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Abstract. We obtain a criterion for when the specialization of the iterated Galois
group for a post-critically finite (PCF) rational map is as large as possible, i.e., it equals
the generic iterated Galois group for the given map.

1. Introduction

1.1. Notation and setting. We fix the following notation throughout this paper.

• a field k;
• f ∈ k(x) a post-critically finite rational function defined over k and of degree
d ≥ 2;
• Kn = k(f−n(t)) for each n ≥ 0, where t is transcendental over k;
• K∞ =

⋃∞
n=0Kn;

• kn = k ∩Kn for each n ≥ 0, and k∞ = k ∩K∞;
• Gn = Gal(Kn/k(t)) for each n ≥ 0;
• G∞ = lim←−Gn

∼= Gal(K∞/k(t)) is the limit of the Gn;

• α ∈ P1(k) an arbitrary point defined over k;
• Kα,n = k(f−n(α)) for each n ≥ 0, and Kα,∞ =

⋃∞
n=1Kα,n;

• Gα,n = Gal(Kα,n/k) for each n ≥ 0;
• Gα,∞ = lim←−Gα,n

∼= Gal(Kα,∞/k) is the limit of the Gα,n;

• T d∞ is the infinite d-ary rooted tree.
• T dn is the d-ary rooted tree with n levels.

Here, fn denotes the iterated composition f ◦· · ·◦f , with f 0(x) = x and f 1(x) = f(x),
and f−n(a) denotes the inverse image of a under fn. We assume for each n that the
equations fn(x) − t = 0 and fn(x) − α are separable, so that each of the fields Kn

and Kα,n are indeed Galois extensions of K0 = k(t) and of Kα,0 = k, respectively. By
identifying the dn elements of f−n(t) or of f−n(α), counted with multiplicity, with the
dn vertices at the n-th level of the tree T dn , the Galois groups Gn and Gα,n act on T dn .
Similarly, the Galois groups G∞ and Gα,∞ act on T d∞.

Recall that we say a point P ∈ P1 is preperiodic under f if there are integers n > m ≥ 0
such that fn(P ) = fm(P ), and we say f is post-critically finite, or PCF, if all critical
point of f are preperiodic.

1.2. Overview of the problem. Note that for α ∈ k, there is a simple way to view
Gα,∞ as a subgroup of G∞ up to conjugacy whenever α is not strictly post-critical.
(That is, whenever α does not equal fn(c) for any critical point c of f , and any integer
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n ≥ 1.) Let p be the prime corresponding to α in Spec k[t], and let qn be a prime lying
over it in the integral closure of Spec k[t] in Kα,n. Then the decomposition group of qn
over p is isomorphic to Gα,n. Choosing primes

q1 ⊆ q2 · · · ⊆ qn ⊆ · · ·

gives an embedding of Gα,∞ into G∞, well-defined up to conjugacy.
The following has become a standard question in the area (see [BJ07, BJ09, Jon13,

BDGHT22]).

Question 1.1. Let f be a rational function defined over a number field k. Let α ∈ k
be a point that is not strictly post-critical for f and is not fixed by any rational function
that commutes with any iterate of f . Then do we have [G∞ : Gα,∞] <∞?

Question 1.1 is known to have a positive answer for non-PCF quadratic and cubic
polynomials (see [BDGHT21, BDGHT22, BT19, JKL+19]) if one assumes the abc con-
jecture along with a conjecture about irreducibility of iterates of rational functions due
to Jones and Levy [JL17]. Jones and Manes have proved similar results for special
families of quadratic rational functions [JM14].

Unconditionally, less is known about Question 1.1, but partial results are known in
some cases. Over function fields, Odoni [Odo85a, Odo88] (see also [Juu19]) has shown
that for generic pairs (f, α), G∞ is all of Aut(T d∞). When d = 2, Odoni further proved
that the example of (x2 − x + 1, 0) over Q [Odo85b] [Odo85b], satisfies Gα,∞ = G∞ =
Aut(T d∞). Stoll [Sto92] later extended Odoni’s construction to infinitely many quadratic
polynomials over Q. Looper [Loo19] produced infinitely many such examples in any
prime degree d = p, later generalized to all degrees d ≥ 2 in [BJ19, Kad18, Spe18].

When G∞ ( Aut(T d∞), for example when f is PCF, there had been fewer examples
for which the answer to Question 1.1 was known. As shown in [ABCCF22], the answer
is yes for nearly all α ∈ k for the polynomial f(x) = x2 − 1, using a Hilbert irreducibil-
ity argument. A somewhat similar result for a specific PCF cubic has been shown in
[BFHJY16], and then generalized to normalized Belyi maps in [BEK21]. We note how-
ever that the results there only yield infinitely many α such that G∞ = Gα,∞, rather
than nearly all α ∈ k.

Here we show that Question 1.1 has a positive answer for any PCF quadratic rational
function and for nearly all α ∈ k.

Theorem 1.2. Let f be a PCF quadratic rational function defined over a number field
k. Then for all α ∈ k outside of a thin set, we have G∞ = Gα,∞.

Theorem 1.2 follows from combining the result below with the Hilbert irreducibility
theorem.

Theorem 1.3. Let k be a number field and let f ∈ k(x) be a PCF rational function
such that Gal(K1/k1(t)) is a p-group. Then there is an integer m ≥ 1 (depending on f
and k) such that G∞ = Gα,∞ whenever Gm = Gα,m.

Note in particular that Theorem 1.3 applies to any PCF quadratic rational function.
We have a little bit more precision about the integer m from the conclusion of Theo-

rem 1.3 in the case of certain polynomials.
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Theorem 1.4. Let f(x) = xp
n

+ c be a PCF polynomial defined over a number field
k. Let N be the size of the forward orbit of the critical point 0. Then there is a finite
extension k′ of k1 such that for any α ∈ k, we have Gα,∞ = G∞ if and only if

(1) |Gal(Kα,N · k′/k)| = |GN | · [k′ : k1].

Remark 1.5. Theorem 1.4 is stated with an explicit description of k′ in Theorem 4.6;
more precisely, we have that k′ is the compositum of the finitely many extensions of k
of degree p over k1 contained in k∞.

