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Abstract. We prove a quantitative partial result in support of
the Dynamical Mordell-Lang Conjecture (also known as the DML
conjecture) in positive characteristic. More precisely, we show the
following: given a field K of characteristic p, given a semiabelian
variety X defined over a finite subfield of K and endowed with
a regular self-map Φ : X −→ X defined over K, given a point
α ∈ X(K) and a subvariety V ⊆ X, then the set of all non-negative
integers n such that Φn(α) ∈ V (K) is a union of finitely many
arithmetic progressions along with a subset S with the property
that there exists a positive real number A (depending only on N ,
Φ, α, V ) such that for each positive integer M , we have

# {n ∈ S : n ≤M} ≤ A · (1 + logM)
dimV

.

1. Introduction

1.1. Notation. Throughout this paper, we let N0 := N ∪ {0} denote
the set of nonnegative integers. As always in arithmetic dynamics, we
denote by Φn the n-th iterate of the self-map Φ acting on some ambient
variety X. For each point x of X, we denote its orbit under Φ by

OΦ(x) := {Φn(x) : n ∈ N0} .
Also, for us, an arithmetic progression is a set {an + b}n∈N0 for some
a, b ∈ N0; in particular, we allow the possibility that a = 0, in which
case, the above set is a singleton.

1.2. The Dynamical Mordell-Lang Conjecture. The Dynamical
Mordell-Lang Conjecture (see [GT09]) predicts that for an endomor-
phism Φ of a quasiprojective variety X defined over a field K of char-
acteristic 0, given a point α ∈ X(K) and a subvariety V ⊆ X, the
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set

(1.1) S(Φ, α;V ) := {n ∈ N0 : Φn(α) ∈ V (K)}
is a finite union of arithmetic progressions; for a comprehensive discus-
sion of the Dynamical Mordell-Lang Conjecture, we refer the reader to
the book [BGT16].

When the field K has positive characteristic, then under the same
setting as above, the return set S from (1.1) is no longer a finite union
of arithmetic progressions, as shown in [Ghi19, Examples 1.2 and 1.4];
instead, the following conjecture is expected to hold.

Conjecture 1.1 (Dynamical Mordell-Lang Conjecture in positive char-
acteristic). Let X be a quasiprojective variety defined over a field K of
characteristic p. Let α ∈ X(K), let V ⊆ X be a subvariety defined over
K, and let Φ : X −→ X be an endomorphism defined over K. Then
the set S(Φ, α;V ) given by (1.1) is a union of finitely many arithmetic
progressions along with finitely many sets of the form

(1.2)

{
m∑
j=1

cjp
ajkj : kj ∈ N0 for each j = 1, . . .m

}
,

for some given m ∈ N, some given cj ∈ Q, and some given aj ∈
N0 (note that in (1.2), the parameters cj and aj are fixed, while the
unknowns kj vary over all non-negative integers, j = 1, . . . ,m).

In [CGSZ20], Conjecture 1.1 is proven for regular self-maps Φ of tori
assuming one of the following two hypotheses are met:

(A) dimV ≤ 2;

or

(B) Φ : GN
m −→ GN

m is a group endomorphism and there exists no
nontrivial connected algebraic subgroup G of GN

m such that an
iterate of Φ induces an endomorphism of G that equals a power
of the usual Frobenius.

The proof from [CGSZ20] employs various techniques from Diophan-
tine approximation (in characteristic 0), to combinatorics over finite
fields, to specific tools akin to semiabelian varieties defined over finite
fields; in particular, the deep results of Moosa & Scanlon [MS04] are
essential in the proof. Actually, the Dynamical Mordell-Lang Conjec-
ture in positive characteristic turns out to be even more difficult than
the classical Dynamical Mordell-Lang Conjecture since even the case
of group endomorphisms of GN

m leads to deep Diophantine questions
in characteristic 0, as shown in [CGSZ20, Theorem 1.4]. More pre-
cisely, [CGSZ20, Theorem 1.4] shows that solving Conjecture 1.1 just
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in the case of group endomorphisms of tori is equivalent with solving
the following polynomial-exponential equation: given any linear recur-
rence sequence {un}, given a power q of the prime number p, and given
positive integers c1, . . . , cm such that

m∑
i=1

ci <
q

2
,

then one needs to determine the set of all n ∈ N0 for which we can find
k1, . . . , km ∈ N0 such that

(1.3) un =
m∑
i=1

ciq
ki .

The equation (1.3) remains unsolved for general sequences {un} when
m > 2; for more details about these Diophantine problems, see [CZ13]
and the references therein.

