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What to do with Products?

Suppose f(x) and g(x) are differentiable functions of x.

4 {F(x)g(x)}= lim f(x + h)g(x +hh) — f(x)g(x)
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What to do with Products?

Suppose f(x) and g(x) are differentiable functions of x.
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What to do with Products?

Suppose f(x) and g(x) are differentiable functions of x.

4 {F(x)g(x)}= lim f(x + hg(x + h) — f(x)g(x)

h
— lim f(x+ h)g(x + h)—f(x+ h)g(x) + f(x+ h)g(x) — f(x)g(x)
h—0 h
o P B[ ) (0] + () [+ ) — ()
h—0 h
,li_"{‘o {f(x—i— h)g(x + h/)1 —g(x) +a() f(x+ hz’ - f(x)}
Am |:f(x+h)g(x+hf)77g(x)+ f(X+h’)77f(X):|
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Product Rule
For differentiable functions f(x) and g(x):

d% [f(x)g(x)] = f(x)g'(x) + g(x)f'(x)
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For differentiable functions f(x) and g(x):
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Product Rule

Product Rule
For differentiable functions f(x) and g(x):

d% [f(x)g(x)] = f(x)g'(x) + g(x)f'(x)

Example:
d

& [Xz] = di;( [x - x] = x(1) + x(1) = 2x

Example: suppose f(x) = 3x”, f'(x) = 6x, g(x) = sin(x), g’(x) = cos(x).

dix [3X25in(x)] = 3X2COS(X) + sin(x)6x.
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Now You

f(x) =

Where

mOnw>»

[2x +5] =2,
[In(x*)] = 2, and

cT
di [xz} = 2x.

f'(x) = (2) (3) (2¢)

f'(x) = 2(2x) + 2x(2)

f'(x) = (2x +5)(2) + In(x*) (2)
f'(x) = (2x+5) (2) + In(x*)(2)

none of the above
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Now You
f(x)=(2x + 5)|n(x2)
Where
o L[2x+5]=2,
o Z[in(x*)] =2, and
° % [xz} = 2x.
A f(x)=(2) (%) (%)
B. f'(x) = 2(2x) + 2x(2)
C. f/(x) = (2x +5)(2) + In(x?) (%)
D. f'(x) = (2x +5) (2) + In(x*)(2) ¢4+
E. none of the above
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Now You (Again)

f(x) = a(x) - b(x) - c(x)
What is f'(x)?
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Now You (Again)

f(x) = a(x) - b(x) - c(x)
What is f'(x)?

f(x) = [a(x)b(x)] ¢(x)
F'(x) = [a(x)b(x)] ¢'(x) + C(X)d% {a(x)b(x)}

a(x)b(x)c"(x) + ¢(x) [a()b"(x) + a'(x)b(x)]
= a(x)b(x)c’(x) + a(x)b’(x)c(x) + a(x)b(x)c’(x)
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Derivatives of Ratios

Quotient Rule
Let f(x) and g(x) be differentiable and g(x) # 0. Then:

d { f(X)} _ 8()f'(x) = f(x)g'(x)
dx | &(x) g2(x)

Mnemonic: Low D’high minus high D'low over lowlow.
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Derivatives of Ratios

Quotient Rule
Let f(x) and g(x) be differentiable and g(x) # 0. Then:

d { f(X)} _ 8()f'(x) — f(x)g'(x)
dx | g(x) g%(x)

Mnemonic: Low D’high minus high D'low over lowlow.

od [2x4+5) _ (3x—6)(2) — (2x+5)(3)
Example: — { } (3x —6)

dx | 3x —6
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Derivatives of Ratios

Quotient Rule
Let f(x) and g(x) be differentiable and g(x) # 0. Then:

d { f(X)} _ 8()f'(x) = f(x)g'(x)
dx | &(x) g2(x)

Mnemonic: Low D’high minus high D'low over lowlow.
d {zx + 5} _ (3x—6)(2) — (2x+5)(3)
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Derivatives of Ratios

Quotient Rule
Let f(x) and g(x) be differentiable and g(x) # 0. Then:

d { f(X)} _ 8()f'(x) — f(x)g'(x)
dx | g(x) g%(x)