1.3. Our strategy of proof. The proofs of both Theorems 1.3 and 1.4 leverage prop-
erties of Frattini subgroups (see Section 3). Because G∞ is a p-group in Theorems 1.3
and 1.4, every maximal closed subgroup of G∞ is normal and of index p in G∞. By the
theory of Frattini subgroups, then, Theorem 1.3 reduces to showing that K∞ contains
only finitely many Galois extensions of degree p over K. In Theorem 2.5 of Section 2,
we show that for any number field k, the resulting base field extension k∞ contains only
finitely many extensions of k of bounded degree (with no conditions on f). If we add the
hypothesis that f is PCF, then using standard facts about fundamental groups, we prove
in Lemma 3.8 that the field K∞ also contains only finitely many extensions of bounded
degree over k∞(t). Combining Lemma 3.8 with Theorem 2.5 gives Theorem 1.3, which
we prove in Section 3. In Section 4, using more careful arguments about the exact num-
ber of extensions of degree p in K∞ (see Lemma 4.3), we prove Theorem 4.6, which is
the more precise and explicit form of Theorem 1.4.

We note that our proofs do not involve deriving information about the group G∞
itself (as is done in [JKMT16, Pin13a, Pin13b, ABCCF22, BFHJY16], for example). In
a future paper, we plan to give a concrete presentation of the explicit data about G∞
for PCF quadratic polynomials developed in [Pin13a].

2. Extensions of the base field

In this section, we collect some information about the fields kn. We begin with the
following dynamical analog of a standard result [Sil09, Proposition VII.4.1] on the ram-
ification of Tate modules of elliptic curves.

Lemma 2.1. Let R be a discrete valuation ring with maximal ideal p, and let k be the
field of fractions of R. Let g(x) ∈ R[x] be a nonconstant polynomial with coefficients in
R, and let ḡ(x) denote its image in (R/p)[x]. Suppose that deg ḡ = deg g and that ḡ is
separable over R/p. Let L be a splitting field of the polynomial g(x) − t ∈ R[t][x] over
k(t), where t is transcendental over k. Then p does not ramify in L ∩ k.

Proof. We may suppose that R is p-adically complete since p will ramify in L∩ k if and
only if the completion of R at p ramifies in the compositum of L∩k with the completion
of k at p. We may also assume that L does not contain any algebraic extensions of
k that are unramified at p, after replacing R with its integral closure in the maximal
unramified algebraic extension of k at p in L.

Let q = pR[t]. Then the localization R[t]q is a discrete valuation ring with maximal
ideal qR[t]q. We will begin by showing that the prime qR[t]q does not ramify in L.

Let M be an extension of k(t) generated by a root of g(x) − t, and let B be the
integral closure of R[t]q in M . Then ḡ(x) − t ∈ (R/p)[t][x] is separable and irreducible
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over (R/p)(t) and is of degree deg g. Hence, there is a single prime m of B lying over
qR[t]q, and [

B/m : R[t]q/(qR[t]q)
]

= deg g = [M : k(t)].

Thus, qR[t]q does not ramify in M . Because L is the compositum of deg g copies of M
(one for each root of g(x) − t), we see that qR[t]q does not ramify in L, as we claimed
above.

Let ` = L ∩ k. Then we have a containment of fields k(t) ⊆ k(t) · ` ⊆ L. We must
show that p does not ramify in `; in fact, we will show that ` = k.

Let R′ be the integral closure of R in `. Since R is complete, the ring R′ is a discrete
valuation ring with maximal ideal m, and we have pR′ = me for some integer e. Writing
m = α ·R′ (for a suitable element α ∈ R′), we see that R′ = R[α], since the only elements
of k[α] with m-adic absolute value less than or equal to 1 are those are in R[α]. Hence,
the integral closure of R[t]q in L is R′[t]q = R[t]q[α]. Let h(x) ∈ R[x] be the minimal
polynomial of α over k. Let h̄ be the image of h in (R/p)[x]. Then h̄ = (x − β̄)e for
some β ∈ R, since me = p, by the Dedekind-Kummer theorem (see, for example, [Neu99,
Proposition I.8.1]) applied to the extension R[α] of R.

The polynomial h remains irreducible over k(t), and thus applying the Dedekind-
Kummer theorem to the extension R[t]q[α] of Rq, we see that qR[t]q[α] must also have
the form ne for some maximal ideal n in R[t]q[α]. Since R[t]q[α] does not ramify in L,
we must have e = 1, and hence ` = k. �

Definition 2.2. Let k be a field, and let f : P1
k −→ P1

k, written as [P (x, y) : Q(x, y)] with
P,Q each homogenous of the same degree d ≥ 1 in k[x, y]. Let R be a Dedekind domain
with field of fractions k. We say that f has (explicit) good reduction at a prime p of R if
the coefficients of P and Q are in Rp, the reductions Pp, Qp ∈ (R/p)[x, y] of P and Q at
p have no common roots in the algebraic closure of R/p, and max(degPp, degQp) = d.
We say that f has (explicit) good separable reduction at p if in addition the map over
R/p sending [x : y] to [Pp(x, y) : Qp(x, y)] is separable.

Note that if f has good separable reduction at a prime p, then so does fn for any
n ≥ 0.

Lemma 2.3. Suppose that k is the field of fractions of a Dedekind domain R and that
the PCF rational function f is separable. Then there are at most finitely many primes
p of R that ramify in k∞.

Proof. Since f is separable, the set S of primes at which f fails to have good separable
reduction is a finite set. Hence, for all n ≥ 0 and all primes p of R outside of S, the
function fn has good separable reduction. By Lemma 2.1, it follows that any such p is
unramified in Kn ∩ k, for all n ≥ 0. Therefore, any prime p outside the finite set S is
unramified in k∞. �

We will also use the following result, which is proved in [Neu99, Theorem II.2.13].

Lemma 2.4. Let D ∈ N and let S be a finite set of places of a number field L. There
are only finitely many extensions L′ of L unramified outside of S such that [L : L′] ≤ D.

Lemmas 2.3 and 2.4 immediately yield the following useful result.

Theorem 2.5. Let k be a number field. Then for any D ≥ 1, the field k∞ contains only
finitely many intermediate fields k′ with [k′ : k] ≤ D.
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Proof. By Lemma 2.3, there at most finitely many primes in k that ramify in k∞. Let
S be the set of all such primes together with the archimedean places of k. Applying
Lemma 2.4 to S yields the desired result. �

We will make use also of the following simple lemmas from commutative algebra.