1.3. Statement of our results. Before stating our main result, we
recall that a semiabelian variety is an extension of an abelian variety by
an algebraic torus; for more details on semiabelian varieties, we refer
the reader to [CGSZ20, Section 2.1] and the references therein.

We prove the following result towards Conjecture 1.1.

Theorem 1.2. Let K be a field of characteristic p, let X be a semi-
abelian variety defined over a finite subfield of K, let Φ be a regular
self-map of X defined over K. Let V ⊆ X be a subvariety defined over
K and let α ∈ X(K). Then the set S(Φ, α;V ) defined by (1.1) is a
union of finitely many arithmetic progressions along with a set S ⊆ N0

for which there exists a constant A depending only on X, Φ, α and V
such that for all M ∈ N, we have

(1.4) # {n ∈ S : n ≤M} ≤ A · (1 + logM)dimV .

Our result strengthens [BGT15, Corollary 1.5] for the case of reg-
ular self-maps of semiabelian varieties defined over finite fields since
in [BGT15] it is shown that the set S (as in the conclusion of Theo-
rem 1.2) is of Banach density zero; however, the methods from [BGT15]
cannot be used to obtain a sparseness result as the one from (1.4).

We establish Theorem 1.2 by combining [CGSZ20, Theorem 3.2]
with [Lau84, Théorème 6].

2. Proof of Theorem 1.2

2.1. Dynamical Mordell-Lang conjecture and linear recurrence
sequences. First, since X is defined over a finite field Fq of q elements
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of characteristic p, we let F : X −→ X be the Frobenius endomorphism
corresponding to Fq. We let P ∈ Z[x] be the minimal polynomial
with integer coefficients such that P (F ) = 0 in End(X); according
to [CGSZ20, Section 2.1], P is a monic polynomial and it has simple
roots λ1, . . . , λ`, each one of them of absolute value equal to q or

√
q.

Using [CGSZ20, Theorem 3.2], we obtain that the set S(Φ, α;V ) de-
fined by (1.1) is a finite union of generalized F -arithmetic sequences,
and furthermore, each such generalized F -arithmetic sequence is an in-
tersection of finitely many F -arithmetic sequences ; see [CGSZ20, Sec-
tion 3] for exact definitions. Each one of these F -arithmetic sequences
consists of all non-negative integers n belonging to a suitable arithmetic
progression, for which there exist k1, . . . , km ∈ N0 such that

(2.1) un =
m∑
i=1

∑̀
j=1

ci,jλ
aiki
j ,

for some given linear recurrence sequence {un} over Q̄, some given
m ∈ N0, some given constants ci,j ∈ Q̄ and some given a1, . . . , am ∈ N.
Applying Part (1) of [CGSZ20, Theorem 3.2], we also see that m ≤
dimV . Furthermore, the linear recurrence sequence {un} (and the λi)
along with the constants ci,j and ai depend solely on X, Φ, α and V .

Moreover, at the expense of further refining to another arithmetic
progression, we may assume from now on, that the linear recurrence
sequence {un} is non-degenerate, i.e the quotient of any two charac-
teristic roots of this linear recurrence sequence is not a root of unity;
furthermore, we may also assume that if one of the characteristic roots
is a root of unity, then it actually equals 1. For more details regarding
linear recurrence sequences, we refer the reader to [Sch03]. In addition,
we know that the characteristic roots of {un} are all algebraic integers
(see part (2) of [CGSZ20, Theorem 3.2]); the characteristic roots of
{un} are either equal to 1 (when Φ contains also a translation be-
sides a group endomorphism) or equal to positive integer powers of the
roots of the minimal polynomial of Φ inside End(X); for more details,
see [CGSZ20, Section 3]. So, the equation (2.1) becomes

(2.2)
s∑

r=1

Qr(n)µn
r =

m∑
i=1

∑̀
j=1

ci,jλ
aiki
j ,

where µ1, . . . , µs are the characteristic roots of the sequence {un} and
Q1, . . . , Qs ∈ Q̄[x].
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2.2. Reduction to the case s = 1. Now, if each polynomial Qr

from the equation (2.2) is constant, then the famous result of Lau-
rent [Lau84] solving the classical Mordell-Lang conjecture (inside an al-
gebraic torus) provides the desired conclusion that the set of all n ∈ N0

satisfying an equation of the form (2.2) must be a finite union of arith-
metic progressions. So, from now on, we assume that not all of the
polynomials Qr are constant.

