COLLISION OF ORBITS FOR FAMILIES OF POLYNOMIALS DEFINED
OVER FIELDS OF POSITIVE CHARACTERISTIC

SHAMIL ASGARLI AND DRAGOS GHIOCA

ABSTRACT. Let L be a field of positive characteristic p with a fixed algebraic closure L, and
let o, a2, B € L. For an integer d > 2, we consider the family of polynomials fi(z) := 2%+,
parameterized by A € L. Define C (a1, az; 3) to be the set of all A € L for which there exist
m,n € N such that f7*(a1) = f¥(a2) = 8. In other words, C (a1, az; 3) consists of all A € L
with the property that the orbit of a1 collides with the orbit of as under the same polynomial
f precisely at the point 5. Assuming a1, ae, 8 are not all contained in a finite subfield of L,
we provide explicit necessary and sufficient conditions under which C(aq, az2;8) is infinite.
We also discuss the remaining case where a1, a2, 8 € F, and provide ample computational
data that suggest a somewhat surprising conjecture. Our problem fits into a long series
of questions in the area of unlikely intersections in arithmetic dynamics, which have been
primarily studied over fields of characteristic 0. Working in characteristic p adds significant
difficulties, but also reveals the subtlety of our problem, especially when some of the points
lie in a finite field or when d is a power of p.

1. INTRODUCTION

1.1. Notation. Throughout this paper, we denote by N the set of all positive integers. For
each field K, we denote by K an algebraic closure of K; if K is the prime subfield of K,
we let K be its algebraic closure inside K. We mention standard definitions from algebraic
dynamics. For any self-map ® on a quasiprojective variety X and for any n € N, we let ®"
be the n-th compositional iterate of ®; by convention, ®° is the identity map. We define the
(strict) forward orbit of a point o € X as the set of all points ®"(«), for n > 1. Similarly, we
define the (strict) backward orbit of o as the set Og (), which consists of all v € X such that
there exists m € N with ®"(y) = a. A point « is preperiodic under the action of ® if there
exist 0 < m < n such that ®"(«a) = ®"(«a); if m = 0, then « is periodic.

1.2. The unlikely intersection principle in arithmetic dynamics. Several central ques-
tions in arithmetic geometry are rooted in the principle of unlikely intersections; for more
details, we refer the reader to the excellent book of Zannier [Zan12]. Over the past 30 years,
there has been considerable research in algebraic dynamics on questions framed by this general
principle; we provide a couple of prominent examples below.

The dynamical Mordell-Lang (DML) conjecture considers a quasiprojective variety X with
an endomorphism ® (over a field L of characteristic 0), an irreducible curve C' C X, and
a point a € X(L). The conjecture predicts that the unlikely occurrence of infinitely many
points in Og(a) N C must be explained only by the fact that C' is periodic under the action
of @ (i.e., @*(C) C C for some n € N). For more details on the DML conjecture and a survey
of some of the partial results, we refer the reader to [BGT16].
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In a different direction, we describe the problem of simultaneously preperiodic points (which
was itself motivated by [MZ10, MZ12]) for an algebraic family of polynomials. Consider a
family of polynomials f) of degree d > 2, whose coefficients depend polynomially on A € C,
and two points a, 8 € C. The unlikely existence of infinitely many parameters A € C such
that both a and § are preperiodic for f) can only occur if a and 8 are dynamically related
with respect to the entire family of polynomials f) (see [BD13, Theorem 1.3], which extends
the previous results of [BD11, GHT13]). For a broader survey of recent work and new research
directions on unlikely intersection questions in arithmetic dynamics, we refer the reader to
[BLIMST19].

The vast majority of the proven results and open problems in arithmetic dynamics concern
the algebraic dynamical systems defined over fields of characteristic 0 (see [BIJMST19] and
the references therein). It is only recently that several outstanding conjectures have been
considered in positive characteristic; in each case, new features emerge for the dynamical
systems in characteristic p. These new intricacies are due to the presence of the Frobenius
map (similar to the isotriviality issues appearing in [CHT23]) and the existence of additive
polynomials of degree greater than one (which lead to new unlikely intersection questions
as in [BM17, BM22]). Indeed, the DML conjecture (see [BGT15, CGSZ21, Ghil9, GOSS21,
XY25, XY, Yan24]), the problem of simultaneous preperiodic points for an algebraic family of
polynomials (see [Ghi]), and the Zariski Dense Orbit conjecture (see [MS14] for its formulation
over fields of characteristic 0 and [GS23a, GS23b] for the problem over fields of characteristic
p) are all more subtle when studied in a positive characteristic setting.

Motivated by [BD11], the second author studied the following problem in [Ghi]. Given an
integer d > 2, a field L of characteristic p, and points aj,as € L, we obtained (see [Ghi,
Theorem 1.1]) necessary and sufficient conditions for the existence of infinitely many \ € L
such that both a; and «g are preperiodic for the polynomial fy(z) := 2%+ \. In this article, we
extend the problem studied in [Ghi] to the following setting. Working again with the family
of polynomials fy(z) := 2z¢ + X and given two starting points a1, as, we study the conditions
under which the strict forward orbits of these starting points contain a given target point (.
We refer to this setting as the colliding orbits problem. A similar question of colliding orbits
was previously studied in the context of Drinfeld modules (see [Ghi24]).

1.3. Our main result. In the present paper, we prove the following statement.

Theorem 1.1. Let L be a field of characteristic p > 0, let ay, 2,8 € L and let d > 2 be an
integer. Consider the family of polynomials f(z) = 2% 4+ X, parameterized by A\ € L. Assume
ay, a2, B are not all contained in a finite subfield of L. Then the set

(1.3.1)  C(ar,azB) :={X€ L: there exist m,n € N such that f{"(c) = f{(a2) = B}
1s infinite if and only if exactly one of the following two conditions holds:
(4) of = af;
(B) d = p' for some £ € N and there exists a finite subfield F, C L such that 61 :=
az —aq € Fy and 03 :== 8 — a1 € Fy. Furthermore, the system of two equations:

& o= YigtP

0 = YEgtaP
has a solution (7v,k, s1,s2) € Fy x N x N x N.

ikt

(1.3.2)

ikt
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Remark 1.2. At first glance, alternative (B) in Theorem 1.1 appears asymmetrical, as the
roles of a1 and ap apparently cannot be interchanged. However, as we will show in Lemma 8.1,
we can always reduce the problem to the system (1.3.2), where the constants are defined
relative to a1 as 41 := ag — a1 and 6 := 8 — aq.
Furthermore, the condition a; # s in alternative (B) (since d; € ;) ensures that alter-
4 4
natives (A) and (B) are mutually exclusive. For d = pf, alternative (A) becomes of = o} ,
which is equivalent to ay = ag in characteristic p.

By definition, for each A € C(a, ag; ), we have 8 € Oy, (1) N Oy, (a2), i.e., the orbits of
a1 and ag under the action of fy collide at the point 8. The existence of infinitely many such
parameters A is clearly an unlikely event, which we show occurs only when a1, a9, and 3 are
dynamically related. Indeed, condition (A) in Theorem 1.1 states that the orbits of a; and
ag merge after one iteration for all parameters A, i.e., Oy, (1) = Oy, (a2).

Condition (B) provides a more subtle dynamical relation between our three points when
d = p’. For any A € L, a suitable iterate of the polynomial f,(z) = 2P + A commutes with
any given translation polynomial T¢(z) 1= z + ¢ for £ € F,,. Specifically, if ¢ € F,re then
fioTy = Te o ff (see equation (8.3.1) for fY). Since ay,as, 3 differ by elements from F, in
condition (B), this commutativity establishes that three points are indeed dynamically related
with respect to our entire family of polynomials f)(z). The precise role of the system (1.3.2)
is explained in Section 8 (see Proposition 8.3).

For the converse direction of Theorem 1.1, we prove slightly stronger statements that also
cover the case where o, g, 8 € Tp (see Theorems 2.2 and 2.4). In Section 9, based on exten-
sive numerical experiments, we propose Conjecture 9.1 to address the case where oy, g, 3 € F),
and d is not a power of p. In Section 2, we also formulate a general Conjecture 2.6 regarding
colliding orbits for families of polynomials.

1.4. Further connections for our results. Another motivation for our Theorem 1.1 arises
from [GHT18]. A special case of [GHT18, Theorem 1.1] can be formulated for the Legendre
family of elliptic curves E; given by the equation y? = z(x — 1)(z — t) as we vary t € Q. We
denote by [k]; the multiplication-by-k map (for any k € Z) on E;. We also let £ be the elliptic
surface corresponding to the Legendre family and let [k] be the corresponding multiplication-
by-k map on £. Any section P on &£ corresponds to an algebraic family of points P, € FEj
(for all but finitely many ¢ € Q). Then [GHT18, Theorem 1.1] asserts that for any 3 sections
P,Q, R on &, if the set

C(P,Q;R):={t € Q: there exist m,n € Z such that [m]¢(P;) = [n]+(Q:) = R:}
is infinite, then at least one of the following two conditions must hold:

e there exist a,b € Z, not both equal to 0, such that [a](P) = [b](Q);
e there exists ¢ € Z such that either [¢](P) =R or [](Q) = R.

In other words, if there exist infinitely many ¢ € Q such that the cyclic groups generated
by both P, and Q¢ contain R; (in E;), then at least 2 of the 3 sections must be linearly
dependent globally, on the elliptic surface. Once again, we encounter the principle of unlikely
intersections: the existence of infinitely many ¢ € Q for which R; is contained in the orbits of
both P; and Q; under the action of Z is explained only by a global dynamical relation between
their corresponding sections, P, Q, and R.
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Remark 1.3. The motivation for [GHT18, Theorem 1.1] itself comes from the work of Hsia
and Tucker [HT17] on a dynamical analogue of the classical GCD-problem. Given multi-
plicatively independent a,b € N, the classical GCD-problem (solved by Bugeaud, Corvaja,
and Zannier [BCZ03]) provides good bounds for ged(a™ — 1,0™ — 1) as a function of n € N.
Several extensions of the result from [BCZ03] were obtained, going beyond the classical set-
ting and studying the question for function fields, including in positive characteristic (see
[AR04, CZ11, CZ13, GHT17]). Our own work in Theorem 1.1 can be viewed in a similar
light, as it is essentially a question about the greatest common divisor of orbits generated by
two algebraic families of polynomials (see Remark 3.1 and Section 9).

The hypothesis in Theorem 1.1 that § is contained in the forward orbits of both a; and as
(under the action of fy) can be restated as follows: a; and «g are contained in the backward
orbit of 5 (under the action of fy). The study of backward orbits and their associated arboreal
Galois groups is a topic of great interest (see [BFHJY17, BJ19, BJO7] for only a sample of
the work in this area). It is also worth noting that the case of a polynomial whose critical
points have colliding orbits represents a special case in the study of the corresponding arboreal
Galois groups (see [BD24, BDNSWW25]).

1.5. Plan for our paper. In Section 2, we present the general strategy for our proof of The-
orem 1.1. We split the content of Theorem 1.1 into three distinct results: Theorems 2.1, 2.2,
and 2.4. In Section 2, we also outline future research directions in the area of colliding orbits
by formulating Conjecture 2.6 for arbitrary families of polynomials. For a brief discussion of
the characteristic 0 case, see Remark 2.8.

In Sections 3, 4 and 5, we establish useful preliminary results, which are then employed
in the proof of Theorem 2.1. We finish its proof in Section 6, thus completing the direct
implication in Theorem 1.1.

In Section 7, we complete the proof of Theorem 2.4, while in Section 8, we prove Theo-
rem 2.2. Combined, these two results provide the converse implication in Theorem 1.1.