Lemma 2.6. Let A be a complete discrete valuation ring with maximal ideal p and field
of fractions k, let B be its integral closure in a finite, separable, unramified extension
M of k, and let m be the maximal ideal of B. Suppose that there is some α ∈ B such
that M = k(α) and the minimal polynomial g(x) ∈ A[x] of α has the property that the
reduction ḡ(x) of g in A/p[x] does not have repeated roots. Then B = A[α].

Proof. The ring A[x] is Noetherian by the Hilbert basis theorem, and hence so is its
quotient A[α]. Moreover, A[α] has dimension one because A is integrally closed and of
dimension one, by the going-up and going-down theorems.

By a variant of Hensel’s Lemma (see, for example, [BGR84, Proposition 3.3.4.1]), the
reduced polynomial ḡ is irreducible in A/p[x], because it does not have repeated roots,
and because the original polynomial g is irreducible over k. We have A[α]/pA[α] ∼=
(A/p)[x]/ḡ(x), which is a field, since ḡ is irreducible. Therefore pA[α] is a maximal
ideal in the ring A[α]; since it is generated by p, it must be the unique maximal ideal.
Writing p = πA for some uniformizer π ∈ A, then this unique maximal ideal in A[α] is
the principal ideal A[α]π.

As a Noetherian local domain of dimension one whose maximal ideal is principal, A[α]
must be a discrete valuation ring and hence integrally closed. (See, for example, [AM69,
Proposition 9.2].) Since A[α] ⊆ B has the same field of fractions M as B does, it follows
that A[α] = B. �

Lemma 2.7. Let A be a discrete valuation ring with maximal ideal p and with field
of fractions k. Let L1 and L2 be finite separable extensions of k, both contained in a
common algebraic closure of k. For each i = 1, 2, let Ri be the integral closure of A in
Li, and let qi be a maximal ideal of Ri. Let B be the integral closure of A in L1 · L2,
and let m be a maximal ideal of B lying above both q1 and q2. Suppose that q1 does not
ramify over p and that R/q1 is separable over A/p. Then B/m = R1/q1 ·R2/q2.

In the final sentence of Lemma 2.7, note that the fields R1/q1 and R2/q2 both embed
naturally into B/m under the inclusions of R1 and R2 into B. Thus, the conclusion is
that the compositum of these two quotient field is the whole field B/m.

Proof. By passing to the completion of B at m, we may assume that the rings A, R1,
R2, and B are complete with respect to their (unique) maximal ideals. Choose α ∈ R1

such that the image of α in R1/q1 generates R1/q1 over A/p; such an α exists by the
primitive element theorem, since R1/q1 is separable over A/p. Let g(x) ∈ A[x] be the
minimal polynomial of α over k. Then ḡ must be irreducible over A/p, because q1 is
unramified over p, and hence [L1 : k] = [R1/q1 : A/p]. Furthermore, ḡ must be separable
since R1/q1 is separable over A/p. Thus, R1 = A[α], by Lemma 2.6.

Let h ∈ R2[x] be the minimal polynomial of α over R2. Then h divides g in R2[x],
so the reduction h̄ of h in R2/q2 divides ḡ. In particular, h̄ is also separable. Thus, by
Lemma 2.6 again, we have B = R2[α], which is the subring R1 · R2 of B generated by
R1 and R2. It follows immediately that B/m = R1/q1 ·R2/q2. �
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Proposition 2.8. Let f be a separable rational function defined over a field k, let n be
a positive integer, and let α ∈ k be any point such that fn does not ramify over α. (That
is, there are no critical points c of fn for which fn(c) = α.) Then Kα,n = k(f−n(α))

contains kn = k ∩Kn.

Proof. For each βi ∈ Kn such that fn(βi) = t, let Li = k(βi); the field Kn is the
compositum of these Li. Let A be the local ring for the ideal p = (t− α) in k[t], let Ri

be the integral closure of A in Li for each i, let B be the integral closure of A in Kn,
let m be a maximal ideal in B, and let qi = Ri ∩ m for each i. Note that none of the
primes qi ramify over p, since βi is not a critical point of fn. The field Kα,n = k(f−n(α))
contains the compositum of the fields Ri/qi, which is equal to B/m by Lemma 2.7. Since
kn is contained in B, we see that B/m contains kn, so Kα,n must also contain kn, as
desired. �

We will use the following standard lemma from Galois theory throughout the paper;
see [Lan02, Theorem VI.1.12]. We include a proof for completeness.

Lemma 2.9. Let K and L be separable field extensions of a field F , contained in the
same algebraic closure of F . Suppose that K is normal over F . Then the natural
restriction map r : Gal(K · L/L) −→ Gal(K/K ∩ L) is an isomorphism.

Proof. It suffices to prove the statement when K∩L = F . Clearly r is a homomorphism.
Any σ ∈ ker(r) acts trivially on both L and K and is thus 1KL.

Let H ⊆ Gal(K/F ) be the image of r. We claim that the fixed field KH is F . Clearly
any γ ∈ F is fixed by every σ ∈ H ⊆ Gal(K/F ). Conversely, any γ ∈ KH is fixed by
every σ ∈ Gal(K · L/L) and hence lies in L. Therefore, γ ∈ K ∩ L = F , proving our
claim. By the Galois correspondence, it follows that H = Gal(K/F ), and hence that r
is surjective. �

Proposition 2.10. Let ` an algebraic extension of a field k. If the embedding induced
by specializing t to α gives an isomorphism

(2) Gal(` ·Kα,∞/`) ∼= Gal(` ·K∞/`(t)),
then Gα,∞ ∼= G∞.

Proof. If α were post-critical (i.e., if α = fn(c) for some critical point c of f and some
n ≥ 1), then isomorphism (2) would fail. After all, in that case, the Galois group on the
left would have to act in exactly the same way on the two or more copies of T d∞ rooted
at the multiple copies of c inside the main tree T d∞ rooted at α. Thus, α must not be
post-critical. Therefore, by Proposition 2.8, we must have

(3) ` ∩ kn ⊆ ` ∩Kα,n for each n ≥ 1.