Mnemonic: Low D’high minus high D'low over lowlow.
d 2x+5} _(3x—6)(2) — (2x+5)(3)

E le: — =
XAMPIE {3x76 (3x — 6)2

5x }:u&mm—wwgk)_;ﬁ_5

Now you: a4 { =
dx \x 1 (Vx— 17 (Vx - 1)
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Rules
Product: £{f(x)g(x)} = f(x)g’(x) + g(x)f'(x)

f(x) } _ 8()f(x) — f(x)g'(x)

. d
Quotient: o {

g(x) g°(x)
Practice! Differentiate the following.
f(x)=2x+5 i(x) = 2x+5
g(x)=(2x+5)(3x—7) 8x —2

h(x) = (2x +5)(3x — 7) + 25 k) = (§X+;>2



Chapter 2: Derivatives  2.4: Arithmetic of Derivatives

2
Above is a sketch of the function f(x) = alins 3.

For which values of x is the tangent line horizontal?
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x> +3

Above is a sketch of the function f(x) =

For which values of x is the tangent line horizontal?

(x —1D)(2x) = (x*+3)(1) (x—=3)(x+1)

Fix) = (x —1)? T (x—12

x=-1,x=3
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The position of an object moving left and right at time ¢, t > 0, is given by

s(t) = —t*(t — 2)

where a positive position means it is to the right of its starting position, and a negative
position means it is to the left. At time t = 0, the object it at its starting position. First
it moves to the right, then it moves to the left forever.

What is the farthest point to the right that the object reaches?
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The position of an object moving left and right at time ¢, t > 0, is given by

s(t) = —t*(t — 2)

where a positive position means it is to the right of its starting position, and a negative
position means it is to the left. At time t = 0, the object it at its starting position. First
it moves to the right, then it moves to the left forever.

What is the farthest point to the right that the object reaches?

When the object turns to come back around, s’(t) = 0. If we can find the value of ¢ that
makes this true, then we plug it in to s(t) to find the farthest to the right reached by the
object.

s'(t) = [-17])(1) 4+ (—2t)(t — 2) = =3t + 4t = t(4 — 3t)
So, the object turns around when t = %.

Its position at that time is s (%) = % units to the right of its starting position.
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LI} = L{x-x} = x(1) + x(1) = 2x function | derivative

1
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dx X 2x
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More About the Product Rule

LI} = L{x-x} = x(1) + x(1) = 2x function | derivative

A{X3} — i{x-xz} Xz !
dx > X 2x
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More About the Product Rule

LI} = L{x-x} = x(1) + x(1) = 2x function | derivative

X 1
03T = 20X = (9(2) + (6)(1) x? 2x
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More About the Product Rule

S{x* =

410 =

4 ix-x} =x(1) +x(1) = 2x

Sl = ()(2x) + (x*)(1) = 3x°

function | derivative
X 1
x? 2x
x3 3x2
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More About the Product Rule
% X2} = %{X'X} =x(1) + x(1) = 2x
S = S{x - X} = () (2x) + (P)(1) =3%°

& =gl

function | derivative
X 1
x? 2x
x3 3x2
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More About the Product Rule

% X2} = %{X'X} =x(1) + x(1) = 2x
) = £ {x- X"} = ()(2x) + (x*)(1) =3%°

40 = Lix ) =x(3x) + (1)

function | derivative
X 1
x? 2x
x3 3x2
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More About the Product Rule

% X2} = %{X'X} =x(1) + x(1) = 2x
) = £ {x- X"} = ()(2x) + (x*)(1) =3%°

2 {x" = L{x-x*} = x(3x%) + x*(1) = 4x°

function | derivative
X 1
x? 2x
x3 3x2
x4 453
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More About the Product Rule

dix X2} = %{X'X} =x(1) + x(1) = 2x
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More About the Product Rule

dix X2} = %{X'X} =x(1) + x(1) = 2x
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More About the Product Rule

dix X2} = %{X'X} =x(1) + x(1) = 2x
) = £ {x- X"} = ()(2x) + (x*)(1) =3%°

2 {x" = L{x-x*} = x(3x%) + x*(1) = 4x°

function | derivative
X 1
x? 2x
x3 3x2
x* 453
30 30X29

x X
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More About the Product Rule