We conclude by discussing in Section 9 the case of colliding orbits when the starting points
a1,y and the target point (8 all live in a finite field. We believe (see Conjecture 9.1) that
in this case, the set C(a1,ag;3) is infinite, provided d is not a power of p. We have ample
numerical evidence to support this conjecture; furthermore, we formulate additional questions
and conjectures all predicting a higher-than-expected frequency of unlikely intersections when
the entire dynamical system is defined over Fp.

2. STRATEGY FOR OUR PROOF OF THEOREM 1.1 AND FURTHER EXTENSIONS

In Subsection 2.1, we state Theorem 2.1 and then explain its proof strategy. In Subsec-
tion 2.2, we state Theorems 2.2 and 2.4 and briefly mention key ideas in their proofs. We
discuss possible extensions of our results in Subsection 2.3.

2.1. The direct implication in Theorem 1.1. We will prove the following.

Theorem 2.1. Let L be a field of prime characteristic p, let ay,a2,8 € L and let d > 2 be
an integer. Consider the family of polynomials frn(2) = 2% 4+ X, parameterized by X € L. Let
F), denote the algebraic closure of IF), inside L. If the set

(2.1.1)  C(a,a9;8) :={A € L: there exist m,n € N such that f{* (1) = fY(a2) = B}
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1s infinite, then at least one of the following conditions must hold:

(i) of = aj.
(ii) d = p* for some £ €N, and oy — B,0 — B € F.
(iii) o, a, B € Fp.

We now outline the strategy for proving Theorem 2.1. First, assuming condition (iii) does
not hold, the infinitude of the set C'(ay, ag; ) implies that either condition (i) is satisfied,
or trdegy (Fp(au,as,3)) = 1; this reduction is proved in Subsection 3.2 through a series
of Lemmas and Propositions. This allows us to set up the height machine in Section 4; in
particular, we obtain a key technical statement (see Proposition 5.2) regarding the variation
of the (global) canonical height /};)\(a) of a point a (associated to a polynomial fy from our
family) compared to the Weil heights of A and «. In turn, Proposition 5.2 allows us to show
(see Proposition 6.2) that there exists a sequence {A; treny C C(a, ag; 8) such that

(2.1.2) Jim Ry () = lim Ay (az) = 0.

Equation (2.1.2) is the crucial hypothesis needed to apply Theorem 6.3, which leads to an
equality of the canonical heights of a1 and as with respect to each polynomial fy. Then
Theorem 6.9 immediately provides the desired conclusion in Theorem 2.1 when d is not a
power of p. The remaining case, where d = p’ for some ¢ € N, requires a more in-depth
analysis to arrive at condition (ii) in Theorem 2.1 (see Propositions 6.4 and 6.8). To obtain
the more precise information from condition (B) in Theorem 1.1 regarding system (1.3.2), we
will rely on Theorem 2.2.

2.2. The converse implication in Theorem 1.1. In Section 8, we prove the following
result, which provides (along with Theorem 2.1) the full conclusion in Theorem 1.1 when
d=pl.

Theorem 2.2. Let L be a field of characteristic p, let a1, 2,8 € L with ay # agz, and let
d = p’ for some £ € N. For each A\ € L, we let f\(z) = 2%+ \. Consider the set

Clan,a9;B) = {X € L: there exist m,n € N such that f'(a1) = f{(a2) = B}
and let 61 := ag — a1 and 4o := B — 1. Assume there exists a finite subfield F, C L such that

(2.2.1) o € ]FZ and 9 € Fq.

Then the set C(aq,ag; B) is infinite if the system of two equations:
5 = Zf;gl ,_ypiké

(2.2.2) .
5 = P "

has a solution (v, k,s1,s2) € Fy x N x N x N. Moreover, the set C(a1,ag; 3) is empty if the
system (2.2.2) has no solution (v, k,s1,s2) € Fy x N x N x N.

Remark 2.3. It is interesting that under the hypotheses (2.2.1) of Theorem 2.2, either
C(aq, ag; B) is infinite or empty. Also, in this case, for each A € C(aq,az; ), we have that
a1, ag, B are all preperiodic under the action of f) (see Lemmas 6.6 and 6.7).

On the other hand, under the assumption that d = p’, it could be that C(ay, ag; 3) is finite
and nonempty, but this can only occur if either a1 — ap or a1 — 8 is transcendental over Fy,.
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The following result shows that condition (A) in Theorem 1.1 implies the existence of
infinitely many parameters A € C(a, ag; 3) (see (1.3.1)).

Theorem 2.4. Let L be a field of characteristic p, let a,3 € L, let d > 2 be an integer,
and let fy(z) = 2% +Abea family of polynomials parameterized by X\ € L. Then there exist
infinitely many X\ € L such that f{"(a) = B for some m € N (where m depends on \).

Indeed, under the condition (A) from Theorem 1.1 that af = af, we have that fJ(a;) =
[ (a2) for all n € N. Applying Theorem 2.4 to starting point «; and target point 3, we
obtain that the set C'(a1, ag; 3) from equation (1.3.1) must be infinite.

In Section 7, we prove Theorem 2.4 by contradiction. Using the assumption that the
equations in A of the form f{*(«) = § (as we vary m) have only finitely many solutions,
we obtain that a certain plane curve (see equation (7.2.4)) contains infinitely many points
from a suitable finitely generated subgroup of G2,. This allows us to apply the main result
of Moosa-Scanlon [MS04] on the structure of the intersection between a subvariety of a torus
(in characteristic p) with a finitely generated subgroup to derive a contradiction.

Remark 2.5. We emphasize that both Theorems 2.4 and 2.2 also hold when a1, as, 8 € Fp,
i.e., the converse implication in Theorem 1.1 does not depend on whether all three points
a1, s, 3 are in [Fp,.

2.3. A general conjecture. It is natural to consider a general colliding orbits problem for
arbitrary families of polynomials in normal form. A polynomial of degree d > 2 is in normal
form if it is monic and its coefficient for the monomial %! is 0. In Conjecture 2.6, we allow
both the starting points a1, s and the target point 8 to vary in an algebraic family as well.

Conjecture 2.6. Let L be a field of characteristic p, and let a1 (2), az(z), B(2) € L[z]. Suppose

() € Liz] is a family of polynomials of degree d > 2 (parameterized by A € L) in normal
form, i.e.

(2.3.1) Hilx) = % + ‘ ci(N) -t

for some polynomials ¢;(z) € L[z] fori=0,...,d—2. We let
Clar,ag;8) ={Xx e L: f{(aa(N) = B() and f}(az(N)) = B(N) for some m,n € N} .
If C(au, ag; B) is infinite, then at least one of the following conditions must hold:

(1) there exists a family of polynomials g\(x) (similar to (2.3.1), but not necessarily nor-
malized) and there exist integers k > 0 and m,n > 0 such that

(23.2) floga=gro f{ and [ (c1(N) = gr (f2(a2(N)) (or f{'(a2(N) = gx (f{(a1(N)),

for all X € L.

(2) there exists k € N such that for some j € {1,2}, we have that f¥(a;j()\)) = B(\) for
all A € L.

(3) for each X € L, the polynomial fx(z) = fr(z) — co(N) is additive (i.e., fr(z+y) =
@) + faly) for all z,y). Furthermore, for each A € L, we have that §;()\) :=
aa(A) — a1 (A) and 2(N) := B(\) — a1 (N) are preperiodic under the action of fx(z).

(4) ci(2) € Fplz] fori=0,...,d—2 and a1(2), a2(z), B(z) € Fp[z].
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Remark 2.7. One could formulate Conjecture 2.6 for an arbitrary (unnormalized) family of
polynomials fy € L[A][z] (of degree d > 2), but this would complicate condition (4). When
p 1 d, this simplification has no loss of generality: any such family can be normalized through
a linear conjugation, at the expense of parameterizing A by a curve rather than the affine line.

We briefly discuss the statements (1)-(4) in the conclusion of Conjecture 2.6. Statement (1)
is a significant generalization of conclusion (A) in Theorem 1.1; for arbitrary families of poly-
nomials (2.3.1), the starting points a1 (\) and ag(A) may be dynamically related through the
much more complicated relation (2.3.2) from Conjecture 2.6 (see also [BD13, Theorem 1.3]).
It is likely that to obtain a converse statement in Conjecture 2.6, i.e., that the set C (a1, ag; f)
is infinite, one would need a stronger statement than (1).

Statement (2) does not appear for the dynamical system considered in Theorem 1.1. How-
ever, for general dynamical systems, one needs to account for the possibility that S()) is in the
forward orbit of a1(\) or ag()\) (for all A € L). If this were to happen, one would expect the
corresponding set C(a1, ag; 3) to be infinite due to a possible extension of our Theorem 2.4.

Statement (3) asks that the only monomials z in fy(x) (for i > 0) appearing with a nonzero
coefficient correspond to i = p/ for some j > 0; this is the generalization of conclusion (B)
appearing in Theorem 1.1. Again, a converse to Conjecture 2.6 would require a more refined
version of statement (3) (see the system (1.3.2) from Theorem 1.1 for fy(z) = 2% + \).

Finally, we expect statement (4) from Conjecture 2.6 yields that C(ay, ag; ) is infinite as
long as the family f)(z) does not satisfy statement (3) (similar to Conjecture 9.1 for the special
family of polynomials fy(z) = 2+ \) and also assuming that neither oy nor oo is persistently
preperiodic for our family of polynomials (i.e., for j = 1,2, there exists no 0 < m < n such
that f7*(a;j(N)) = f(;(N)) for all A € L). In Subsection 9.4, we present some numerical
evidence supporting our expectation.

We expect Conjecture 2.6 to be very difficult. The main obstacle is the lack of a generaliza-
tion of Theorem 6.9 (obtained in [Ghi] for fy(2z) := 2?4 \) to arbitrary families of polynomials.
This difficulty, in turn, stems from the fact that some of the key tools available in character-
istic 0 for determining the ezact dynamical relation between points of equal canonical height
(with respect to the given family of polynomials) do not exist in characteristic p.

Remark 2.8. We expect that the analogue of Conjecture 2.6 for dynamical systems over a
field L of characteristic 0 is more manageable and would only lead to the conclusions (1) and (2).
The general strategy would follow the steps from our paper. While there would be no compli-
cations from additive polynomials (which are nontrivial only in characteristic p), new technical
challenges would arise from dealing with arbitrary polynomial families. A potential line of
attack would be to use the variation of the canonical height in families, as proven by Ingram
[Ing13], to generalize (2.1.2) when C(aq,ag9;8) is infinite. Then using [BD13, Theorem 1.3],
together with the description of the periodic plane curves under the coordinatewise action of
polynomials from [MS14], one should be able to derive the conclusions (1)-(2) from Conjec-
ture 2.6. There are further complications when the dynamical system (fy, a1 (), a2(N), B(N))
is not defined over Q. However, we believe these can be overcome using the methods from
[GHT13, Section 10] and the description of points of canonical height 0 from [Ben05] for
a polynomial defined over a function field. We hope to return to this general question for
dynamical systems over fields of characteristic 0 in a sequel paper.
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3. PRELIMINARY RESULTS

Let L be a field of characteristic p with a fixed algebraic closure L. We consider the family
of polynomials fy(z) = 2? + A parameterized by X € L.

This Section is divided into two parts. In Subsection 3.1, we gather some information about
the iterates of fy(z). In Subsection 3.2, we work under the hypotheses of Theorem 2.1 for
the points ay, o, 8 € L (i.e., assuming the set C(a, ag; 8) from (2.1.1) is infinite) to obtain
information regarding the transcendence degree of F,(a, az, 5)/Fp.