By Lemma 2.9, we have Gal(` ·Kα,n/`) ∼= Gal(Kα,n/` ∩Kα,n), and hence

|Gα,n| = [Kα,n : k] = [Kα,n : ` ∩Kα,n] · [` ∩Kα,n : k]

= |Gal(` ·Kα,n/`)| · [` ∩Kα,n : k].(4)

Meanwhile, we have [(` ∩ kn)(t) : k(t)] = [` ∩ kn : k], since t is transcendental over k.
We also have

(5) (` ∩ kn)(t) = (` ∩Kn)(t) =
(
`(t)
)
∩
(
Kn(t)

)
= `(t) ∩Kn.
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By Lemma 2.9 again, we have Gal(` ·Kn/`(t)) ∼= Gal(Kn/`(t) ∩Kn), and hence

|Gn| = [Kn : k(t)] = [Kn : `(t) ∩Kn][(` ∩ kn)(t) : k(t)]

=
∣∣Gal

(
` ·Kn/`(t)

)∣∣ · [(` ∩ kn)(t) : k(t)] = |Gal(` ·Kα,n/`)| · [` ∩ kn : k],(6)

where the second equality is by equation (5), and the fourth is by hypothesis (2).
Combining equations (4) and (6) with the fact that `∩kn ⊆ `∩Kα,n from inclusion (3),

it follows that |Gα,n| ≥ |Gn|. However, we also have |Gα,n| ≤ |Gn| by construction,
whence |Gα,n| = |Gn| for all n ≥ 1. Therefore Gα,∞ ∼= G∞, as desired. �

The converse of Proposition 2.10 is false in general (take ` = k, for example), but as
our next lemma shows, it does hold when ` ⊆ k∞.

Lemma 2.11. Let ` be an algebraic extension of k contained in k∞. If Gα,∞ ∼= G∞,
then

(7) Gal(` ·Kα,∞/`) ∼= Gal(` ·K∞/`(t)).

Proof. As in the proof of Proposition 2.10, we may assume that α is not post-critical,
so that Proposition 2.8 applies. Suppose that |Gal(` · Kα,m/`)| < |Gal(` · Km/`(t))|
for some m ≥ 1. Then equation (4) from the proof of Proposition 2.10 still holds, but
the last equality in equation (6) becomes a strict inequality. By hypothesis, we have
Gα,m

∼= Gm, and thus it follows that [` ∩Kα,m : k] > [` ∩Km : k].
Let `′ = `∩Kα,m, which is a subfield of k∞ by hypothesis. Then `′ ·Km is contained in

K∞; moreover, by the inequality at the end of the previous paragraph, it is a nontrivial
extension of Km.

Let A ⊆ k[t] be the local ring for p = (t− α), and let B be the integral closure of A
in `′ · Km. Because Gα,m is the decomposition group of p in Km but is equal to all of
Gm by hypothesis, and because `′ · Km is a base field extension of Km, it follows that
there is only a single prime m of B above p. Moreover, because we assumed α is not
post-critical, the extension Km/k(t) is unramified at p, and hence

(8) [km : k] = [`′ ·Km : k(t)],

where km is the residue field km = B/m.
Setting L1 = `′(t) and L2 = Km, both of which are finite separable extensions of k(t),

and letting Ri be the integral closure of A in Li and qi = m∩Ri for i = 1, 2, Lemma 2.7
yields

(9) km = B/m = R1/q1 ·R2/q2 ∼= `′ ·Kα,m = Kα,m.

But since `′ ·Km is a nontrivial extension of Km, we have

[Kα,m : k] = |Gα,m| = |Gm| = [Km : k(t)] < [`′ ·Km : k(t)],

which contradicts (8) and (9). So we must have

|Gal(` ·Kα,m/`)| = |Gal(` ·Km/`(t))| for all m ≥ 1,

which implies that (7) holds. �

The following is an immediate consequence of Proposition 2.10 and Lemma 2.11.
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Theorem 2.12. Let ` be any extension of k contained in k∞. Then

Gal(Kα,∞/`) = Gal(K∞/`(t))

if and only if Gα,∞ = G∞.

3. Proof of Theorems 1.2 and 1.3

3.1. Additional technical results. We need several more useful facts in order to prove
Theorem 1.3, beginning with a brief discussion of Frattini subgroups.

Definition 3.1. The Frattini subgroup of a profinite group G is the intersection of all
closed maximal subgroups of G.

The following is well-known. We provide a short proof for completeness.

Lemma 3.2. Let G be a profinite group, let H be a closed subgroup of G, and let F
be the Frattini subgroup of G. If H intersects every coset of F in G nontrivially, then
H = G.

Proof. Since H intersects every coset of F in G nontrivially, it must intersect every coset
of any closed maximal subgroup M in G nontrivially as well. This means that H is not
contained in any closed maximal subgroup of G, which means that H is all of G. �

Lemma 3.3. Let F be the Frattini subgroup of G∞. Then the following are equivalent:

• G∞ has only finitely many closed maximal subgroups;
• KF

∞ (the fixed field of F ) is a finite extension of k(t).

Proof. For the forward implication, denote the finitely many closed maximal subgroups
of G∞ as H1, . . . , Hn. Then F =

⋂n
i=1Hi, and hence KF

∞ = KH1
∞ · · ·KHn

∞ . We have
[KHi
∞ : k(t)] = [G∞ : Hi] <∞ for each i, since Hi is a maximal subgroup. Hence, KF

∞ is
also a finite extension of k(t).

Conversely, if [KF
∞ : k(t)] < ∞, then H = Gal(KF

∞/k(t)) is a finite group, and
hence it contains only finitely many subgroups. These subgroups are in one-to-one
correspondence with the closed subgroups of G∞ containing F . Since F is contained in
every closed maximal subgroup of G∞, it follows that G∞ has only finitely many closed
maximal subgroups. �

Lemma 3.4. Let L be a Galois extension of k(t) contained in K∞ and containing KF
∞.

If H is a closed subgroup of G∞ such that the restriction of H to L is all of Gal(L/k(t)),
then H = G∞.

