5.3) log |ΦQi(γi)|v = qddeg(Qi) · ĥv(γi).

Furthermore, for each i as in equation (3.5.3), as long as deg(Qi) is suffi-
ciently large, then we have that

(3.5.4) |ΦQi(γi)|v ≥ Lv > Mv.

Combining equations (3.5.2), (3.5.3) and (3.5.4), coupled with our hypothe-
ses (3.5.1) and (i) from Lemma 3.5, we obtain that |ΦP1(γ1)|v > maxi>1 |ΦPi(γi)|v
and therefore,

(3.5.5)

∣∣∣∣∣∑
i=1

ΦPi(γi)

∣∣∣∣∣
v

= |ΦP1(γ1)|v > Mv.

Finally, combining (3.5.5) with Lemma 3.2 (see also equation (3.5.3)), we
obtain that

log

∣∣∣∣∣
r∑
i=1

ΦPi(γi)

∣∣∣∣∣
v

= log |ΦP1(γ1)|v = qd·(deg(P1)−n0) · log |Φtn0 (γ1)|v .

Since |Φtn0 (γ1)|v ≥ Lv > Mv and therefore, letting c1 := log(2Lv/3) ≥
log(4/3) > 0, we obtain the desired conclusion in Lemma 3.5. �
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The following proposition is the key technical result required to prove
Theorem 1.1 and it is the generalization of [GT07, Proposition 3.12] in the
case of arbitrary function fields K.

Proposition 3.6. Let Γ be a torsion-free Φ-submodule of Ga(K) generated
by elements γ1, . . . , γr. For each i ∈ {1, . . . , r} let (Pn,i)n∈N ⊂ Fq[t] be a
sequence of polynomials such that for each m 6= n, the r-tuples (Pn,i)1≤i≤r
and (Pm,i)1≤i≤r are distinct. Then there exists a place v ∈MK such that

(3.6.1) lim sup
n→∞

log |
∑r

i=1 ΦPn,i(γi)− α|v∑r
i=1 q

d degPn,i
> 0.

Proof. The hypothesis on the r-uples (Pn,i)1≤i≤r implies that

lim
n→∞

r∑
i=1

qd degPn,i = +∞.

Combining this with the triangle inequality for the v-adic norm, we have
that the sought statement is equivalent to the existence of a place v such
that

(3.6.2) lim sup
n→∞

log |
∑r

i=1 ΦPn,i(γi)|v∑r
i=1 q

d degPn,i
> 0.

Observe that it is sufficient to prove it for a subsequence (nk)k≥1 ⊂ N, since
passing to a subsequence can only lower the lim sup. We will repeatedly use
this fact during the proof and we will drop the extra indexes in order to
lighten the notation.

The proof proceeds by induction on r. If r = 1, since γ1 is non-torsion,

there exists a place v such that ĥv(γ1) > 0 and the conclusion follows from
Lemma 3.3. We can then assume that (3.6.2) holds true for all Φ-submodules
of rank less than r and we are going to prove it for all Φ-submodules of rank
r.

Let S0 be the set of places v ∈ MK such that ĥv(γ) > 0 for some γ ∈ Γ.
This set is finite, as proved in [GT07, Fact 3.13].

If there exists j such that

(3.6.3) lim
n→∞

qd degPn,j∑r
i=1 q

d degPn,i
= 0

then the conclusion follows from the inductive hypothesis. Indeed, by the
inductive hypothesis, there exists v ∈ S0 such that

lim sup
n→∞

log |
∑

i 6=j ΦPn,i(γi)|v∑
i 6=j q

ddegPn,i
> 0,

and combining this with (3.6.3) gives

(3.6.4) lim sup
n→∞

log |
∑

i 6=j ΦPn,i(γi)|v∑r
i=1 q

d degPn,i
> 0.
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We distinguish two cases. If ĥv(γj) = 0, then {|ΦQ(γj)|v}Q∈Fq [t] is bounded,
so that for large enough n we have∣∣∣∣∣∣

∑
i 6=j

ΦPn,i(γi)

∣∣∣∣∣∣
v

=

∣∣∣∣∣
r∑
i=1

ΦPn,i(γi)

∣∣∣∣∣
v

and the result follows from (3.6.4).

If ĥv(γj) > 0, we apply Lemma 3.3 to get

lim
n→∞

log |ΦPn,j (γj)|v∑r
i=1 q

d degPn,i
= ĥv(γj) · lim

n→∞

qddegPn,j∑r
i=1 q

ddegPn,i
= 0.