3.1. Iterates of our family of polynomials. Let a € L. Following [Ghi, Subsection 3.1],
for each n € N, there exists a polynomial P, o(\) € L[)] of degree d"~! such that

(3.1.1) Pho(A) = fY(«a) for each X € L.
Remark 3.1. Using the notation from (3.1.1), we can reformulate the hypotheses from The-

orem 1.1 (or from Theorem 2.1) that C(a1,ag; 3) is infinite as follows. Given ai, a9, 8 € L,
we are asking that there exist infinitely many \ € L such that for some m,n € N,

Pm,a1()‘) —-p= Pn,az()‘) - B=0;

or alternatively, the set of roots for all polynomials ged (P o, (2) — B, P (z) — 8) € Lix]
(as we vary m,n € N) is infinite.

A simple induction on n yields the following result.

Lemma 3.2. For each n € N, the coefficients of the polynomial P, ,(\) are themselves
polynomials in «, that is,

dn—l
(3.1.2) PraN) =D cnila)A® .

i=0

Furthermore, we have the following more precise information:

(a) cno(e) =1;
(b) cnan-1(a) = a®";
(c) deg,(cni(a)) <d-i, fori=0,...,d" %

Proof. We prove that statements (a)-(c) hold by induction on n; the case n = 1 is obvious
since fy(a) = a?+ X and so, ¢1 () = 1, while ¢; 1(a) = .

Now, we assume the statements (a)-(c) hold for ¢,; (for 0 < i < d""!) and we prove the
same statements also hold for ¢,41,; and 0 < ¢ < d". We have

dn—l d

(3.1.3) Prs1a() = PaaN)'+ 2= | D cai(@d®™ 77| 4
=0

By inspecting the expansion, ¢y110(c) = cno(a)? and cpy1an() = ¢, gn-1(a)?. Hence,
statements (a)-(b) follow by the inductive hypothesis.

Finally, regarding statement (c), we assign weight d to A and weight 1 to . The total
weight of each monomial (in o and \) from P, () is therefore at most d" (using the inductive
hypothesis for (c¢) along with equation (3.1.2)). Then using the recurrence relation (3.1.3), we
conclude that each monomial in P41 4()\) has weight at most d"™!; therefore, the degree of
each cp414(a) is at most d - 7, as desired. O
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The following result is an easy consequence of Lemma 3.2.

Lemma 3.3. For each o, 3 € L and for each n € N, there exist finitely many X\ € L such that

fla) = 5.
Proof. Since P, o(A\) = B (see (3.1.2)) is an equation of degree d"~! (in \), there are only
finitely many solutions \ € L. O

3.2. Transcendence degree for the field generated by our points. We let ay,a2,8 € L
and let C'(aq, ag; 5) be the subset of L (as in (2.1.1)) consisting of all A for which there exist
some m,n € N such that

(3.2.1) [ ar) = f{(a2) = B.
Lemma 3.4. If A € C(a1,a2; 3), then A € Fp(ai, B) N Fp(az, B).

Proof. Writing f{*(c1) = 8 as Pp.a,(A) = 0, ie.,

dm—l
M ST (e =,
i=0
we obtain A € Fp(a1, 8). By symmetry, we also have A € F,(ag, 3). d

Lemma 3.5. If C(a1,a; ) is nonempty, then ay € Fp(ag, f) and az € Fp(ai, 5).

Proof. Let A € C(aq,az; ), i.e., A satisfies equations (3.2.1). Then Lemma 3.4 yields that

(3.2.2) X e Fplaq,B).

Writing f{(a2) = B as Ppa,(A) = 5, ie.,

(3.2.3) A + cn,l(og))\d"*l_l +o e an-1og ()N + aQ" =5,

where for each i = 1,...,d" 1 — 1, ¢, ;(a2) is a polynomial in ag of degree at most d - i < d"

(according to Lemma 3.2 (c)), we conclude that ay € Fy,(X, ). Then equation (3.2.2) yields
the desired conclusion that as € Fp(av, ). By symmetry, we also have aq € Fp(aw, ). O

Lemma 3.6. If C(a1,a;B) is infinite, then oy € Fp(ag) and az € Fp(ay).

Proof. Suppose C(aq,aq9; ) is infinite. Due to the symmetry between «; and o, it suffices
to prove that a; € Fp(az) (since an identical argument would yield ap € Fp(a)).

We let Ly := Fp(az) and K := Li(a, ). If K = Ly, then a; € Ly = Fp(ag), as desired.
Henceforth, we assume K/L; is a function field, either of transcendence degree equal to 1,
or of transcendence degree equal to 2 (in which case, ay and ( are algebraically independent
over Li). We argue by contradiction and assume that oy ¢ L.

Let V be a smooth projective variety defined over L; whose function field equals K (either
V' is a curve if trdeg; K = 1, or V = P2 if ay and B are algebraically independent over
Ly). Let Qy be an inequivalent set of absolute values on K corresponding to the irreducible
divisors of V. For the function field K/L;, we have:

(3.2.4) |7|w < 1 for each w € Qy if and only if v € Ly.

Since o ¢ Lj, there exists v € Qy such that |a;], > 1. We also fix an extension of |- |, to an
absolute value on K C L.
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Let XA € C(aq,az; B); so, there exist m,n € N such that f{"(a1) = f{(a2) = . Since we
assumed that C'(aq, ag; ) is infinite, Lemma 3.3 allows us to assume that both m and n are
arbitrarily large; in particular, we may assume that

(3.2.5) 1Blo < |ag @™

The equation f{(ag) = f yields Py q,(\) = 5 and so, using equation (3.1.2) along with the
fact that |asl, <1 (see (3.2.4)), we conclude that

(3.2.6) IAlp < max{| 8]y, 1}aT.

On the other hand, the equation f{*(a1) = f yields Py, o, (X) = 5, i.e.,
dmfl

(3.2.7) AT ST (o) AT =,
i=1

Lemma 3.2 (c) yields that deg(cm,;) < d-i for each i = 1,...,d™1; also, ¢, gm-1(c1) = af".

Since |Bl, < |a1|?™ by (3.2.5), there exists some i € {0,...,d™ ' — 1} such that

(3.2.8) \cmﬂ-(a) DGl

> [on[d"
v

Because each ¢, ; is a polynomial with coefficients in F, of degree at most d - i (according to
Lemma 3.2 (¢)), we have that

(3.2.9) lem,i(a)l], < lay|4? for each i = 0,...,d™ "1 — 1.
Combining inequalities (3.2.8) and (3.2.9), we obtain that

(3.2.10) Ao > o 2.

Next, combining inequalities (3.2.6) and (3.2.10), we get

(3.2.11) max {|Blv, 1} = A9 > o |¥" > 1.

Inequalities (3.2.5) and (3.2.11) provide a contradiction; so, we must have that a; € L;.
This concludes our proof of Lemma 3.6. O

Proposition 3.7. Let ay, a9, 5 € L and assume C(aq, ao; B) is infinite. Then at least one of
the following two conditions must hold:

(1) af = af.
(2) B € Fplar) =Fp(az).

Proof. First, Lemma 3.6 yields the equality F,(a1) = Fp(a2). So, letting Ly := Fp(a), it
suffices to prove that if 3 ¢ Ly, then af = 4.

We let K1 = Li(B); this is a rational function field of transcendence degree 1 (since we
assumed that B ¢ Li). We view K; as the function field of P! over L;. Let | - | be the
absolute value on the function field K7/L; corresponding to the place at infinity from ]P’il;

hence 8| > 1. We fix an extension of |- |« to an absolute value on the algebraic closure K.
Let j € {1,2}, let A € K7 and let £ € N such that f{(a;) = 8. Then equation (3.1.2) yields

défl
(3.2.12) R R () RO )

i=1
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Since |cp ()|, <1 (note that a; € L), we get that
1
(3.2.13) Moo = |BlE > 1.
Now, let A € C(aq, ag; ), and let m,n € Nsuch that f{"(a;) = f{(a2) = 8. Equation (3.2.13)
yields that

_1 _1
Moo = 1Bl = 1B1& 5
since |f|oo > 1, we have m = n. Consequently, P, o, (A) = Pras(A) = 5, ie.

dm—l dm—l
(3.2.14) AT 3T ian) AT = AT Y e (ag) AT
i=1 =1
with the notation for ¢,; as in Lemma 3.2. Noting that ¢, gm (o) = a?m for j = 1,2,
equation (3.2.14) yields
dm—1-1
m—1__; m m
(3.2.15) 37 (emalar) — emglaz)) - AT (ad Y ) —0.
i=1
Because A is transcendental over L; (due to (3.2.13)), equation (3.2.15) yields that
(3.2.16) od" = ad" and
(3.2.17) cmi(a1) = emi(ag) for each i =1,...,d" ! — 1.

Now, we write d = p" - s, for some nonnegative integer r and some positive integer s, which
is not divisible by p. If s = 1, i.e., d = p", then equation (3.2.16) yields that ay = a9 and
therefore, condition (1) from the conclusion of Proposition 3.7 holds.

Next, we assume s > 2.
Lemma 3.8. With the above notation, we have that ¢,,; =0 fori=1,... ,pm=D" 1 while

Cop pim—1r () = s(pr<M7l>_1)/(pr_1)a§m$ forj=1,2.

Proof of Lemma 3.8. The result follows readily by induction on m, using the recurrence re-
lation (3.1.3). The desired formula holds trivially also when m = 1. To aid the reader’s
intuition for the general case, we show the computation for m = 2. For the sake of simplifying
our notation in Lemma 3.8), we let a := «a; (for j = 1,2) and observe that

d T.s I r\ S
Pra(X) = <ad + A) = (o + ) T+ A= (oﬁp2 + NP ) + A,
which yields that

Pyo(N) =M% 4 5. a®?”" . \"(5=1) 4 Jower order terms,
proving the claimed formula when m = 2. For the inductive step, assume the formula holds
for some m > 1:

Ppo(N) = AP T D=1 /(071 o2 AP (8™ 1) 1 Jower order terms.

Then the recurrence relation (3.1.3) yields

Pm+17a()\) _ ()\p(m—l)r_sm—l + S(pr(m—l)il)/(pril)aprms ) Ap(7,L71)T.'(STVL71—1) L. )p S X )\
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Since the field has characteristic p, we can distribute the p” exponent, which gives
Pm+1’a()\> _ ()\pmv‘.smfl + Spr.(p'r(mfl)_1)/(p7‘_1)apr(m+1)s ) )\pmr‘,(snl—l_l) T )S " )\

We conclude that

mr, om T (mr(m—1)__ T_ r(m+1) . —1,(c_ . —1_ .
Prita(X) = A" g P (p D/E"=1) P s \P"Tsm T (s=1)4p™T (sm 1)+ o e,

pr(m+1) s

m p"™Mm—1 m__,mr
Prt1,a(N) = A" 4 s o AP 4 Jower order terms,

which completes the inductive step and thus proves Lemma 3.8. O

Applying Lemma 3.8, the equation (3.2.17) implies that:

(3.2.18) S(p*(m‘”—l)/(p”—l)all’rms _ 5(10“’”‘1)—1)/(:0*—1)0/2“”3.
mcee s m ¥, equation (3.2. ylelds a7 = a5 and therelore, af = a5, as desired.
Si 0inF, ion (3.2.18) yields of = aj and theref ¢ = af, as desired
This concludes our proof of Proposition 3.7. O
4. HEIGHTS

In this Section, we establish the framework of absolute values and heights needed for our
proof of Theorem 2.1. Throughout Section 4, we let ¢ be a transcendental element over IF),.

4.1. Absolute values for the one-variable rational function field. We let g := QFP ®

be the set of absolute values on F,(t) defined as follows. For each ¢ € F, we have the unique

absolute value | - |,, in €y normalized as follows: for any nonzero rational function g—; (with

g1, 92 € Fu[t] \ {0}), we have
g1
92

— eordc (g2)—ordc(g1)
)

Ve

where ord.(g) is the order of vanishing at the point ¢ € F, of any nonzero polynomial g € F[t].
Besides the above absolute values |- [,,, we also have the absolute value |-, € €29 normalized
as follows: for any nonzero rational function Z—; (with g1, 92 € Fp[t] \ {0}), we have

g1
92

— edeg(g1)—deg(g2)

Voo

It is immediate that for each nonzero rational function g € F,(t), we have the following
product formula:

(4.1.1) IT lolo = 1.