Proof. By hypothesis, the homomorphism from H to Gal(L/k(t)) given by restriction
to L is surjective. Since Gal(KF

∞/k(t)) is a quotient of Gal(L/k(t)), the restriction
homomorphism from H to Gal(KF

∞/k(t)) is also surjective. That is, the natural ho-
momorphism H → G∞/F is surjective, meaning that H intersects every coset of F
nontrivially. Hence we have H = G∞, by Lemma 3.2. �

Lemma 3.5. Suppose that KF
∞ is a finite extension of k(t). Then there is an integer

m ≥ 1 (depending only on f and k) such that for any α ∈ k for which Gm
∼= Gα,m, we

have G∞ ∼= Gα,∞.
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Proof. Since K∞ =
⋃∞
n=1Kn and KF

∞ has finite degree over k(t), there exists m ≥ 1 such
that Km contains KF

∞.
Given any α ∈ k for which Gm

∼= Gα,m, Let H ⊆ G∞ be the (closed) decomposition
subgroup of G∞ for the prime (t−α) of k[t], so that H ∼= Gα,∞. Since the image of Gα,m

in Gm is the restriction of H to Km ⊇ KF
∞, Lemma 3.4 shows that G∞ = H ∼= Gα,∞. �

Lemma 3.6. Suppose that G1 is a p-group. Then G∞ is a pro-p group.

Proof. It is well known that G∞ is a subgroup of the infinite wreath product of G1 (see,
for example, [JKMT16, Lemma 3.3]). Since this product is a pro-p group, so is G∞. �

The following result is a standard fact regarding pro-p groups.

Lemma 3.7. Let G be a pro-p group. Then every closed maximal subgroup of G is
normal of index p in G.

The next statement follows from standard facts regarding étale fundamental groups.

Lemma 3.8. Let ` be an algebraically closed field. Let S be a finite set of primes in the
field `(t), and let `(t) be an algebraic closure of `(t). Let p be a rational prime that is

not equal to the characteristic of `. Then `(t) contains exactly p|S|−1−1
p−1 degree p normal

extensions of `(t) that are unramified away from primes in S.

Proof. By [Gro63, X, Cor. 2.12] (see also [Völ96, Section 7.1] for a discussion over C),

the number of Galois extensions of `(t) of degree p in `(t) is equal to the number of
normal subgroups of index p in a free group of rank |S| − 1.

There are ps homomorphisms from a free group G with s generators to Z/pZ, since
each generator may be mapped to any of the p elements of Z/pZ. Hence, there are
ps− 1 nontrivial such homomorphisms. Now, for each normal subgroup N of index p in
G there are exactly p− 1 homomorphisms with kernel N , each determined by the image
of a fixed generator aN for G/N . So we obtain exactly ps−1

p−1 normal subgroups of index

p, as desired. �

Remark 3.9. Lemma 3.8 is false if p = char k, since for any monic polynomial g ∈ k[t],
the splitting field of the polynomial xp − x + g(t) ∈ k(t)[x] is a new degree p normal
extension of k(t) ramified only above the place at infinity from k(t).

Lemma 3.10. Fix D ≥ 1, and suppose that k∞ contains only finitely many subfields
of degree at most D over k. Suppose further that K∞ · k contains only finitely many
subfields of degree at most D over k(t). Then K∞ has only finitely many extensions of
degree at most D over k(t).

Proof. For any field L with k(t) ⊆ L ⊆ K∞ and [L : k(t)] ≤ D, the field L · k satisfies
k(t) ⊆ L ·k ⊆ K∞ ·k and [L ·k : k(t)] ≤ D. Thus, by the second assumption, it suffices to
show that for any such field L, there are only finitely many other such fields L′ satisfying
L′ · k = L · k.

For any such L,L′, we have L ⊆ L ·L′ ⊆ L ·L′ · k = L · k, and [L ·L′ : L] ≤ D. Hence,
L · L′ = L · ` for some field ` ⊆ k∞ with [` : k] ≤ D. There are only finitely many such
subfields ` in k∞, by the first assumption. Finally, for each such `, the field L · ` has
only finitely many subfields L′ that contain k(t). Thus, our proof is complete. �
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Lemma 3.11. Let p be a rational prime, let k be a field of characteristic not equal to
p, and let f(x) be a post-critically finite polynomial with coefficients in k such that G1

is a p-group. If k∞ contains only finitely many extensions of k of degree p, then KF
∞ is

a finite extension of k(t).

Proof. By Lemma 3.6, G∞ = Gal(K∞/k(t)) is a pro-p group. Hence, Gal(k ·K∞/k(t)),
which is isomorphic to a subgroup of G∞ by the natural restriction homomorphism, is
also a pro-p group.

Any degree p extension of k(t) inside k ·K∞ corresponds to a closed maximal subgroup
of the pro-p group Gal(k ·K∞/k(t)) and hence is normal by Lemma 3.7. Meanwhile, note
that k ·K∞ is unramified over k(t) outside the places corresponding to the post-critical
set of f . The set of such places is finite, since f is PCF. Hence, by Lemma 3.8, there
are only finitely many extensions of k(t) in K∞ that are of degree p.

Thus, by Lemma 3.10 and the hypotheses, K∞ contains only finitely many extensions
of degree p over k(t). Applying Lemma 3.7, it follows that G∞ has only finitely many
closed maximal subgroups. The desired conclusion is then immediate from Lemma 3.3.

�

3.2. Proof of our first two main theorems. We are now ready to prove Theorem 1.3.

Theorem 3.12 (Theorem 1.3). Let k be a number field and let f ∈ k(x) be a PCF
rational function such that Gal(K1/k1(t)) is a p-group. Then there is an integer m ≥ 1
(depending on f and k) such that G∞ = Gα,∞ whenever Gm = Gα,m.

Proof. We may assume that k1 = k, since Theorem 2.12 tells us that G∞ = Gα,∞
whenever Gal(Kα,∞/k1) = Gal(K∞/k1(t)). By Theorem 2.5, the field k∞ contains only
finitely many extensions of degree p over k, so by Lemma 3.11, the field KF

∞ is a finite
extension of k(t). Lemma 3.5 then gives the desired result. �

When deg f = 2, G1 is a 2-group. Thus, Theorem 1.2 follows from Theorem 1.3
because the set of α in the number field k for which the specialization of the finite
extension Km/k(t) to Kα,m/k fails to preserve the Galois group is a thin set.