Without loss of generality, we assume Q1 is a non-constant polyno-
mial. According to [Lau84, Section 8, p. 319] (see also [Sch03, Theo-
rem 7.1]) all but finitely many solutions to the equation (2.2) are also
solutions to a subsum corresponding to the equation (2.2) which con-
tains the term Q1(n)µn

1 . More precisely, there exists a subset 1 ∈ Σ1 ⊆
{1, . . . , s} and also, there exists a subset Σ2 ⊆ {1, . . . ,m} × {1, . . . , `}
such that

(2.3)
∑
r∈Σ1

Qr(n)µn
r =

∑
(i,j)∈Σ2

ci,jλ
aiki
j .

Moreover, letting π1 : {1, . . . ,m} × {1, . . . , `} −→ {1, . . . ,m} be the
projection on the first coordinate, we have m1 := # (π1(Σ2)); in par-
ticular, m1 ≤ m. Without loss of generality, we assume π1(Σ2) =
{1, . . . ,m1} (with the understanding that, a priori, m1 could be equal
to 0, even though we show next that this is not the case).

Using [Lau84, Théorème 6], the equation (2.3) has finitely many
solutions, unless the following subgroup GΣ ⊆ Z1+m1 is nontrivial. As
described in [Lau84, Section 8, p. 320], the subgroup GΣ consists of all
tuples (f0, f1, . . . , fm1) of integers with the property that

(2.4) µf0
r = λaifij for each r ∈ Σ1 and each (i, j) ∈ Σ2.

Since µr2/µr1 is not a root of unity if r1 6= r2, we conclude that if
Σ1 contains at least two elements (we already have by our assumption
that 1 ∈ Σ1), then f0 = 0 in (2.4); furthermore, if f0 = 0, then the
equation (2.4) yields that each fi = 0 (since each λj has an absolute
value greater than 1 and ai ∈ N). So, if Σ1 has more than one element,
then the subgroup GΣ is trivial and thus, [Lau84, Théorème 6] yields
that the equation (2.3) (and therefore, also the equation (2.2)) has
finitely many solutions, as desired.

2.3. Concluding the argument. Therefore, from now on, we may
assume that Σ1 has a single element, i.e., Σ1 = {1}. In particular,
this also means that Σ2 cannot be the empty set since otherwise the
equation (2.3) would simply read

Q1(n)µn
1 = 0,
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which would only have finitely many solutions n (since µ1 6= 0 and Q1

is non-constant). So, we see that indeed Σ2 is nonempty, which also
means that 1 ≤ m1 ≤ m.

We have two cases: either µ1 equals 1, or not.
Case 1. µ1 = 1.
Then the equation (2.3) reads:

(2.5) Q1(n) =
∑

(i,j)∈Σ2

ci,jλ
aiki
j .

Now, for the equation (2.5), the subgroup GΣ defined above as in
[Lau84, Section 8, p. 320] is the subgroup Z×{(0, . . . , 0)} ⊂ Z1+m1 since
each integer fi from the equation (2.4) must equal 0 for i = 1, . . . ,m1

(note that µ1 = 1, while each λj is not a root of unity). According
to [Lau84, Théorème 6, part (b)], there exist positive constants A1 and
A2 depending only on Q1, the ci,j and the ai such that for any solution
(n, k1, . . . , km1) of the equation (2.5), we have

(2.6) max {|k1|, . . . , |km1|} ≤ A1 log |n|+ A2.

So, for each non-negative integer n ≤M (for some given upper bound
M) for which there exist integers ki satisfying the equation (2.5), we
have that |ki| ≤ A2 + A1 logM , which means that we have at most
A3 (1 + logM)m1 possible tuples (k1, . . . , km1) ∈ Zm1 , which may cor-
respond to some n ∈ {0, . . . ,M} solving the equation (2.5) (where,
once again, A3 is a constant depending only on the initial data in our
problem). Since Q1 is a polynomial of degree D ≥ 1, we conclude that
the number of solutions 0 ≤ n ≤ M to the equation (2.5) is bounded
above by D·A3 (1 + logM)m1 . Finally, recalling that m1 ≤ m ≤ dimV ,
we obtain the desired conclusion from inequality (1.4).

Case 2. µ1 6= 1.
In this case, since we also know that any characteristic root µr of the

linear reccurence sequence {un}n∈N0 is either equal to 1, or not a root
of unity, we conclude that µ1 is not a root of unity.

The equation (2.3) reads now:

(2.7) Q1(n)µn
1 =

∑
(i,j)∈Σ2

ci,jλ
aiki
j .

We analyze again the subgroup GΣ ⊆ Z1+m1 containing the tuples
(f0, f1, . . . , fm1) of integers satisfying the equations (2.4), i.e.,

(2.8) µf0
1 = λaifij for each (i, j) ∈ Σ2.