IS

4.2. Extending the absolute values to the perfect closure. We let Ly C L be the
perfect closure of Fy(%), i.e.,

(4.2.1) Lo:=F, (t, (P P L et ) .

The field Ly is perfect, meaning all its finite extensions are separable.
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Each absolute value | - |, from € has a unique extension to an absolute value on Lg; we
denote by €27, the set of all these extended absolute values. Once again, we have a product
formula for each nonzero v € Lyg:

(4.2.2) H e = 1.

UEQLO

4.3. Heights for any algebraic element. For any real number u, we define log™ |u| :=
log max{|ul,1}.

We fix a finite extension K of Ly. For any absolute value ||, € Qr,, there exist finitely many
places w of K lying above the place v of Ly, denoted by w|v. We normalize the corresponding
absolute values | - |, on K, and we denote by Q := Qg the corresponding set of absolute
values. For each v € Ly and each v € Q,,, we have the following relation:

(4.3.1) Vo= ] e

’wEQK
wlv

Using equations (4.3.1) and (4.2.2), K satisfies the product formula with respect to the abso-
lute values from Q = Qg i.e.,

H |7lw = 1 for each nonzero v € K.
we

We fix an algebraic closure K of K. Then for each w € Q = Qy, we fix an extension of | - |,
to an absolute value on K.
For any v € K, we define the Weil height of «y as follows:

(4.3.2) h(y) = hic(y) == m Y Yot o),
: U(fﬁ{(l)i:fUEQ

Remark 4.1. By construction, the Weil height depends on our choice of field K. In our
proof of Theorem 2.1, we will choose a field K so that it contains ai, ag, 5 (for more details,
see Section 6).

4.4. Canonical heights. For any A € K, we consider the polynomial fy(z) = 2% + A of
degree d > 2. Let v € K. For each v € Q = Qp, we construct the local canonical height:

(4.4.1) hao(y) := lim w.

n— o0 dan

Equation (4.4.1) yields that for each m € N:

(4.4.2) haw (F2(7)) = d™ - ()-
We define the (global) canonical height ﬁA(y) as follows:

(4.4.3) ha(e) = lim h (O

n—oo dn

Equation (4.4.3) yields that for each m € N:
(4.4.4) ha (5 () = d™ - Ba ().
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For more details regarding the canonical height associated to a polynomial, see [Sil07, Sec-
tion 3.4] and also [CS93]. Furthermore, we have the following connection between the local
and the global canonical heights.

Lemma 4.2. Let o € K and A € K. Then the following holds:

~ 1 ~
(4.4.5) h)\(a) = m : Z B Z ha()\),v(a)'
o K(\)—K veQK
o|lg=id|x
Proof. Employing equations (4.4.3), (4.4.1) and (4.3.2), we have:
~ 1 .1 n
(4.4.6) (@) = ey i g > D> logt o (fR (),
' o K(\)—K veflx
o|lx=id|k

and so, because o € K, we get

~ 1 1
o K(\)—K veQlkx
olx=id|x
~ 1 ~
(4.4.8) ha(a) = m : Z Z ha(k),v(a)-
veQK o:K(\) =K
olk=id|k

The limit and the corresponding summation over all v € Qg in (4.4.7) can be interchanged,
because the limit equals 0 for all but finitely many places v (see [Ghi, Lemma 3.4]). O

5. BOUNDS FOR THE CANONICAL HEIGHT FOR OUR FAMILY OF POLYNOMIALS

We continue with the framework for local and global canonical heights from Section 4. Let
_ 1
Lo =T, (t,t%,tzﬂ,-.-)

and let K be a finite extension of Ly. We denote by 2y the set of absolute values on L
constructed as in Subsection 4.2. Also, we let  := Qg be the normalized absolute values on
K corresponding to the places of K lying above the places from g (see Subsection 4.3). In
addition, we fix an extension of each |- |, to an absolute value on K. We construct the local
and global canonical heights (see equations (4.4.1) and (4.4.3)) with respect to polynomials
fr(z) i= 2% 4+~ (for v € K). The following result is proved in [Ghi, Lemma 3.4].

Lemma 5.1. Let v € Q and let y,\ € K.
(Z) If |7‘U <1 and |)\’v < 1, then E)\,v('}/) =0.

(ii) If |7|2 > max{1,|Al,}, then hy,(v) = log|y], > 0.
- log |Alv
(iii) If [Nl > max{1, |74}, then hy,(7) = 222 > .

Lemma 5.1 yields the following key inequality.

Proposition 5.2. For o € K and \ € K, we have that
h(}) h(

(5.0.1) — ) < ha(a) < dA) + h(w).
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Proposition 5.2 belongs to a long series of results regarding the variation of the canonical
height in algebraic families. Most of these results are formulated over number fields (see
[CS93, DM23, GM13, Ing13, Sil92, Sil94a, Sil94b, Tat83]); by contrast, only a few such results
are stated over function fields of positive characteristic (see [Ghi24]).

Proof of Proposition 5.2. We first prove the right-hand side inequality from (5.0.1).

Let v € Q = Qg and let 0: K(y) — K be a field homomorphism fixing K pointwise. We
let

log™ |0 (A)s
(5.0.2) M, = log™ |al, + og|da()|.
Lemma 5.1 (i) shows that
(5.0.3) if afu, [0(A)]y < 1, then Ay(yo(@) = 0= M,,.

1
Next, assume that max{|aly, [0(N)|,} > 1,1.e., My, > 0. If |a|, > [o(N)|d, then Lemma 5.1 (ii)
yields that

(5.0.4) EU(A)w(a) = log|aly < My 4.

If |afy < |U()\)|§, then Lemma 5.1 (iii) guarantees that

(5.0.5) Ro(ayw = W’ < My,

Now, if |afy = [o(A)[§ > 1, then we get | f,(x) ()], < al? = [o()], and so,
(5.0.6) log | £,y (@)], < d- M.

For each n > 1, we have

d
(5.0.7)

v

)], < max{ |2y @) o1}

Employing inequalities (5.0.6) and (5.0.7), a simple induction on n results in:

(5.0.8) ’ 20 (oz)‘v <d M,,.
Inequality (5.0.8) and the definition (4.4.1) of the local canonical height together give:
(5.0.9) Pany0(a) < M.
Using equations (5.0.9), (5.0.5), (5.0.3) and (5.0.4), along with Lemma 4.2, we get that
~ 1 1
@) = Y Y @ € e Y S My, and o
[K(\): K] K(\): K] _
o:K(\)—K vefl o:K(\)—K vefl
olx=id|k olx=id|x
~ 1 1 v . .
ha(a) < ——="- Z <logJr ||y + 0g|()|> , which yields
KOV K] 2= 2
o K(\) =K Ve
o|k=id|g

a) < (Zlog+ |04|v> + d[K(l)\)K] Z zzlogJr |o(M\)|y; hence

veld K\ =K ve
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~ h(A
(5.0.10) hx(a) < h(a) + (d)’ thus proving the right-hand side of (5.0.1).

Next, we will establish the inequality from the left-hand side of (5.0.1). Again, we obtain

+
suitable inequalities for each place v € ; this time, we define N, , := % —log™ |als.

Immediately, we note that

(5.0.11) if log™ [0(A)]y < d-log™ |aly, then hyy ,(a) > 0> N,.

On the other hand, if |0()\)|, > max {1, |a|?}, then Lemma 5.1 (iii) yields that

log[o(A)]y log™ |o(A)
d B d
Combining inequalities (5.0.11) and (5.0.12) along with Lemma 4.2, we obtain

~ 1 1
TR P IR SUEEEES (VTP DD D

(5.0.12) Ro(ay(@) = o > N,.

o:K(\)—K veQ ’ o K(\)—K veQ
o|x=id|k olx=id|k
and so,
~ 1 1
ha(a) > Z Z < og” —log™ \04\@) , which yields
KK 2 2

o:K(\)—K veE
o|lx=id|k

ﬁ)\(a) > d[K(l)\)K] : Z Z log™ | (A (Z log™* ’O"v> ; hence

o:K(\)—K vef veQ
olx=id| g
~ h(X) . .
(5.0.13) hx(a) > = " (), as desired for the left-hand side of (5.0.1).
Inequalities (5.0.10) and (5.0.13) establish the desired conclusion of Proposition 5.2. 4

The following result is instrumental in our proof for Theorem 2.1.

Proposition 5.3. Let d > 2 be an integer, let o, 3 € K and let A € K. Let fy(z) := 2% 4+ X
and let m € N. If f{"(«) = 3, then

(5.0.14) ha(a) < Qh(a)d—;w.

Proof. From Proposition 5.2, we have the inequalities:

h(A)
——= 4+ h(B).

Y 4 h(s)
Using the condition f{"(a) = 3 and the identity dmﬁA(a) = ?L,\(B) from equation (4.4.4), we
combine the inequalities in (5.0.15) to obtain:

(5.0.15) ha(a) > = — h(a) and hy(B) <

(5.0.16) . (h(j) - h(a)) < h(j) + h(B).
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Rearranging the terms in (5.0.16) gives an upper bound on the height of A:

< dm . hc(lgd)_j- h(ﬁ)

Using the fact that d™ — 1 > %~ (since d > 2 and m > 1), inequality (5.0.17) becomes

2d™ - h(a) + 2d - h(B)
(5.0.18) h(\) < o

Combining inequality (5.0.18) with the second inequality in (5.0.15) leads to

(5.0.17) h()\)

~ m+1 | .
(5.019) () < MY 4 (g < 2O 2 20RE) ),
Since d™*! > 2d for d > 2, inequality (5.0.19) implies
(5.0.20) EA(/B) < 2h(a) + h(B) + h(B) = 2h(a) + 2h(p).

Finally, using k. (o) = h?l,(f ) from equation (4.4.4) along with inequality (5.0.20), we obtain

~ 2h(a) 4+ 2h(B)
ha(a) < gm0

as desired. O

6. PROOF OF THEOREM 2.1

We work with the notation and hypotheses from Theorem 2.1. In particular, we have the
family of polynomials fy(z) = 2% + X (with a fixed d > 2) parameterized by A € L, where L
is a field of characteristic p. Furthermore, for some a1, ag, 8 € L, the set

(6.0.1)  C(ou,a0;8) = {X € L: there exist m,n € N such that f{*(c1) = f}(az2) = 8}

is assumed to be infinite. Our goal is to prove that one of the alternatives (i)-(iii) in Theo-
rem 2.1 must hold. We split our analysis into several subsections.

6.1. Reduction to a field of transcendence degree one. We first prove that we may
assume « is transcendental over [F,,.

Proposition 6.1. Under the hypotheses from Theorem 2.1, at least one of the following three
alternatives must hold:

(A) af = af.
(B) i is transcendental over ¥y, while az, B € Fy(ar) C L.
(C) at, a9, € Fp.

Proof. Either o belongs to Fp or o is is transcendental over IF,,. First, if a; € Fp C L, then
as € F, by Lemma 3.6. Applying Proposition 3.7 yields af = o which is alternative (A), or
B € F,, which is alternative (C).

Next, assume «; is transcendental over F),. Lemma 3.6 yields ap € Fy(c). Furthermore,
Proposition 3.7 yields 8 € F,(ay) which is alternative (B), or o = a4 which is alternative (A).
The proof of Proposition 6.1 is complete in all cases. O
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The alternatives (A) and (C) from Proposition 6.1 match the alternatives (i) and (iii) from
the conclusion of Theorem 2.1. In light of Lemma 3.6 and Proposition 3.7, we may henceforth
assume that:

(6.1.1) a1 ¢ F, and also, ag, 8 € Fp(aq).