3.3. Other consequences. Recently, there has been a good deal of work on iterated
Galois groups over local fields (see [AHPW18, Ber16, Ing13, Sin23], for example). Our
next result is an analog of Theorem 1.3 for local fields.

Theorem 3.13. Let k be a finite extension of Qq for some prime q, and let f ∈ k(x) be
a PCF rational function such that Gal(K1/k1(t)) is a p-group. Then there is an integer
m ≥ 1 (depending on f and k) such that G∞ = Gα,∞ whenever Gm = Gα,m.

Proof. As in the proof of Theorem 1.3, we may assume that k1 = k. A finite extension
of Qq has only finitely many extensions of bounded degree, so k∞ contains only finitely
many extensions of bounded degree over k. Lemmas 3.5 and 3.11 then give the existence
of the desired integer m. �

We are also able to prove a result about specializations of iterated Galois groups from
number fields to finite fields.

Theorem 3.14. Let k be a number field with ring of integers ok, and let f ∈ k(x).
Suppose that k = k∞ and that Gal(K1/k(t)) is a p-group. Then for all but finitely many
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primes p of ok, the infinite iterated Galois group G∞ for f over k(t) is isomorphic to
the infinite iterated Galois group for the reduction f̄p ∈ ok/p[x] over ok/p(t).

Proof. By Lemma 3.11, the field KF
∞ is a finite extension of k(t). Therefore, as in the

proof of Lemma 3.5, there is an integer m ≥ 1 such that Km contains KF
∞.

Let h(x) = fm(x) − t ∈ k(t)[x], and for a prime p of ok, let h̄p(x) = f̄mp (x) − t ∈
(ok/p)(t)[x]. (This reduction makes sense for all but finitely many primes p of ok.) Then
Km is the splitting field of h over k(t), and we may define K ′m,p to be the splitting field

of h̄p over ok/p(t). Further define G′m,p = Gal(K ′m,p/(ok/p)(t)).
By [JKMT16, Proposition 4.1], we have Gm

∼= G′m,p for all but finitely many primes

p of ok. Meanwhile, the infinite iterated Galois group G′∞,p for the reduction f̄p over
ok/p(t) is isomorphic to a closed subgroup H∞,p of G∞. (In particular, as a Galois group,
G′∞,p is an inverse limit of finite groups; therefore its image H∞,p is as well, and hence
it is closed in the profinite topology on G∞.) Thus, because the restriction of H∞,p to
Km is all of Gm, and because Km ⊇ KF

∞, we have H∞,p = G∞ for all but finitely many
p, by Lemma 3.4. �

4. Proof of Theorem 1.4

In this section, we give some more precise results in the case of PCF polynomials of
the form f(x) = xp

n
+ c for p a prime number and n ≥ 1 an integer.

4.1. Preliminary technical results. We start with a few useful lemmas.

Lemma 4.1. Let f(x) = xp
n

+ c be a PCF polynomial defined over a field k of charac-
teristic other than p, and let N = |{f i(0) : i ≥ 0}| be the size of the forward orbit of the
critical point 0. Let ` be any algebraic extension of k1. Then Gal(` ·KN/`(t)) is isomor-
phic to the full N-th iterated wreath product of the cyclic group Cpn, and (` ·KN)∩k = `.
Furthermore, if k = k1, then G∞ is isomorphic to a subgroup of the infinite iterated
wreath product of Cpn.

Proof. Since Gal(` · KN/`(t)) = Gal(` · k1(f−N(t))/`(t)), to prove the first statement,
it suffices to show that Gal(` ·KN/`(t)) is isomorphic to the full N -th iterated wreath
product of the cyclic group Cpn under the assumption that k = k1. Let u ∈ f−1(t) ⊆ K1.
Then f−1(t) = {ζ iu : 0 ≤ i ≤ pn − 1}, where ζ is a primitive pn-th root of unity. Thus,
the assumption that k = k1 says precisely that ζ ∈ k. Since f(x)− t is irreducible over
k(t), it follows that Gal(` ·K1/`(t)) ∼= Cpn .

The prime (t − c) of k(t) associated with c = f(0) ramifies in ` · K1 as (u)p
n
, and

hence the ramification group of (t− c) must be the whole Galois group Gal(` ·K1/`(t)),
since the ramification index pn equals the order of Gal(` ·K1/`(t)) ∼= Cpn . Meanwhile,
the subset S = {0} of the critical points of f has the property that for any a ∈ S, any
critical point b of f (i.e., any b ∈ {0,∞}), and any 0 ≤ i, j ≤ N , we have f i(a) 6= f j(b)
unless a = b = 0 and i = j. Together, these are precisely the hypotheses of [JKMT16,
Theorem 3.1], which shows that Gal(` ·KN/`(t)) is isomorphic to the full N -th iterated
wreath product of the cyclic group Cpn . Since the same argument applied to k shows

that Gal(k · KN/k(t)) is the same iterated wreath product, Lemma 2.9 shows that we
must have (` ·KN) ∩ k(t) = `(t). Intersecting with k, it follows that (` ·KN) ∩ k = `.

Finally, as noted in the proof of Lemma 3.6, G∞ is a subgroup of the infinite iterated
wreath product of G1

∼= Cpn . �
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Remark 4.2. Whether or not k and k1 coincide, Lemma 4.1 also yields the equality
kN = k1. After all, we have k1 ⊆ kN trivially, and then choosing ` = k1 in Lemma 4.1
gives kN ⊆ (k1 ·KN) ∩ k = k1.

Lemma 4.3. Let f(x) = xp
n

+ c be a PCF polynomial defined over a field k of charac-
teristic other than p, and let N be the size of the forward orbit of the critical point 0.
Then for any algebraic extension ` of k1, the field ` ·KN contains at least (pN−1)/(p−1)
extensions of degree p over `(t).

Proof. By Lemma 4.1, the group Gal(` ·KN/`(t)) is isomorphic to the full N -th iterated
wreath product of the cyclic group Cpn . The abelianization of Gal(` · KN/`) is thus
isomorphic to CN

pn , since the abelianization of any wreath product A oB is isomorphic to
the product of the abelianizations of A and B (see [dlH00, p. 215]). Therefore, it suffices
to show that CN

pn has at least (pN − 1)/(p− 1) subgroups of index p.