Because µ1 is not a root of unity and also each λj is not a root of unity,
while the ai are positive integers, we conclude that a nontrivial tuple
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(f0, f1, . . . , fm1) satisfying the equations (2.8) must actually have each
entry nonzero (i.e., fi 6= 0 for each i = 0, . . . ,m1). Therefore, each λaij
is multiplicatively dependent with respect to µ1 and so, there exists an
algebraic number λ (which is not a root of unity), there exists a nonzero
integer b such that µ1 = λb, and whenever there is a pair (i, j) ∈ Σ2,
there exist roots of unity ζj,i along with nonzero integers bi such that

(2.9) λaij = ζj,i · λbi .

We let E be a positive integer such that ζEj,i = 1 for each (j, i) ∈ Σ2;
then we let Bi := E · bi for each i = 1, . . . ,m1. We now put each
exponent ki appearing in (2.7) in a prescribed residue class modulo E
(just getting Em possible choices) and use (2.9) along with the fact that
µ1 = λb. Writing Ki := bki/Ec, i = 1, . . . ,m1, we obtain that finding
n ∈ N0 which solves the equation (2.7) (and then, in turn, also (2.3)
and (2.2)) reduces to finding n ∈ N0 which solves at least one of the at
most Em distinct equations of the form:

(2.10) Q1(n)λbn =

m1∑
i=1

diλ
BiKi ,

for some algebraic numbers d1, . . . , dm1 , depending only on E, the ci,
and the ζj,i, (i, j) ∈ Σ2. So, dividing the equation (2.10) by λbn yields
that

(2.11) Q1(n) =

m1∑
i=1

diλ
gi ,

for some integers gi. Then once again applying [Lau84, Théorème 6,
part (b)] (see also our inequality (2.6)) yields immediately that any so-
lution (n, g1, . . . , gm1) to the equation (2.11) must satisfy the inequality:

max{|g1|, . . . , |gm1 |} ≤ A4 log |n|+ A5,

for some constants A4 and A5 depending only on the initial data in our
problem (X, Φ, α, V ). Then once again (exactly as in Case 1), we
conclude that there exists a constant A6 such that for any given up-
per bound M ∈ N, we have at most A6 (1 + logM)m1 possible tuples
(g1, . . . , gm1) ∈ Zm1 , which may correspond to some n ∈ {0, . . . ,M}
solving the equation (2.11). Since Q1 is a polynomial of degree D ≥ 1,
we conclude that the number of solutions 0 ≤ n ≤ M to the equa-
tion (2.11) is bounded above by D ·A6 (1 + logM)m1 . Finally, recalling
that m1 ≤ m ≤ dimV , we obtain the desired conclusion from inequal-
ity (1.4).

This concludes our proof of Theorem 1.2.
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3. Comments

Remark 3.1. If in the equation (2.2) there exists at least one character-
istic root µr of {un} which is multiplicatively independent with respect
to each one of the λj, then there is never a subsum (2.3) containing µr

on its left-hand side for which the corresponding group GΣ would be
nontrivial. So, in this case, the equation (2.2) would have only finitely
many solutions. Therefore, with the notation as in Theorem 1.2, argu-
ing as in the proof of [CGSZ20, Theorem 1.3], one concludes that if Φ is
a group endomorphism of the semiabelian variety X with the property
that each characteristic root of its minimal polynomial (in End(X))
is multiplicatively independent with respect to each eigenvalue λj of
the Frobenius endomorphism of X, then for each α ∈ X(K), the set
S(Φ, α;V ) defined by (1.1) is a finite union of arithmetic progressions.

Remark 3.2. We notice that in (2.11), if we deal with a polynomial Q1

of degree 1, then the conclusion from inequality (1.4) is sharp. More
precisely, as a specific example, the number of positive integers n ≤M
which have precisely m nonzero digits (all equal to 1) in base-p is of the
order of (logM)m, which shows that Theorem 1.2 is tight if the Dy-
namical Mordell-Lang Conjecture reduces to solving the equation (2.11)
when Q1(n) = n, m1 = m, c1 = . . . = cm = 1 and λ = p. As proven
in [CGSZ20, Theorem 1.4], there are instances when the Dynamical
Mordell-Lang Conjecture reduces precisely to such equation.

Now, for higher degree polynomials Q1 ∈ Z[x] appearing in the equa-
tion (2.11), one expects a lower exponent than m appearing in the up-
per bounds from (1.4). One also notices that for any polynomial Q1,
arguments n with k nonzero digits in base-p lead to sparse outputs.
Hence, simple combinatorics allows us to obtain a lower bound on the
best possible exponent in (1.4). However, finding a more precise expo-
nent replacing m in (1.4) when degQ1 > 1 seems very difficult beyond
some special cases; the authors hope to return to this problem in a
sequel paper.
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