We will prove that under hypothesis (6.1.1), at least one of the alternatives (i) or (ii) from
Theorem 2.1 must hold, i.e.,

i) a = a4 or
() 1 29

(ii) d is a power of the characteristic p of our field L, and a1 — 8,0 — 8 € E).

6.2. Two sequences of heights tending to zero. Working under the assumption (6.1.1),
let t := oy (which is transcendental over F),) and also, let

— 1 1 1
Lo ::IFP <t7tp>tp>"' 7tpk)"'> .

Then, according to (6.1.1), there exists a finite extension K of Lo such that a1, 0,8 € K.
As a consequence of Lemma 3.4, we have that C'(a1,a9;8) C K. Next, we obtain an easy
consequence of Proposition 5.3, which is key for our argument.

Proposition 6.2. There exist an infinite subset {\;} in K such that
(6.2.1) lim hy, (a1) = lim hy, (a2) = 0.
k—ro0 k—ro0

Proof. Using Lemma 3.3, for each ¢ € N there exist finitely many A € K such that f{(a1) =

B (or fi(az) = B). Therefore, there exists an infinite sequence {\}ren of elements in
C(a1,a9; ) C K for which the corresponding exponents my, nj, € N satisfying
(6.2.2) (o) = fi¥(az) = B,
must also satisfy
(6.2.3) lim my = hm ng = o0.
k—o00 k—o00

Now, applying Proposition 5.3 to the two relations in (6.2.2) yields the following inequalities:
2h(en) + 2h(8) 2h(az) + 2h(8)

dmk d"k '
Inequalities (6.2.4) combined with equation (6.2.3) lead to the desired conclusion. O

(6.2.4) I, (1) < and hy, (ag) <

6.3. Equality for all local heights. First, for each v € Qg, we fix an extension of |- |, to

an absolute value on the entire K; also, we define the local canonical heights h Aw asin (4.4.1).
Next, we state [Ghi, Theorem 4.1], which is instrumental in our proof.

Theorem 6.3. With the above notation for K,a1,as, assume there exist infinitely many
{ Ak} ken such that limg_, hAk (1) = limg_y00 h)\k(ag) = 0. Then for each A\ € K and for
each v € Qg , we have that

(6.3.1) haw(a1) = hyu(az).

Proposition 6.2 yields the existence of an infinite sequence {\x } ren such that the hypotheses
in Theorem 6.3 are met. Therefore, we conclude that equation (6.3.1) holds for each absolute
value | - |, and for each \ € K.
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6.4. Finishing the proof of Theorem 2.1 in the special case when the degree is a
power of the characteristic. In this Subsection, we work under the additional hypothesis
that d = p* for some ¢ € N; also, we know that equation (6.3.1) holds. With this new
assumption, we will prove that

e either oy = aw, i.e., conclusion (i) from Theorem 2.1 holds.
e or a; — 3,as — B € I, i.e., conclusion (ii) from Theorem 2.1 holds.

Since d = p, the iterates of f)(z) = 2% + £ have the following explicit form:
n—1

(6.4.1) fiz) ="+ 3N
=0

for each n € N. The formula (6.4.1) will help in the proof of the following result.

Proposition 6.4. With the above assumptions, we have a; — az € F.

Proof. We argue by contradiction. Assume a3 — s ¢ Fp, which means there exists some
v € Qk such that |y — asl, > 1. Since |ag — agl, < max{|ai|y, |a2]y}, we may assume
without loss of generality that |aa|, > 1. We choose n € N large enough so that

(6.4.2) ‘Ozl — ag‘gn > |042‘v.

We let A € K such that f{'(az) = 0. By equation (6.4.1), we have:

(6.4.3) o Y T =0,
First, we compute the local canonical height of ay. Since |aa|, > 1, equation (6.4.3) implies:

1 1
(6.4.4) Ao = loald" = Jazli.
As [ (a2)]y =0 < |)\|11,/d, we apply Lemma 5.1 (iii) and use (6.4.4) to find:

~ log | A log |
(6:4.5) P (ff(a2)) = 2B _ loglazly
Combining equations (6.4.5) and (4.4.2), we obtain:
~ log |as]

(6.4.6) hy(ag) = WQU

Next, we compute the local canonical height of ;. Using equations (6.4.1) and (6.4.3), we
express f}' (1) as follows:

n—1
nt il nt nt n

(6.4.7) Rar) =aof + Z A=t b = () — ag)?

=0
Using equations (6.4.7), (6.4.2) and (6.4.4), we deduce that

1

(6.4.8) 2], = lon — aald > |asly > [agld = [Al.
Equation (6.4.8) allows us to apply Lemma 5.1 (ii), which yields
(6.4.9) Paw (fen)) = log £ ()], = " log as — ag},.
From equations (6.4.9) and (4.4.2), it follows that

(6.4.10) E)\m(al) = log |a1 — aaly.
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Finally, comparing the local heights from equations (6.4.6) and (6.4.10), our initial choice
of n in inequality (6.4.2) shows that hy (1) > hy,(2). This contradicts equation (6.3.1).
Therefore, there is no v € Qx such that |y — as|, > 1. Hence, ag — ag € EJ, as desired. O

We recall the existence of the infinite sequence {\;}ren in K for which there exist corre-
sponding exponents my, ng € N such that

(6.4.11) fokE(an) = [k (a2) =B

for each k € N. The next lemma shows that if my = nj for some k € N, then conclusion (i)
from Theorem 2.1 must hold.

Lemma 6.5. If my = ny for some k € N, then a3 = as.

Proof. Since d = p’, we have that f,(2) is a permutation polynomial on K (for each \ € K);
it follows that f{* also induces a permutation on K for each m € N. Therefore, if mj = ny,
the condition f\*(a1) = f\*(az2) becomes f)'*(a1) = f\*(az), which implies a1 = as. [

Lemma 6.5 thus shows that alternative (i) from the conclusion of Theorem 2.1 holds if
my, = ny, for some k € N. From now on, we assume that my # ny for all kK € N.

The following result is an easy application of the formula for f{(z) from equation (6.4.1).
Furthermore, Lemma 6.6 will also be used in Section 8 in the proof of Theorem 2.2.

Lemma 6.6. Let o, A € K and let v € Fp. If for some m € N the following holds:
(6.4.12) (o) =a+7,

then o and o + v are periodic under the action of f.

Proof. Equation (6.4.1) and our hypothesis (6.4.12) together yield:
£ £ m] il £ £
(6.4.13)  fi"(a) = fTa+) =a" +7" + 3 N =" 4 f0) =" +y+a
i=0

An easy induction (iterating the computation from (6.4.13) and employing equation (6.4.12))
shows that for each n > 1,

n—1
(6.4.14) et =Y """ +a
=0

We choose 7 € N such that vy € F,r. Equation (6.4.14) then implies that for each n > 1,
(6.4.15) " a+7) —a € Fy.
Equation (6.4.15) shows that the sequence { f{""(a+7v)—a},>1 takes only finitely many values.

Therefore, there exist positive integers ¢1 < £o such that f;”él (a+7v) = ;\nb (o + 7). Hence,
a + 7 is preperiodic under the action of fy. By equation (6.4.12), o must also be preperiodic
under the action of f\. Finally, because f, induces a permutation on L (as explained in the
proof of Lemma 6.5), any preperiodic point is necessarily periodic. Thus, both o and « +

are periodic points for fy, as desired. O

The following result is an immediate consequence of Lemma 6.6.
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Lemma 6.7. With the notation as in equation (6.4.11), for each k € N, the points a1, ag,
and B are periodic under the action of f», .

Proof. Let k € N. By our assumption that my, # ng, we may assume without loss of generality
that my < ng. Because f)(z) induces a permutation on K, the relation (6.4.11) implies

(6.4.16) a1 = [T (a).

Since ngp — mp > 1 and a1 — as € Fp by Proposition 6.4, equation (6.4.16) provides the
hypothesis needed to apply Lemma 6.6. The lemma then implies that a; and a9 are periodic
under the action of f),. From (6.4.11), 3 is also periodic under the action of fy, . O

We already proved that oy — ag € Fp; the following result shows that a; — 8 € Fp as well,
which gives the complete picture for alternative (ii) from the conclusion of Theorem 2.1.

Proposition 6.8. We must have oy — 5 € Fp.

Proof. Fix k € N, and let A := \;. According to Lemma 6.7, a1 and § are periodic under the
action of fy. Using formula (6.4.1), we compute:

(6.4.17) (aa) — f(B) = (a1 — 6)pnz for each n € N.

Since both sequences {f{(a1)}n>1 and {f{(8)}n>1 have finitely many elements, the left-
hand side of (6.4.17) takes only finitely many values as n € N varies. Thus, the right-hand

side of (6.4.17) also takes finitely many values, that is, (o — B)pnle = (a1 — B)anZ for some

positive integers n; < ng. Consequently, we obtain oy — 3 € IF,. O

To summarize, Propositions 6.4 and 6.8 yield that when d = p, the hypotheses in The-
orem 2.1 imply that at least one of the alternatives (i)-(iii) from its conclusion must hold.
Therefore, for the remainder of the proof, we assume d is not a power of p.

6.5. Conclusion for our proof of Theorem 2.1. We have now reduced the proof to the
case where a; ¢ I, and d is not a power of the characteristic p. The following result, which
is [Ghi, Proposition 5.1], provides the final step.

Theorem 6.9. With the above notation for K, oy, as, assume equality (6.3.1) holds for each

absolute value | - |, and for each A € K. Ifd is not a power of p = char(K), and at least one

of a1, az is not in Fp, then of = af.

This completes the proof of Theorem 2.1.

7. PROOF OF THEOREM 2.4

In this Section, we prove Theorem 2.4. We work under its hypotheses: d > 2 is an integer,
L is a field of characteristic p, and «, 3 € L. As before, we consider the family of polynomials
fr(z) = 2% + X\ parameterized by A € L. We will prove that the set

(7.0.1) C(o; B) = {X € L: there exists m € N such that f{"(«) = 8}

is infinite.
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7.1. Proof of Theorem 2.4 when the degree is a power of the characteristic of our
field. We first prove Theorem 2.4 under the additional assumption that d = p® for some
ZeN.

Lemma 7.1. With the above assumptions, C(«; 3) is an infinite set.

Proof. Since d = p%, the equation () = 8 has the following explicit form due to (6.4.1):

m—1
(7.1.1) o+ 3N = 5.
=0

As the equation (7.1.1) is separable (in A), it has distinct roots for each m. Therefore, the set
C(a; B), being the union of these roots over all m € N, is infinite. O

7.2. Conclusion of our proof for Theorem 2.4. In light of Lemma 7.1, it suffices to prove
Theorem 2.4 under the assumption that d is not a power of p.

We argue by contradiction and assume C(q; ) is finite. Let C(a; 5) = {A1, A2, ..., A} for
some r € N. For each m € N, the expansion of f{"(«) from Lemma 3.2 yields the equation:

dm=1-1
(7.2.1) Pra) =2"" 4+ 3 cpila) AT 40 = 5.
i=1
Since C(a;B8) = {A1,A2,...,Ar}, for each m € N, there exist some nonnegative integers
€m,1,- - - €m, such that the polynomial P, o(u) — 8 € L[u] factors as follows in L[u]:
T

(722) Prna(u) = 8= [ Jw=A)rs.

i=1

Note that the left-hand side (as a polynomial in L[u]) is a monic polynomial by (7.2.1), which
justifies the right-hand side of (7.2.2) because all the roots of Py, o(u)—f are among A1, ..., Ay.
On the other hand, we have the recurrence formula:

Pri1,0(u) = Pra(u)? +u,
which combined with equation (7.2.2) yields

r d r
(7.2.3) (H(u _ )\i)em’i + B) +u— ﬁ — H(u o )\i)em+1,i.
=1

i=1

To interpret the equation (7.2.3), we consider the subgroup I' of G2,(L(u)) spanned by all the

elements (u — \;, 1) and (1,u — \;) for i = 1,...,7. We also consider the curve V inside G2,
defined by the equation
(7.2.4) (z+B) =y +(B—u).