To see this, observe that the elements of CN
pn of order p are precisely those of the form

(a1p
n−1, . . . , aNp

n−1), where a1, . . . , aN ∈ {0, . . . , p− 1} are not all 0. There are pN − 1
such elements, and each belongs to an equivalence class of size p− 1 that generates the
same subgroup of order p. Thus, there are indeed at least (pN − 1)/(p − 1) subgroups
of index p in CN

pn . �

Lemma 4.4. Let f(x) = xp
n

+ c be a PCF polynomial defined over a field k of char-
acteristic other than p, and let N be the size of the forward orbit of the critical point
0. Let ` be an algebraic extension of k1 contained in k∞. Then for every L ⊆ K∞ with
[L : `(t)] = p, we have L ⊆ k∞ ·KN .

Proof. By the second statement of Lemma 4.1, Gal(k · K∞/k(t)) is a subgroup of an
iterated wreath product of Cpn and hence is a pro-p group. Therefore, by Lemma 3.7,

every extension of k(t) of degree p that is contained in k · K∞ is normal. In addition,
k ·K∞ is unramified away from the set S = {∞} ∪ {(t− f i(0))|i ≥ 0} of primes of k(t)
corresponding to the forward orbits of the critical points ∞ and 0. By hypothesis, we
have |S| = N + 1, and hence by Lemma 3.8, k ·K∞ contains at most (pN − 1)/(p − 1)
extensions of degree p over k(t).

On the other hand, by Lemma 4.3, the field ` ·KN contains at least (pN − 1)/(p− 1)
extensions of degree p over `(t). Thus, defining U`,N to be the set of subfields L of

` ·KN satisfying [L : `(t)] = p, and defining Uk,∞ to be the set of subfields M of k ·K∞
satisfying [M : k(t)] = p, this means that

(10)
∣∣Uk,∞∣∣ ≤ pN − 1

p− 1
≤
∣∣U`,N ∣∣.

We claim that the mapping φ : U`,N → Uk,∞ by L 7→ k · L is one-to-one.
To prove the claim, first observe that any L ∈ U`,N is a geometric extension of `(t),

since L ⊆ ` ·KN , and hence L ∩ k = ` by Lemma 4.1. Thus, we have

[k · L : k(t)] = [L : `(t)] = p,

so that φ(L) = k · L is indeed an element of Uk,∞. In addition, if L1, L2 ∈ U`,N satisfy
φ(L1) = φ(L2), then

L1 · L2 ⊆ L1 · L2 · k = L1 · L1 · k = k · L1.
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At the same time, we also have L1 · L2 ⊆ ` ·KN , and hence

L1 · L2 ⊆ (k · L1) ∩ (` ·KN) =
(
k ∩ (` ·KN)

)
· L1 = ` · L1 = L1,

where the second equality is again by Lemma 4.1. Similarly, we also have L1 · L2 ⊆ L2,
and hence L1 = L1 · L2 = L2, proving the claim.

Given any L as in the statement of the lemma, suppose first that L is not a geometric
extension of `(t). Then L ⊆ k∞(t) ⊆ k∞ ·KN , as desired. Otherwise, the field k ·L is an
extension of k(t) of degree p contained in k ·K∞, and hence k ·L ∈ Uk,∞. It follows from
the claim and inequality (10) that φ is bijective, and hence there is some field L′ ∈ U`,N
so that k ·L = k ·L′. As in the proof of the claim, it follows that L ·L′ ⊆ k ·L ·L′ = k ·L′,
and hence L · L′ ⊆ k∞ · L′, since L · L′ ⊆ K∞, which has constant field k∞. Since
L′ ⊆ ` ·KN , it follows that

L ⊆ L · L′ ⊆ k∞ · L′ ⊆ k∞ · (` ·KN) ⊆ k∞ ·KN . �

Theorem 4.5. Let f(x) = xp
n

+ c be a PCF polynomial defined over a field k of
characteristic other than p. Let N be the size of the forward orbit of the critical point 0.
Then we have Gα,∞ = G∞ if and only if

(11) Gal(k∞ ·Kα,N/k∞) = Gal(k∞ ·KN/k∞(t)).

Proof. Applying Theorem 2.12 with ` = k∞, we may assume without loss that k = k∞.
The forward implication is then immediate by restriction to KN and Kα,N .

Conversely, suppose that equation (11) holds. Then Lemma 4.4 with ` = k∞ implies
that every degree p extension L of k∞(t) in K∞ is contained in k∞ ·KN . Hence, the fixed
fieldKF

∞ is also contained in k∞·KN , where F is the Frattini subgroup of Gal(K∞/k∞(t)).
Recalling that we have assumed k = k∞, let L = k∞ · KN = KN and H = Gα,∞,

viewed as a (closed) subgroup of G∞. The restriction of H to L is

Gal(k∞ ·Kα,N/k∞) = Gal(k∞ ·KN/k∞(t)) = Gal(L/k(t)),

by equation (11) and our assumption that k = k∞. Therefore, by Lemma 3.4, we have
H = G∞, as desired. �

4.2. Proof of our second main theorem. We are ready to prove Theorem 1.4, by
obtaining a more precise verson of it, as stated below in Theorem 4.6.

Because we work over a number field k, the field k∞ contains finitely many extensions
of k of degree p over k1 by Lemma 2.5; let k′ denote their compositum.

Theorem 4.6. Let f(x) = xp
n

+ c be a PCF polynomial defined over a number field k.
Let N be the size of the forward orbit of the critical point 0. Let k′ be the compositum
of the degree p extensions of k1 in k∞. Then Gα,∞ = G∞ if and only if

(12) |Gal(k′ ·Kα,N/k)| = |GN | · [k′ : k1]

Proof. Suppose that Gα,∞ = G∞. Applying Theorem 2.12, we see that Gal(K∞/k
′(t)) =

Gal(Kα,∞/k
′), and hence that |Gal(k′ ·KN/k

′(t))| = |Gal(k′ ·Kα,N/k
′)|. Therefore,

|Gal(k′ ·Kα,N/k)| = |Gal(k′ ·KN/k
′(t))|[k′ : k] =

|Gal(KN/k(t))|
[k′(t) ∩KN : k(t)]

[k′ : k]

=
|GN |

[k′ ∩KN : k]
[k′ : k] = |GN | · [k′ : k1],
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where the second equality is by Lemma 2.9, and the fourth is because k′ ∩KN = k1, by
Remark 4.2.