This, combined with (3.6.4), gives

(3.6.5)

∣∣∣∣∣∣
∑
i 6=j

ΦPn,i(γi)

∣∣∣∣∣∣
v

=

∣∣∣∣∣
r∑
i=1

ΦPn,i(γi)

∣∣∣∣∣
v

for large enough n. We then derive (3.6.2) using (3.6.4).
We therefore assume that there is no j for which (3.6.4) holds. Equiva-

lently, there exists B ≥ 1 such that for any n we have

max1≤i≤r q
d degPn,i

min1≤i≤r qd degPn,i
≤ B,

which is the same as

(3.6.6) max
1≤i≤r

degPn,i − min
1≤i≤r

degPn,i ≤
logq B

d
.

We will proceed doing analysis at the places v ∈ S0, which is non-empty
since all γi are non-torsion.

The strategy of the proof goes as follows: if we cannot prove directly
(3.6.2), then we find δ1, . . . , δr ∈ Γ, a subsequence (nk)k≥1 and a sequence
of r-uples of polynomials (Rk,i)1≤i≤r such that

r∑
i=1

ΦPnk,i(γi) =

r∑
i=1

ΦRk,i
(δi) and

0 < lim inf
k→∞

∑r
i=1 q

d degPnk,i∑r
i=1 q

d degRk,i
≤ lim sup

k→∞

∑r
i=1 q

d degPnk,i∑r
i=1 q

d degRk,i
< +∞.

Thanks to these two relations, we have that if there exists a place v for
which

lim sup
k→∞

log |
∑r

i=1 ΦRk,i
(δi)|v∑r

i=1 q
d degRk,i

> 0,

then also

lim sup
k→∞

log |
∑r

i=1 ΦPnk,i(γi)|v∑r
i=1 q

d degPnk,i
> 0.

In this way we reduce to proving (3.6.2) for the δi’s and the sequence of
r-uples of polynomials (Rk,i)1≤i≤r. We will choose them in such a way that
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the process cannot go on forever, thereby showing that (3.6.2) has to hold
at a finite step for a suitable place v.

We claim that, if there exist j and v such that

ĥv(γj) >
1

qd
max
i 6=j

ĥv(γi)

and
degPn,j > max

i 6=j
degPn,i

for all n big enough, then inequality (3.6.2) holds for the place v. Indeed,
using (3.6.6), we have that for any i the degrees degPn,i go to infinity as
n → ∞. This, together with the two inequalities above, allows us to apply
Lemma 3.5 to obtain (for a suitable positive integer n0) that

lim sup
n→∞

log |
∑r

i=1 ΦPn,i(γi)|v∑r
i=1 q

d degPn,i
> c1q

−dn0 · lim sup
n→∞

qd degPn,j∑r
i=1 q

d degPn,i
> 0,

where we used again (3.6.6).
In particular, if there exists j such that

degPn,j > max
i 6=j

degPn,i

for all n big enough, either (3.6.2) follows, or we can assume that for all
places v we have

ĥv(γj) ≤
1

qd
max
i 6=j

ĥv(γi) ≤
1

qd
max
1≤i≤r

ĥv(γi).

We will now describe the construction of the δi’s and Rn,i’s we referred
to before. In the first step of our process, for all n and each i > 1, we divide
(with quotient and remainder) Pn,i by Pn,1, obtaining

Pn,i = Pn,1 · Cn,i +Rn,i,

so that degRn,i < degPn,1; also, we note that degRn,i ≤ degPn,i. We also
let Rn,1 := Pn,1. From (3.6.6) the degrees degCn,i are uniformly bounded
as n→∞. It follows that there are only finitely many possible polynomials
Cn,i, so that, passing to a subsequence (nk)k≥1, we may assume that there
exist polynomials Ci satisfying

Cn,i = Ci

for all n (where we dropped the index k of the subsequence).
Let

δi =

{
γ1 +

∑r
j=2 ΦCj (γj) if i = 1

γi otherwise.

Observe that for each n, we have

(3.6.7)

r∑
i=1

ΦPn,i(γi) =

r∑
i=1

ΦRn,i(δi),

as it follows from the definition of the δi’s and of the Rn,i’s.
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Also, since degRn,i ≤ degPn,i for all n and i, we have

r∑
i=1

qddegRn,i ≤
r∑
i=1

qd degPn,i ,

which implies

0 < lim inf
n→∞

∑r
i=1 q

d degPn,i∑r
i=1 q

d degRn,i
.