Since the equation (7.2.4) for V' is linear in y, the curve V is geometrically irreducible. Also,
equation (7.2.3) shows that V(L(u)) NT is infinite, as it contains all points of the form

(7.2.5) (Pm@(u) — B, Pm+17a(u) —-p) = (H(u — \)om, H(u . )\i)em+1,i> )

i=1 =1

Note that ¢ # B — u because f € L and u is a transcendental variable over L; thus,
equation (7.2.4) shows that the curve V is not the translate of an algebraic subgroup of G2,.
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Indeed, the equation of any translate of a proper subtorus of G2, (defined over L(u)) is of the

form x%® = ¢ for some ¢ € L(u)* and some integers a and b, not both equal to 0.

We now employ [MS04, Theorem B], which states that the intersection V N T is a finite
union of sets of the form

(726) A(n077717---7ns;k17"'7k8)'H7

where H C T is a subgroup, s € N, while for some given 79,71, ...,7s € G2,(L(u)) and some
ki,...,ks € N, we have that

5 kin;
(727) A(?’](),??l,...,ns,kl,...,k's) = {nol_[nf :TliGN}.
=1

In formula (7.2.6), we use the notation C - Co for any two subsets Cq,Cy C G,Qn to denote the
set {c1-co: ¢ € C; fori =1,2}.
Furthermore, as explained in [MS04, Remark 2.11], there exists some N € N such that

(7.2.8) nV el fori=0,1,...,s.

Since V is an irreducible curve which is not a translate of an algebraic subgroup of G2, the
subgroups H from equation (7.2.6) must be finite (see also [Ghil9, Corollary 2.3]). Therefore,
at the expense of replacing each set (7.2.6) by finitely many other sets of the form (7.2.6), we
may assume from now on that H is the trivial subgroup of T

As V is a curve, we have s = 1 in equations (7.2.6) and (7.2.7) by [Ghil9, Corollary 2.3].
Thus, the intersection V' N T is a union of finitely many sets of the form

kn
A(no,ms k) = {"70 ny ine N},
for some given n,n; satisfying (7.2.8) and some k € N. Next, we write each n; = (’7j,1, 7j,2)

for j =0,1. Using (7.2.8), we can express

r

(7.2.9) 'y;?fl =: H(u — Ag) %,
i=1

for some integers a;; for j = 0,1 and ¢ = 1,...,r. Therefore, the N-th power of the first
components (in G2,) of the points in A(ny,n1;k) are of the form
T
(7.2.10) [T (u — rgyeosteons™,
i=1
as we vary n in N. In particular, the degrees in u of the polynomials appearing in equa-
tion (7.2.10) form the set

(7.2.11) {Ag A e N} ,

where Ay := Y _;ap; and Ay :=>"._; a1;. On the other hand, we already know that V NT'
contains the elements from equation (7.2.5); in particular, each P, o(u) — 8 (as we vary
m € N) appears as the first component of an element from the intersection VN T. We have
(see (7.2.1)) that the degree (in u) of P, o(u) — 8 is d™~1. Therefore, the set

{d" ' m e N}
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is contained in the union of finitely many sets of the form (7.2.11). In particular, for some
choice of Ag and A; (and k € N), there exist infinitely many m € N such that the equation

(7.2.12) Ag + Aphn = dm L,

has some solution n € N. However, because d is not a power of p, equation (7.2.12) can have
only finitely many solutions. This finiteness is a consequence of deep results in Diophantine
analysis; for instance, it is a very special case of Laurent’s famous theorem on the Mordell-
Lang conjecture for algebraic tori in characteristic 0 [Lau84, Théoreme 2]. Alternatively, the
same conclusion follows from the theory of the S-unit equation [Sch90, Theorem 1.1]. This
final contradiction shows that the assumption that the equations (7.2.1) (as we vary m € N)
have only finitely many roots A € L is untenable. Therefore, the set C'(c; 3) must be infinite.

This concludes our proof of Theorem 2.4.

8. PROOF OF THEOREM 2.2

In this Section, we prove Theorem 2.2. We work under its stated hypotheses: L is a field
of characteristic p with points oy, az, 8 € L satisfying a; # ag, and d = p* for some ¢ € N.
As before, we let fy(z) = 2% + A for each A\ € L and consider the set:

C(on,a0; 8) = {\ € L: there exist m,n € N such that f*(a1) = f¥(a2) = 8}.
We let 01 := ag — a1 and 9 := S — 1. Furthermore, we assume
(8.0.1) 51 S FZ and 52 S Fq

for some finite subfield F, C L. Our goal is to prove that C(cu, ag; f) is infinite if the system
of two equations:

_ s1—1 _ pike
0 = ZZ’:() P

by = Zfial ot

has a solution (v, k, s1,52) € F; x N x N x N. Moreover, we will also show that if the sys-
tem (8.0.2) has no such solution, then C(a, ag; () is empty. We split our proof of Theorem 2.2
over several Subsections of Section 8.

(8.0.2)

ikl

8.1. Strategy for proving Theorem 2.2. We obtain the desired conclusion from The-
orem 2.2 by first finding explicit conditions which are equivalent with the existence of at
least one A\ € C(aq,a9;3) (see Proposition 8.3); more precisely, the existence of some A €
C(a1, ag; B) is equivalent to a solution to the system (8.0.2). Then we prove that one solution
to the system (8.0.2) leads to infinitely many solutions to the system (8.0.2) and in turn, this
leads to infinitely many A € C'(a1, ag; 3) (see Proposition 8.4).

We will also prove that equation (8.0.1) alone does not always imply that the set C (a1, ag; )

is infinite (see Proposition 8.5); in other words, there are examples of 61,2 as in (8.0.1) such
that the system (8.0.2) has no solutions and therefore, C(aq, ao; 8) is empty.
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8.2. Reductions in our proof of Theorem 2.2. Since as—ay, 83—y € Fp, then ay, o, B €
F,(cv1); so, without loss of generality (see also Lemma 3.4), we may assume that L = Fp(a1).

We first obtain more precise information regarding 6; = as — a1 and d2 = 8 — a; under the
assumption that C(ay, ag; 8) is nonempty. To that end, let A € C(ay, ag; 5) and let m,n € N
such that

(8.2.1) ' (en) = fi(az) = 6.

We will see next that we can, in fact, always assume m > n in (8.2.1).

Lemma 8.1. With the notation as in (8.2.1), we can assume that m > n.

Proof. First, we note that by Lemma 6.5, the case m = n implies a; = ai, which contradicts
the hypothesis in Theorem 2.2. Thus, it suffices to show that if n > m in (8.2.1), then we can
replace m by a suitable integer larger than n so that (8.2.1) holds.

Assume n > m in (8.2.1). Since f) induces a permutation on L, equation (8.2.1) implies:
(8.2.2) ;\l_m(ag) = ].

Since a1 — ag = =01 € Fp, we can apply Lemma 6.6 to equation (8.2.2) to deduce that both
a1 and «g are periodic points for fy. Let tg € N be the period of a1 under the action of f.
Define m’ := m + ntg. By periodicity of a1, we have f{* (a1) = f{*(a1) = B. This gives us
another instance of (8.2.1), namely, ff\”/(al) = f{(a2) = B. Since m’ > n, this concludes our
proof of Lemma 8.1. O

8.3. Different points in the orbit which differ by an element from E;. According to
Lemma 8.1, we may assume that m > n in equation (8.2.1).

Because d = p’, we recall from (6.4.1) that for every n € N,

n—1
(8.3.1) ) =" 1y N
=0
In particular, we have (for each z and ¢)
n—1
(8.3.2) (z+¢€) = P Z A= i(z)+ .
=0

Since fy(z) = 24+ = 27" + X induces a permutation on L and m > n, equation (8.2.1) yields
that fi""(a1) = ao. We recall that

(8.3.3) 01 =g —aq € IF:; and 02 :=  — oy € Fy; also, we let

(8.3.4) k € N be minimal with the property that f¥(a;) —a; € F,.

Note that f{"(c1) = 8 = a1 +d2 and f{" "(a1) = az = a1 + 61; so, equation (8.3.3) ensures
that k from (8.3.4) is well-defined. We let v := fX(a1) — a1; due to (8.3.4), we have

(8.3.5) v € F,.

For each a > 0, we write u, := ff“(al) — aq; clearly, ug = 0 and u; = 7. A simple induction
on a using equation (8.3.2) establishes the recurrence relation

(8.3.6) g =l + .
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a1) — a; and so,

To show the inductive step, we compute uq4+1 = f)lf (GH)(

8.3.2
tasr = 15 (#%01)) — a1 = £ (o1 +ua) —n O fh(a) + " — .

Since f¥(a1)—ay = v, we obtain the recurrence relation (8.3.6). In particular, equation (8.3.6)
shows that

a—1
(8.3.7) fiar) —ar = > 47" €,

=0
Lemma 8.2. Let s € N such that f{(a1) — a1 € Fq. Then k | s.
Proof. If k t s, then there exists a > 0 and r € {1,...,k — 1} such that s = ka + r. Then
equation (8.3.7) yields that u, = f§%(a1) — a1 € F,. Using equation (8.3.2), we compute:

e

(8.3.5) Filan) = F (o) = 5 (@) = filen +wa) = filen) +uf”,

Since u, € Fq and f{(a1) — oy € Fy (our hypothesis), we deduce f{(a1) — a1 € Fy from equa-
tion (8.3.8). However, since 1 < r < k — 1, this contradicts the minimality of k from (8.3.4).
Therefore, we must have that k | s, as desired. O

Using Lemma 8.2 along with equation (8.3.3), we conclude that m —n = ks; and m = ks,
for some positive integers s; < so.

8.4. The defining system of two equations and one unknown. According to equa-
tions (8.3.3) and (8.3.7), the original condition from (8.2.1) translates to two equations:

(51 = ;’\n_”(al) — Q] = )]\Csl (Oél) — Q1 = Uk, and so,
s1—1 ,
ik
(841) (51 — Z ,.Yp : and
=0

g = f;n(al) — Q] = /’\652(OZ1) — o] = Ugs, and so,

so—1

(8.4.2) =Y
=0

We summarize our findings so far in the following Proposition.

Proposition 8.3. With the notation as in Theorem 2.2, assume §1 = oy — a; # 0 and
0y = B — oy are contained in Fy. Then the set C(a1, aa; 8) is nonempty if and only if the
system (8.0.2) has a solution (v, k, s1,s2) € Fy x Nx N x N.

Proof. First, assume C(aq,ag;3) is nonempty and let A € C(aq,a2;5). Then f{*(a1) =
[ (c2) = B for some m,n € N. Since o; # ag, Lemma 6.5 implies m # n, and by Lemma 8.1,
we may assume m > n. This leads to the system (8.0.2) (see also equations (8.4.1) and (8.4.2))
to have a solution (v, k, s1, s2) € Fy x Nx N x N. Furthermore, the assumption d; # 0 ensures
that 7 # 0 due to equation (8.4.1).

Now, for the converse implication, we assume the system (8.0.2) has a solution (v, k, s1, s2) €
F; x N x N x N. From equation (8.3.1) we solve for A € L such that

(8.4.3) Far) = g + 7.
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Using again (8.3.1) coupled with (8.4.3), along with equations (8.4.1) and (8.4.2), we obtain
(8.4.4) ffsl(al) =1+ = a and

(8.4.5) 2%2(a1) = a1 + 8y = B

So, choosing m := ksy and n := k(sy — s1), we get that equation (8.2.1) holds; therefore,
A € Clag, ag; B), as desired.