Conversely, suppose that (12) holds. We have

(13) [Kα,N : k] = |Gα,N | ≤ |GN |
and also, by Lemma 2.9 and the fact that k1 ⊆ k′ ∩Kα,N ,

(14) [k′ ·Kα,N : Kα,N ] ≤ [k′ : k1].

Therefore, by equation (12), we have

|GN | · [k′ : k1] = [k′ ·Kα,N : k] = [k′ ·Kα,N : Kα,N ] · [Kα,N : k] ≤ [k′ : k1] · |GN |,
so that we must have equality in both (13) and (14).

Let ` = k∞ ∩Kα,N ⊇ k1. We claim that ` = k1. To see this, note by Lemma 4.1 that
Gal(KN/k1(t)) is a p-group, and hence so is the subgroup H = Gal(Kα,N/k1). If ` 6= k1,
then ` is a nontrivial extension of k1 contained in Kα,N , and therefore Gal(Kα,N/`) is
contained in a maximal subgroup H ′ of H, which must have index p in H. The fixed
field of H ′ is therefore an extension `′ of k1 of degree p and contained in k∞, so we have
`′ ⊆ k′ by definition of k′. Therefore, by the same reasoning as in inequality (14),

[k′ ·Kα,N : Kα,N ] ≤ [k′ : `′] =
1

p
[k′ : k1] < [k′ : k1] = [k′ ·Kα,N : Kα,N ],

where the final equality is because we showed above that (14) is an equality. This
contradiction proves our claim.

By the claim and Lemma 2.9, we have

[k∞ ·Kα,N : k∞] = [Kα,N : k1] =
[Kα,N : k]

[k1 : k]
=

|GN |
[k1(t) : k(t)]

= [KN : k1(t)] = [k∞ ·KN : k∞(t)].(15)

Here, the third equality is because [k1(t) : k(t)] = [k1 : k] and because we showed (13) is
an equality. The fifth is by Lemma 2.9 again, together with the fact that k∞∩KN = k1,
by Remark 4.2.

Equation (15) shows that the subgroup Gal(k∞ ·Kα,N/k∞) of Gal(k∞ ·KN/k∞(t)) is
the whole group. Applying Theorem 2.12 then gives Gα,∞ = G∞, as desired. �

5. Further questions

In light of Theorem 1.3, it is natural to ask whether the Frattini subgroup of G∞ has
finite index in G∞ for any post-critically finite rational function defined over a number
field. Unfortunately, this is not the case, as [BEK21] gives examples where G∞ is the
infinite iterated wreath product of the alternating group Ad. It is easy to see that
the infinite iterated wreath product of any nontrivial group has infinitely many closed
maximal subgroups. It would be interesting to know wheter the Frattini subgroup of G∞
has finite index in G∞ in the case where f is a PCF polynomial of the form f(x) = xm+c
for m not a prime power.

We would also like to explore a more general form of Odoni’s conjecture. Recall that
a field k is said to be Hilbertian if the complement of any thin set in k is infinite. Odoni
[Odo85a] conjectures that for any integer d ≥ 2 and any Hilbertian field k of character-
istic 0, there is a polynomial f and an α ∈ k such that Gα,∞ is the full automorphism
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group of T d∞. Dittman and Kadets [DK22] have given counterexamples to this conjecture
in every degree.

More generally, given a particular polynomial f defined over a number field `, one
might ask whether it is true that for any Hilbertian field k containing `, there are
infinitely many α ∈ k such that G∞ = Gα,∞. (We note here that the Galois groups
are taken relative to k, not `, so that Kn,α = k(f−n(α)).) For non-PCF quadratic
polynomials, the the answer is no, using the results of [DK22]. In fact, we have the
following stronger result.

Proposition 5.1. Let ` be a number field, and let f ∈ `[x] be a quadratic polynomial
that is not PCF. Then there is a Hilbertian field k that is algebraic over ` such that for
all α ∈ k, the group Gα,∞ has infinite index in G∞.

Proof. Since deg f = 2, there are exactly two critical points. Because f is a non-
PCF polynomial, the two critical orbits are disjoint, and one of those orbits is infinite.
Therefore, by [Pin13b, Theorem 4.8.1(a)], G∞ is the full automorphism group of T 2

∞.
(See also [JKMT16, Theorem 3.1].)

According to [DK22, Theorem 1.2], there is some Hilbertian k, algebraic over `, such
that for any quadratic polynomial g ∈ k[x], the arboreal Galois group for g with base
point 0 over k has infinite index in Aut(T 2

∞). For any α ∈ k, defining g(x) = f(x+α)−
α ∈ k[x], it follows that Gα,∞ has infinite index in Aut(T 2

∞) = G∞. �

On the other hand, combining the results of this paper with Pink’s classification of k∞
for PCF quadratic polynomials, rather than non-PCF, the question above has a positive
answer, as follows.

Theorem 5.2. Let f(x) = x2 + c be a PCF quadratic polynomial defined over a number
field `. Let k be a Hilbertian field containing `. Then there are infinitely many α ∈ k
such that G∞ = Gα,∞.

Proof. Pink [Pin13a] shows that k∞ is contained in the field generated by all 2n-th roots
of unity over k. Thus, k∞ contains at most finitely many quadratic extensions of k. Since
G1 is obviously a 2-group, we have that KF

∞ is a finite extension of k(t), by Lemma 3.11,
where F is the Frattini subgroup of G∞. Lemma 3.5 then implies that there is an
m ≥ 1 such that G∞ = Gα,∞ whenever Gm = Gα,m. Since the set of α ∈ k such that
Gm = Gα,m is the complement of a thin set in k (see [Ser97, 9.2, Proposition 2]), there
are thus infinitely many α ∈ k such that G∞ = Gα,∞ because k is Hilbertian. �

It would be interesting to know whether there are other families of PCF polynomials
for which this variant of the Odoni conjecture holds.
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