Using that Rn,1 = Pn,1 we obtain∑r
i=1 q

d degPn,i∑r
i=1 q

ddegRn,i
=

∑r
i=1 q

ddegPn,i

qd degPn,1
· qddegPn,1

qddegPn,1 +
∑r

i=2 q
d degRn,i

≤
∑r

i=1 q
ddegPn,i

qd degPn,1

≤ rqdmaxi degPn,i

qd degPn,1

≤ rB,

where we used (3.6.6) in the last step. In particular we derive

(3.6.8) 0 < lim inf
n→∞

∑r
i=1 q

d degPn,i∑r
i=1 q

ddegRn,i
≤ lim sup

n→∞

∑r
i=1 q

d degPn,i∑r
i=1 q

d degRn,i
< +∞.

As explained before, thanks to (3.6.7) and (3.6.8), we can reduce the prob-
lem to the study of the δi’s and the sequence of r-uples of polynomials
(Rn,i)1≤i≤r.

In order for our strategy to work, we will also need that (3.6.6) has to
hold for the polynomials Rn,i, that is, we want

max
1≤i≤r

degRn,i − min
1≤i≤r

degRn,i ≤
logq B

′

d
.

for a suitable constant B′. However, arguing as we did from (3.6.3) to (3.6.5),
if the above is not satisfied, then there exists a place w such that

lim sup
n→∞

log |
∑r

i=1 ΦRn,i(δi)|w∑r
i=1 q

d degRn,i
> 0.

Using (3.6.7) and (3.6.8) we obtain

lim sup
n→∞

log |
∑r

i=1 ΦPn,i(γi)|w∑r
i=1 q

ddegPn,i
> 0,

thereby proving the statement. We may then assume that (3.6.6) holds also
for the Rn,i’s (possibly with a different constant B).

Since

degRn,1 > max
i>1

degRn,i
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for all n, as we previously observed, if there exists a place v such that

ĥv(δ1) >
1

qd
max
i>1

ĥv(δi),

then (3.6.2) holds at the place v. Therefore, we may assume that for all
places v we have

ĥv(δ1) ≤ 1

qd
max
i>1

ĥv(δi),

from which we get

(3.6.9) ĥv(δ1) ≤ 1

qd
max
1≤i≤r

ĥv(γi),

where we used that δi = γi for i > 1.
We now repeat the above construction of the δi’s and Rn,i’s using Rn,2

in place of Pn,1, that is, we will proceed dividing by Rn,2 each of the Rn,i’s
for i 6= 2. We will still denote the new polynomials with the letter R to not
cluster the notation. We will then find a subsequence of N, polynomials Rn,i
and δ2 (given by a suitable Φ-linear combination of δ1 and of γi for i ≥ 2)
for which both (3.6.7) and (3.6.8) hold (where δi = γi for i ≥ 3).

As before, either the result follows or we can assume that (3.6.6) holds
and for all places v we have

ĥv(δ2) ≤ 1

qd
max
i 6=2

ĥv(δi).

From this and (3.6.9) we get

ĥv(δ2) ≤ 1

qd
max
1≤i≤r

ĥv(γi)

for all places v.
Continuing this process for all i up to r, either we obtain (3.6.2), or we

find a subsequence of N, polynomials Rn,i satisfying (3.6.6) and δ1, . . . , δr
(given by Φ-linear combinations of the original γi’s) satisfying (3.6.7) and
(3.6.8), and such that

(3.6.10) ĥv(δj) ≤
1

qd
max
1≤i≤r

ĥv(γi)

for all j and all places v. By summing over v ∈ S0, we find

ĥ(δj) ≤
∑
v∈S0

1

qd
max
1≤i≤r

ĥv(γi) ≤
1

qd

∑
1≤i≤r

ĥ(γi)

for any j.
Repeating the above procedure with the δi’s in place of the γi’s, either

we can find v such that (3.6.2) holds, or we construct ε1, . . . , εr such that
for all j and v we have

ĥv(εj) ≤
1

qd
max
1≤i≤r

ĥv(δi).
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This, combined with (3.6.10), gives

ĥv(εj) ≤
1

q2d
max
1≤i≤r

ĥv(γi)

for all j and v. Summing over v ∈ S0 we find

ĥ(εj) ≤
1

q2d

∑
1≤i≤r

ĥ(γi)

for all j. More generally, repeating this process ` times, one would find
elements α(`) ∈ Γ for which

ĥ
(
α(`)

)
≤ 1

q`d

∑
1≤i≤r

ĥ(γi).