This concludes our proof of Proposition 8.3. U

8.5. One solution to our system generates infinitely many parameters. We continue
with the notation as in Subsection 8.4. The next Proposition shows that once there exists
one solution v € Fy (and k, s1,s2 € Fy) to the system of equations (8.4.1) and (8.4.2), then
C(aq, ag; B) is infinite.

Proposition 8.4. If there exists a solution (v, k,s1,s2) € Fy x N x N x N to the equa-
tions (8.4.1) and (8.4.2), then C(au, ae; B) is infinite.

Proof. We write ¢ := p" for some r € N. We note that once we have a solution (v, k, s1, $2)
to the system (8.4.1)-(8.4.2), (v,k + r,s1,$2) also solves the above system. However, this
new solution to the system leads to a different element in C'(aq, ag; 8). Indeed, for any such
solution (7, k, s1, $2), the corresponding parameter A € C'(aq, ag; B) satisfies

(8:5.1) fF(a1) = a1+, fi* (1) = [ (1) = a1 + &1 and fy (1) = fi (o) = a1 + o
Combined with (8.3.1), the first equation from (8.5.1) yields that

k—1
174 7
(8.5.2) o+ Z W= a4 7.
i=0
Equation (8.5.2) in )\ is a separable equation of degree p* =D and hence has distinct solutions.
So, increasing k leads to additional solutions to the new equation (8.5.2). Therefore, we
have infinitely many elements in C(«1, a9; 3) simply assuming the existence of one solution

(v, k, s1,82) to the system of equations (8.4.1) and (8.4.2). a

8.6. Conclusion of our proof for Theorem 2.2. If the system (8.0.2) has no solutions,
then C(a1, ag; ) must be empty by Proposition 8.3. Now, if the system (8.0.2) has a solution,
then Proposition 8.4 yields that there are actually infinitely many A € C(ay, ag; f).

This concludes our proof of Theorem 2.2.

8.7. Sometimes the set C(a1, as; 3) is empty. Next, we show that condition (8.0.1) alone
from Theorem 2.2 does not always guarantee the existence of infinitely many A € C(aq, ag; f);
in other words, there are instances when the system (8.0.2) is not solvable (despite the fact
that as — a1, 8 — ag € F,) and therefore, C(ay, az; 3) is empty.

Proposition 8.5. Let d = pe and let ay, 9,8 € L. If 01 = as — a1 and 6 = B — a1
simultaneously satisfy the following conditions:

(1) 51,52 S ]sz \Fp,

(2) 61— 62 ¢ Fp, and

(3) 3 ¢ Ty,
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then C(ay, ag; B) is empty.

Remark 8.6. For each prime p > 2, one can construct examples where Proposition 8.5
applies. For instance, choosing (61,02) = (¢,2¢ + 1) for any € € Fj2 \ I, satisfies the condi-
tions (1)-(3) in Proposition 8.5. Therefore, the corresponding set C(a1, ag; 3) is empty, even
though the points ay, ag, § satisfy the alternative (ii) from the conclusion of Theorem 2.1.

Proof of Proposition 8.5. We argue by contradiction and assume C(a, ag; §) # (0. Therefore,
there exists A € L and m,n € N such that f{*(a1) = f¥(a2) = B. As shown in Lemma 8.1,
we may assume that m > n. By Proposition 8.3, this triple (A\,m,n) € L x N x N leads to a
solution (7, k, s1,52) € Fj2 x N x N x N to the system of equations (8.4.1) and (8.4.2). Note
that, due to (8.3.5), we can assume 7 € 2 because d1,d2 € Fj2. We will show that there are
no solutions (v, k, 51, s2) € Fj2 x N x N x N to the system (8.4.1)-(8.4.2). The proof is divided
into two cases based on the parity of k - £.

Lemma 8.7. With the above notation, there are no solutions to the system (8.4.1)-(8.4.2) if
k-l is even.

Proof of Lemma 8.7. Since any sought solution «y of the system (8.4.1)-(8.4.2) lives in IF )2, we
have 7" =~ for each i > 0. So, the system (8.4.1)-(8.4.2) simplifies to

(8.7.1) s1-v =01 and so -y = da.

However, (8.7.1) implies 61 /02 = s1/s2, which contradicts condition (3) from the hypotheses
of Proposition 8.5. Thus, no solutions exist when k¢ is even. O

Lemma 8.8. With the above notation, there are no solutions to the system (8.4.1)-(8.4.2) if
k- ¢ is odd.

Proof of Lemma 8.8. In this case, we know that for any even s € N, we have that

s—1

ikl S
(8.7.2) Y P = 5 TE /e, (7);
1=0

while for any odd s € N, we have that

s—1

ikt s—1
(8.7.3) D" =+ g T e, (7).
=0

So, if s; is even for some j = 1,2, then (8.7.2) shows that the system (8.4.1)-(8.4.2) leads to
d; € Fp, which contradicts condition (1) from the hypotheses of Proposition 8.5. If both s;
and sy are odd, then (8.7.2) yields that 6; — 2 € FF),, which contradicts condition (2) from
the hypotheses of Proposition 8.5. In all cases, we reach a contradiction, so no solution to the
system (8.4.1)-(8.4.2) can exist if k¢ is odd. O

Combining Lemmas 8.7 and 8.8 concludes our proof of Proposition 8.5. O
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9. THE CASE WHEN ALL THE POINTS LIVE IN A FINITE FIELD

Throughout this Section, we work with oy, 9,8 € F, and the family of polynomials
fa(z) := 2% 4+ X parameterized by A € F,. Our goal is to determine whether the set

(9.0.1)  C(ai,a9;8) = {X €Fp: there exist m,n € N such that f{*(a1) = f{(a2) = 5} .

is infinite. Note that restricting A to F,, is sufficient, as Lemma 3.4 implies that if o) = B,
then we have that A € Fy(ay,8) = F, because oy, 3 € F,.

Since Theorem 2.2 provides an explicit answer when d = p’ (everything depends on the
existence of a solution to a system (1.3.2) of equations), we assume that d is not a power of
p. Under this hypothesis, as long as a‘f #* ag, there is no visible dynamical relation globally
between «; and o with respect to the entire family of polynomials fy(z). So, drawing
on the intuition from Theorem 1.1, one would expect that if ail #* ag, then C(ai,ag; ) is
finite. However, based on extensive computation (of more than 100 examples), we believe the
opposite is true.

Conjecture 9.1. Let d > 2 be an integer which is not a power of p and let ay,as, 3 € Fp.
For any X\ € Ty, let fy(2) := 24+ \. Then the set C (a1, as; B) (see (9.0.1)) is infinite.

This Section is organized as follows. In Subsection 9.1, we describe the algorithm used for
testing various cases in Conjecture 9.1. In Subsection 9.2, we formulate Conjecture 9.2, which
is a refinement of Conjecture 9.1 in the special case a; = 5. We gathered in Subsection 9.3
some of the many examples we tested, all of which support both Conjectures 9.1 and 9.2. In
Subsection 9.4, we present an example for a different family of polynomials, which in turn
suggests Question 9.9. Finally, in Subsection 9.5, we conclude our paper with a brief discussion
about the collision of multiple orbits and formulate Question 9.10.

9.1. Algorithm for testing Conjecture 9.1. Since we are now studying the case where
oy, a9, 8 € EQ, we fix a sufficiently large ¢ such that oy, as, 8 € Fy. For a fixed a and n € N,
recall that P, o(A) := f*(«) is a polynomial in A with degree d"~!. By definition, f*(ay) = 8
if and only if A is a root of P, o,(A) — 8 = 0. Directly finding the roots of the polynomials
Py o, (A) —  and Py, o,(A) — B is often infeasible due to their high degrees. We now describe
a more efficient algorithm for finding values of A in C(«y,ag;5) by searching for common
factors of these polynomials over finite fields.

The algorithm proceeds by checking, for each irreducible polynomial g(A) over a finite field
F,, whether it divides P, o(\) — 8 for some n € N. This check is performed efficiently in the
quotient ring Fy[A]/(g(N)). For a given «a, § € F, and an irreducible polynomial g(\) € Fy[)],
the procedure is as follows:

(a) We recursively compute the sequence of remainders 7, := f}'(«) (mod g(\)) by setting
79 = o and computing 7, = r¢_; + X in F,[A]/(g(\)) for n > 1.

(b) If r,, = B for some n € N, then g()) divides P, (\) — 8 and the algorithm stops for
this particular polynomial g(A). Consequently, every root of g(\) = 0 is a solution to

() =B.
(c) If we encounter a remainder r,, that has appeared previously (i.e., r,, = r; for some i <
n) and none of the remainders r1, ..., r, are equal to 3, a cycle has been detected. We

conclude that 8 will not be reached, and we terminate the search for this polynomial
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g(A). Also, as an aside, the pair (i,n) (where i and n are minimal with the property
that fi(a) = f{(«)) is called the preperiodicity portrait for o (under the action of fy).

The length of the sequence before repetition is bounded by g8 For practical imple-
mentation, we must set a maximum number of iterations. If this threshold is reached without
finding S or a cycle, the algorithm terminates inconclusively for g(A).

To find elements in C'(aq, @z, 3), we apply this procedure to both a; and as. For each
monic irreducible polynomial g(\) € Fy[A], we search for an integer m such that g(\) divides
Py o, (A) — 8. If successful, we then search for an integer n such that g(\) also divides
Py, o, (X) — B. If both searches succeed, all roots of g(\) belong to the set C'(a1, az; ).

9.2. The case where a; = 3. We describe a special case in which permutation polynomials
naturally arise. Suppose a1 = 3 € F,. We are searching for A € F, such that for some
m,n € N, the following equalities hold:

a1) =a;  and  f{(a2) = .

We now explain how first condition, f{*(a1) = o, is automatically satisfied for certain choices
of A\. Suppose the polynomial P, ,,(X) — a; has an irreducible factor h(\) of degree k over
Fy. Let Ao € F & be any root of h()). If ged(d, ¢" —1) =1, the map z ~ 2¢ is a permutation
of F x, which implies that fy,(2) = 2% 4 \g is also a permutation of Fx. Since oy € Fy C Fr,
then « must be periodic under fy; thus, f/\mo(al) = a3 for some m € N. The argument shows
that when ged(d, ¢* — 1) = 1, each root g € Fgr of h(A) satisfies f{(a1) = f} (a2) = aq for
some m,n € N. Therefore, to prove that the set C(a, a2;aq) is infinite, it suffices to show
that the polynomials P, o,(A) —aq for n = 1,2,3,... have irreducible factors of arbitrarily
large degrees k satisfying ged(d, ¢® — 1) = 1. We state this prediction as a conjecture.

Conjecture 9.2. Suppose a, 8 € F,. For A € Fp, let fr(z) == 24+ X. Define, as before,
Pro(A) = fa); s0, Py o(X) € Fy[N is a polynomial of degree d"~1. Suppose ged(d,q—1) = 1.
Then for each M > 0, there is some n € N such that the polynomial P, (\) — B has an
irreducible factor g(\) € Fy[\] of degree k > M satisfying ged(d, ¢* — 1) = 1.

The hypothesis ged(d, ¢ — 1) = 1 is necessary. Indeed, if ged(d, ¢ — 1) > 1, then ged(d, ¢* —
1) > 1 for each £ > 1. If ged(d,q — 1) = 1, then we can find infinitely many integers k > 1
such that ged(d,¢® — 1) = 1, so the conclusion of Conjecture 9.2 makes sense. Note that
Conjecture 9.2 implies Conjecture 9.1 in the special case when a1 = f3.