LI} = L{x-x} = x(1) + x(1) = 2x function | derivative

L0°) = Lx ) = (29 + (1) = 3 e

2 (') = £x-x} = x(3:) + x(1) = 4x° g o
x* 30x*
x" nx"t
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More About the Product Rule

LI} = L{x-x} = x(1) + x(1) = 2x function | derivative
X 1
) = £ {x- X"} = ()(2x) + (x*)(1) =3%° X 2x
d (.4 d 3 2 3 3 x* 3x°
= X =S {x X7 = x(3x7) + x7(1) = 4x NV 453
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X 30x
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More About the Product Rule

LI} = L{x-x} = x(1) + x(1) = 2x function | derivative
X 1
S0 = S X} = (09(20) + (x*)(1) = 3x° X2 2x
40 = 4 3) = x(3x2) + x3(1) = 43 < 3]
dx = & = = N 453
Where are these functions defined? 30 -
X 30x
x" nx"t

Cautionary Tales:



Chapter 2: Derivatives  2.4: Arithmetic of Derivatives

More About the Product Rule

LI} = L{x-x} = x(1) + x(1) = 2x function | derivative
X 1
) = £ {x- X"} = ()(2x) + (x*)(1) =3%° X 2x
d (.4 d 3 2 3 3 x* 3x°
= X =S {x X7 = x(3x7) + x7(1) = 4x NV 453
Where are these functions defined? 30 -
X 30x
x" nx"1

Cautionary Tales:
With functions raised to a power, it's more complicated.
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More About the Product Rule

LI} = L{x-x} = x(1) + x(1) = 2x function | derivative
X 1
) = £ {x- X"} = ()(2x) + (x*)(1) =3%° X 2x
d (.4 d 3 2 3 3 x* 3x°
= X =S {x X7 = x(3x7) + x7(1) = 4x NV 453
Where are these functions defined? 30 -
X 30x
x" nx"1

Cautionary Tales:
With functions raised to a power, it's more complicated.
Example: differentiate (2x + 1)°.
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More About the Product Rule

LI} = L{x-x} = x(1) + x(1) = 2x function | derivative
X 1
S0 = S X} = (09(20) + (x*)(1) = 3x° X2 2x
40 = 4 3) = x(3x2) + x3(1) = 43 < 3]
dx = & = = N 453
Where are these functions defined? 30 -
X 30x
x" nx"t

Cautionary Tales:
With functions raised to a power, it's more complicated.
Example: differentiate (2x + 1)°.

d% [x+1y) = di’x (2x +1)(2x + 1)}
— (2x+1)(2) + (2x + 1)(2) = 4(2x + 1)
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Power Rule

di)'({x"} = nx""1
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Power Rule

d%{x"} = nx""1

d%{?:x5 + 7% — x+ 15}
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Power Rule

d%{x"} = nx""1

L3 +7x% —x+15}=3 - 5x" + 7 2x — 1 = 15x" + 14x — 1
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Power Rule

di)’({x”} = nx""1

L3 +7x% —x+15}=3 - 5x" + 7 2x — 1 = 15x" 4+ 14x — 1

"+ DX+ %)

Differentiate x5
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Power Rule

d%{x"} = nx""1

L3 +7x% —x+15}=3 - 5x" + 7 2x — 1 = 15x" + 14x — 1

Differentiate (X4 + 1)(\%_( + \‘V;)
2x +5 ’
d {(x4+1)(\3/?+<7?)} C(2x+5) - E{(F (VX + X)) - A+ D)+ IX)(2)
dx 2x + 5 N (2X+5)
(x4 5) [(x* + 1) (3x7 23 4 1x3/%) + 43 (Ix + /X))
B (2x +5)2

2(x* + 1)(Vx + V/x)
(2x + 5)2
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Suppose a motorist is driving their car, and their position is given by

s(t) = 10t* — 90t + 180t kilometres. At t = 1 (t measured in hours), a police officer
notices they are driving erratically. The motorist claims to have simply suffered a lack of
attention: they were in the act of pressing the brakes even as the officer noticed their
speed.