However, by Lemma 3.4 there exists a positive constant c0 such that ĥ(x) ≥
c0 for all non-torsion x ∈ K. Since Γ is torsion-free, the process has to
stop at some finite step (otherwise we would get that

∑r
i=1 ΦPn,i(γi) = 0 for

large enough n, which is a contradiction); therefore, there exists a place v
for which (3.6.2) must hold. �

Now we are ready to prove Theorem 1.1 which follows from Proposition 3.6
coupled with Proposition 3.1 using an identical strategy as the proof of
[GT07, Theorem 2.4].

Proof of Theorem 1.1. Let (γi)i be a finite set of generators of Γ as a module
over A = Fq[t]. At the expense of replacing S with a larger finite set of places
of K, we may assume S contains all the places v ∈MK which satisfy at least
one of the following properties:

1. ĥv(γi) > 0 for some 1 ≤ i ≤ r.
2. |γi|v > 1 for some 1 ≤ i ≤ r.
3. |α|v > 1.
4. Φ has bad reduction at v.

Expanding the set S leads only to (possible) extension of the set of S-integral
points in Γ with respect to α. Clearly, for every γ ∈ Γ, and for every v /∈ S
we have |γ|v ≤ 1. Therefore, using 2. and 3., we obtain

γ ∈ Γ is S-integral with respect to α⇐⇒ |γ − α|v = 1 for all v ∈MK \ S.
(3.6.11)

Moreover, using 1. from above, we conclude that for every γ ∈ Γ, and for

every v /∈ S, we have ĥv(γ) = 0 (see [GT07, Fact 3.13]).
Next we observe that it suffices to prove Theorem 1.1 under the assump-

tion that Γ is a free Φ-submodule. Indeed, because A = Fq[t] is a principal
ideal domain, Γ is a direct sum of its finite torsion submodule Γtor and a
free Φ-submodule Γ1 of rank r, say. Therefore,

Γ =
⋃

γ∈Γtor

γ + Γ1.
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If we show that for every γ0 ∈ Γtor there are finitely many γ1 ∈ Γ1 such
that γ1 is S-integral with respect to α − γ0, then we obtain the conclusion
of Theorem 1.1 for Γ and α (see (3.6.11)).

Thus from now on, we assume Γ is a free Φ-submodule of rank r. Let
γ1, . . . , γr be a basis for Γ as an Fq[t]-module. We reason by contradiction.
Let

r∑
i=1

ΦPn,i(γi) ∈ Γ

be an infinite sequence of elements S-integral with respect to α. Because of
the S-integrality assumption (along with the assumptions on S), we conclude
that for every v /∈ S and for every n, we have

log |
∑r

i=1 ΦPn,i(γi)− α|v∑r
i=1 q

ddegPn,i
= 0.

Thus, using the product formula, we see that

lim sup
n→∞

∑
v∈S

log |
∑r

i=1 ΦPn,i(γi)− α|v∑r
i=1 q

ddegPn,i

= lim sup
n→∞

∑
v∈MK

log |
∑r

i=1 ΦPn,i(γi)− α|v∑r
i=1 q

d degPn,i

= 0.

On the other hand, by Proposition 3.6, there is some place w ∈ S and
some number c3 > 0 such that

lim sup
n→∞

log |
∑r

i=1 ΦPn,i(γi)− α|w∑r
i=1 q

d degPn,i
= c3 > 0.

So, using Lemma 3.1, we see that

lim sup
n→∞

∑
v∈S

log |
∑r

i=1 ΦPn,i(γi)− α|v∑r
i=1 q

ddegPn,i

≥
∑
v∈S
v 6=w

lim inf
n→∞

log |
∑r

i=1 ΦPn,i(γi)− α|v∑r
i=1 q

d degPn,i
+ lim sup

n→∞

log |
∑r

i=1 ΦPn,i(γi)− α|w∑r
i=1 q

d degPn,i

≥ 0 + c3

> 0.

Thus, we have a contradiction which shows that there cannot be infinitely
many elements of Γ which are S-integral with respect to α. �
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