9.3. Computational evidence. We list several examples that provide evidence for both
Conjecture 9.1 and Conjecture 9.2. When counting irreducible polynomials over a finite field
with specific properties, we always restrict our attention to monic irreducible polynomials.

Example 9.3. We work over Fy. Let d = 3, a3 = 1, ag = 0, and 8 = 1. We are in the
special case when a3 = 3. Since ged(3,2% — 1) = 1 if and only if ¥ € N is odd, we seek
any odd-degree irreducible factors of the polynomial P,o(\) —1 = f{(0) — 1. Any root of
such a factor will belong to C(1,0;1). Table 1 lists the degrees of the irreducible factors of
P,o(A) —1 for 1 <n < 11; newly appearing odd degrees are highlighted.

The presence of factors with large odd degrees, such as 16189 and 42859 for n = 11, strongly
suggests that C'(1,0;1) is infinite. Thus, Table 1 numerically supports Conjecture 9.2.
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TABLE 1. Degrees of irreducible factors of P, o(A) —1forn=1,...,11

Degrees of irreducible factors (all factors are simple)
1

3

1,3,5

27

1, 38, 42

18, 21, 43, 71, 90

1, 5, 38, 121, 564

3,97, 214, 375, 1498

1, 12, 16, 1205, 5327

3,15, 22, 22, 34, 61, 82, 161, 240, 334, 428, 4429, 13852
1, 16189, 42859

= =
o © 00N Uk WS

As direct factorization of P, o(A)—1 (a polynomial of degree 3" 1) is computationally inten-
sive, we also use the general algorithm. Table 2 shows the number of irreducible polynomials
g(A) of a given degree that divide ged(Pp, 1(X) — 1, Py o(A) — 1) for some m,n € N.

TABLE 2. Irreducible polynomials that divide ged(Pp,1(A) — 1, Ppo(A) — 1)

8§ 9 10 11 12 13
0 31 1 8 4 325

degree of the irreducible polynomial 1
1

2 3 4 6 7
number of successful polynomials 0 2 0 0 7

S
3

The final entry shows 325 distinct irreducible polynomials of degree 13 over Fy. These alone
yield 325 - 13 = 4225 different values of A € Fy in the set C(1,0;1). Even without Table 1, we
see that Table 2 supports Conjecture 9.1.

Example 9.4. We work over F5. Let d = 3, a1 = 2, ag = 1, and 8 = 2. Again, we
are in the special case a; = (. Next, ged(3,5% — 1) = 1 if and only if k¥ € N is odd. We
seek any odd-degree irreducible factors of the polynomial P, 1(\) —2 = f{(1) — 2. Table 3
lists the degrees of irreducible factors of P, 1(\) — 2 for each 1 < n < 12; newly appearing
odd degrees are highlighted. The presence of factors with large odd degrees, such as 163341
for n = 12, strongly suggests that C'(2,1;2) is infinite. Thus, Table 3 numerically supports
Conjecture 9.2.

Example 9.5. We work over F3. Let d =2, a1 =0, ap = 1, and § = 2. Table 4 shows the
number of irreducible polynomials of a given degree dividing ged (P, 0(X) —2, P 1(A) —2) for
some m,n € N. The steadily growing counts suggest that C(0, 1;2) is infinite, thus supporting
Conjecture 9.1.

Example 9.6. We work over Fg and let ¢ € Fg \ F3 with €2 = —1. Let d = 2, a; = 1,
ag = €+ 1, and = e. The growing counts in Table 5 suggest that C'(1,e + 1;¢€) is infinite,
again supporting Conjecture 9.2.

Example 9.7. We work over Fg and let ¢ € Fg\Fy be an element that satisfies €3 = £+ 1. Let
d=3, 01 =1, a9 =€, and = €24+ &+ 1. Table 6 shows the count of irreducible polynomials
of a given degree over Fg that divide ged(Pp1(A) — (2 + &+ 1), Pue(N) — (€2 4+ &+ 1)). The
growing numbers suggest that C(1,&;&2 + ¢ + 1) is infinite, which supports Conjecture 9.1.
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TABLE 3. Degrees of irreducible factors of P, 1(A\) —2 forn=1,...,12

n | Degrees of irreducible factors (all factors are simple)
1|1

211, 2

313,6

4 14,7, 16

5 |1,1,11, 22, 45

6 |2,5,10, 226

7 |26, 52, 250, 401

8 11,3,3,4,5,6, 13, 23, 64, 95, 149, 353, 1468

9 | 1,20, 27, 757, 1082, 4674

10 | 2, 4, 21, 1632, 3932, 14092

11| 1, 6, 99, 106, 205, 280, 446, 778, 2370, 22642, 32116
121 3,3,4,7, 38, 71, 13680, 163341

TABLE 4. Irreducible polynomials that divide ged(Pp, 0(A) — 2, Py 1(A) —2)

§ 9 10 11 12 13
15 24 29 53 70 120

degree of the irreducible polynomial 1
number of successful polynomials 2

234567
114147

TABLE 5. Irreducible polynomials that divide ged(Pr,,1(A) — €, Py er1(A) — €)

5 6

degree of the irreducible polynomial 3 4
4 7 40 60

1
number of successful polynomials 3

This example also exhibits an interesting feature: there appear to be considerably more values
of A whose minimal polynomial over Fg has an odd degree compared to an even degree. While
we do not have a full explanation for this phenomenon, this parity imbalance also highlights
the difficulty of Conjecture 9.1. We note that for each A € Fgory1 (for each & € N), the
polynomial fy induces a permutation on Fg2x+1 and therefore, the problem of colliding orbits
becomes a question of having one periodic cycle (see also Subsection 9.2) in Fgaxi1 (for fy)
containing all three points oy, ag, 8. The numerical evidence from this example suggests that
it is more likely for the three points to belong to the same periodic cycle, rather than for there
to be different preperiodicity portraits for the orbits of a; and «s, both of which contain 5.

TABLE 6. Irreducible polynomials that divide ged(Pp1(A) — (€2 + € +
1), Pog(A) = (£ +&6+1)

degree of the irreducible polynomial 1
number of successful polynomials 4

2 3
2

Example 9.8. We work over F5. Let d = 10, a3 = 1, ag = 2, and § = 3. We consider this
case because p | d, which one may suspect has a different answer; after all, the case d = pt
does exhibit a special behavior (see Theorem 2.2). Table 7 shows the count of irreducible
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polynomials of a given degree over F5 that divide ged (P, 1(A) —3, P 2(A)—3). Once again, the
growing numbers suggest that C'(1,2;3) is infinite, thus providing support for Conjecture 9.1.

TABLE 7. Irreducible polynomials that divide ged(Pp, 1(A) — 3, Pr2(X) —3)

5 6 7 8 9
8§ 13 18 43 103

degree of the irreducible polynomial 1 2 3 4
number of successful polynomials 1 1 1 2

9.4. Numerical evidence for a more general question. We switch now to a different
family of polynomials:

(9.4.1) gx(2) = 2% + 2 + X (parameterized by \ € F5);

also, we consider two starting points a1, as and one target point 5. As before, we are interested
in whether the set

(9.4.2)  Cy(ar,az; B) :={X €Fs: there exist m,n € N such that g§'(a1) = gi(a2) = 8}

is infinite. For a3 = 1, ap = 3 and 8 = 2, we define the corresponding recurrence polynomials
(for all m,n € N):

Pg,m,l()‘) = g'/r\n(l) and Pg,n,B()\) = gf\L(3)
Table 8 shows the count of (monic) irreducible polynomials of a given degree over F5 that
divides ged (Pym,1(X) — 2, Pyn 3(A) —2). The steadily growing numbers suggest that the set
Cy(1,3;2) C F5 corresponding to this polynomial fy(z) = 23 + 2 + A is infinite.

TABLE 8. Irreducible polynomials that divide ged(Py m,1(A) — 2, Pyn3(A) —2)

6 7 8 9

degree of the irreducible polynomial 5
6 17 24 32 114

1 2
number of successful polynomials 1 0

This leads us to believe that the following Question has a positive answer.

Question 9.9. Let g € Fp[z] be a polynomial of degree d > 2, which is not an additive
polynomial. We consider the family of polynomials g)(z) = ¢(z) + A\, parameterized by
A € F,,. Is it true that for each oy, a9, 3 € F), the set

(9.4.3)  Cylar,az;B) :=={A €Fpy: there exist m,n € N such that g* (1) = gi(az) = 8}

is infinite?

A positive answer to Question 9.9 supports the relevance of condition (4) from Conjec-
ture 2.6.

9.5. Collision of multiple orbits. We conclude the paper with a new question that leads
us to an uncharted territory in the study of collision of orbits. Conjecture 9.1 considers the
intersection of two orbits, which is the focus of this paper. This naturally leads to a more
general question. So, given a polynomial g € F,[z] of degree d, which is not an additive
polynomial, we let gx(z) := g(z) + A be a family of polynomials parameterized by A € F,,.
Then for any integer s > 2 and any given ay,...,qs, 8 € E,, we define:

(9.5.1)

Cylar,...,as;8) = {N €F,: there exists n; € N such that fyi(ag) =B fori=1,...,s}.
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Question 9.10. Given a polynomial g € F,[z] of degree d > 2, which is not an additive
polynomial, then using the notation from (9.5.1), what is the smallest integer s > 2 with the
property that there exist o, ..., as, 8 € F), such that the corresponding set Cy(av, ..., ag; 5)
is finite?

We present one of the many examples we tested for our Question 9.10.

Example 9.11. We work over F5, and let a1 = 1, as = 2, ag = 3, § = 4. We consider the
two families of polynomials fy(z) = 2% + X and gy (z) = 2* + 2z + X. Tables 9 and 10 show the
counts of (monic) irreducible polynomials in both settings. The growing counts suggest that
the sets Cf(1,2,3;4) and Cy(1,2,3;4) are both infinite. We also see a qualitative difference:
the counts for Cy(1,2,3;4) exhibit a parity imbalance (with a clear bias for odd degrees),
while the counts for Cy(1,2,3;4) show a general upward trend as the degree increases.

We believe that the imbalance from Table 9 for odd degree polynomials may again be a
consequence of the fact that for each A\ € Fzox+1, the polynomial fy(z) induces a permutation
polynomial on Fsort1. It seems far more likely that oy, as, a3, 8 all live in the same periodic
cycle (under the action of fy(z)) rather than any other configuration of the preperiodicity
portraits for the orbits of a1, aso, a3 intersecting at 5. The latter scenario could happen when
A € F52x since the points may no longer be periodic under the action of fy(z).

TABLE 9. Irreducible polynomials that divide ged(Pfm,1(A) — 4, Prn2(A) —
4, Prr3(A) —4)

degree of the irreducible polynomial 1
number of successful polynomials 0

234 5 6 7 8
1 8 2

3
8 154 6 2732 28

TABLE 10. Irreducible polynomials that divide ged(Py m,1(A) — 4, Pypn2(X) —
4, Py3(A) —4)

6 7 8

degree of the irreducible polynomial 5
7 10 24 43

number of successful polynomials

1
1

2 3 4
0 3 5

Our numerical data suggest that the original intuition for collision of orbits must be revised
when working over F,, due to the underlying finite combinatorics. More precisely, when the
starting points a; (for j =1,...,s), the target point 3, and the parameter A all belong to a
finite field F,x, we are asking whether 3 is contained in each of the finite subsets Oy, (a;) for
1 < j < s. Even though this is unlikely for any given A, the positive answer becomes likely
once we look over all A € .. In contrast, when the field of definition for the starting points
a;j and for the target point 3 has positive transcendence degree, the collision of orbits is un-
likely without a well-defined global dynamical relation between the points (see Theorem 1.1).
This new perspective in characteristic p is reminiscent of the likely, unlikely, and impossible
intersections studied in [CGMM13], where the transcendence degree of the base field was also
the crucial factor in determining the nature of an intersection.
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