At t = 1, how fast was the motorist going, and were they pressing the gas or the brake?

What about at t = 27
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Suppose a motorist is driving their car, and their position is given by

s(t) = 10t* — 90t + 180t kilometres. At t = 1 (t measured in hours), a police officer
notices they are driving erratically. The motorist claims to have simply suffered a lack of
attention: they were in the act of pressing the brakes even as the officer noticed their
speed.

At t = 1, how fast was the motorist going, and were they pressing the gas or the brake?
Velocity is the rate of change of position, so velocity of the car is given by:

s'(t) = 30t° — 180t + 180
When t =1, s'(1) = 30, so the motorist was going 30 kph.

s”"(t) = 60t — 180

When t = 1, the velocity of the car was changing by s”'(t) = —120 kph per hour. Since
the velocity was positive, but its rate of change is negative, the car was decelerating
when t = 1.

What about at t = 27
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Suppose a motorist is driving their car, and their position is given by

s(t) = 10t* — 90t + 180t kilometres. At t = 1 (t measured in hours), a police officer
notices they are driving erratically. The motorist claims to have simply suffered a lack of
attention: they were in the act of pressing the brakes even as the officer noticed their
speed.

At t = 1, how fast was the motorist going, and were they pressing the gas or the brake?
Velocity is the rate of change of position, so velocity of the car is given by:

s'(t) = 30¢° — 180t + 180
When t =1, s’(1) = 30, so the motorist was going 30 kph.

s”"(t) = 60t — 180

When t = 1, the velocity of the car was changing by s”'(t) = —120 kph per hour. Since
the velocity was positive, but its rate of change is negative, the car was decelerating
when t = 1.

What about at t =27

s'(2) = —60, so the motorist is driving 60 kph.

s"'(2) = —60, so the motorist's velocity is becoming increasingly more negative. Since it
was negative to begin with, they are accelerating.
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Recall that a sphere of radius r has volume V = %wr3.
Suppose you are winding twine into a gigantic twine ball, filming the process, and trying
to make a viral video. You can wrap one cubic meter of twine per hour. (In other words,

when we have V cubic meters of twine, we're at time V hours.) How fast is the radius of
your spherical twine ball increasing?
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f(x) =17*
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Consider - {17°}.
f(x) is always increasing, so f'(x) is always positive.
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Exponential Functions

f(x) =17*
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Consider - {17°}.
f(x) is always increasing, so f'(x) is always positive.
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Exponential Functions

f(x) =17*

/

small

Consider - {17°}.
f(x) is always increasing, so f'(x) is always positive.
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Exponential Functions

f(x) =17*

/
4 4

small

Consider - {17°}.
f(x) is always increasing, so f'(x) is always positive.
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Exponential Functions

f(x) =17*

/
4 4

small large

Consider - {17°}.
f(x) is always increasing, so f'(x) is always positive.
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Exponential Functions

f(x) =17*

/
4 4

small large

Consider - {17°}.
f(x) is always increasing, so f'(x) is always positive.
f'(x) might look similar to f(x).
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Exponential Functions

17+ — 177
d XY — |im
{177 /!I—m h
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Exponential Functions

17x+h 17%
d 7l = lim —
dx {1 } II1I 0 h

1Tt — 17
= |lim ————
h—0 h

2.7: Derivatives of Exponential Functions
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Exponential Functions

17x+h _ 17)(

d 17 — |
{177 /llno h

17¥17h — 17%
m o=
h—0 h
17°(17" - 1)
h—0 h

2.7: Derivatives of Exponential Functions
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Exponential Functions

17h — 17~
d XV — i
{177 /llno h
17Tt — 17
= |lim ————
h—0 h
X h
i AT 1)
h—0 h
h —
g7 g A1)

h—0
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Exponential Functions

17x+h _ 17)(
d XV — i
{177 /llno h
17Tt — 17
= lim ————
h—0 h
X h
— lim 17%(17 1)
h—0 h
h —
= 17" lim ar-1
h—0

= 17*(times a constant)
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Exponential Functions

17x+h _ 17)(
d XV — i
{177 /llno h
17Tt — 17
= lim ————
h—0 h
X h
— lim 17%(17 1)
h—0 h
h —
= 17" lim ar-1
h—0

= 17*(times a constant)

h
17" -1 —0?

Given what you know about £ {17*}, is it possible that lim
"

A. Sure, there's no reason we've seen that would make it impossible.
B. No, it couldn’t be 0, that wouldn’'t make sense.

C. I do not feel equipped to answer this question.
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Exponential Functions

17x+h _ 17)(
d XV — i
{177 /llno h
17Tt — 17
= lim ————
h—0 h
X h
— lim 17%(17 1)
h—0 h
h —
= 17" lim ar-1
h—0

= 17*(times a constant)

- . 17" -1
Given what you know about £ {17*}, is it possible that lim =—— =o0?
—

A. Sure, there's no reason we've seen that would make it impossible.
B. No, it couldn’t be 0, that wouldn’'t make sense.

C. | do not feel equipped to answer this question.
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Exponential Functions

17x+h _ 17)(
d XV — i
{177 /llno h
17Tt — 17
= lim ————
h—0 h
X h
— lim 17%(17 1)
h—0 h
h —
= 17" lim ar-1
h—0

= 17*(times a constant)

How could we find out what this limit is?

2.7: Derivatives of Exponential Functions



Exponential Functions

17x+h _ 17)(
d XV — i
{177 /llno h
17Tt — 17
= lim ————
h—0 h
X h
— lim 17%(17 1)
h—0 h
h —
= 17" lim ar-1
h—0

= 17*(times a constant)

Chapter 2: Derivatives

2.7: Derivatives of Exponential Functions

h

17" -1

0.001
0.00001
0.0000001
0.000000001

h
2.83723068608
2.83325347992
2.83321374583
2.83321344163
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Exponential Functions

174 — 177 17" -1
d17xy —
{177 /llno h h h
o 0.001 283723068608
- | I 17 0.00001 2.83325347992
h=0 h 0.0000001 | 2.83321374583
’ 17°(17" — 1) 0.000000001 | 2.83321344163
= lim ——————
h—0 h
h J—
— 17 fim A7 1)
h—0

= 17*(times a constant)

h

for any positive number a.

a
In general, {3} = a* lim
g eid}=a"lim
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Exponential Functions

y =28

8h—1
d X X |t
w8 =8 i|1|—>0 h




Chapter 2: Derivatives  2.7: Derivatives of Exponential Functions

Exponential Functions

57— 1
d X X |
a {57 5i|1|—>0 h
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Exponential Functions

y=4

4" —1
d g1 — ¥ fim L
o (4} =4 Jim, =
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Exponential Functions

y=3"

31
d X X |t
o {37 3i|1|—>0 h
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Exponential Functions

2h 1
d X X |t
{2 2i|1|—>0 h
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Exponential Functions

h

v oxpa —1
(o) =i

d

In general, - for any positive number a.


http://tutorial.math.lamar.edu/Classes/CalcI/DiffExpLogFcns.aspx
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Exponential Functions

a"—1
In general, £{a"} = a* lim
x h—0

for any positive number a.

Euler's Number

. . P -
We define e to be the unique number satisfying lllmo
N
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Exponential Functions

h

a
In general, 4 a‘}=a"lim
g wla} =a" lim

for any positive number a.

Euler's Number

h
-1
=1

. . P -
We define e to be the unique number satisfying f|,lm0
N

e ~ 2.71828182845904523536028747135266249775724709369995... (Wikipedia)


http://tutorial.math.lamar.edu/Classes/CalcI/DiffExpLogFcns.aspx
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Exponential Functions

a"—1
In general, £{a"} = a* lim
x h—0

for any positive number a.

Euler's Number

h_
1:1

. . P -
We define e to be the unique number satisfying lI7|m0
N

e ~2 2.71828182845904523536028747135266249775724709369995

Derivatives of Exponential Functions
Using the definition of e,
d "1

-~ Xy xI-
dx{e} ehTO

... (Wikipedia)
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Exponential Functions

a"—1
In general, £{a"} = a* lim
x h—0

for any positive number a.

Euler's Number

h_
1:1

. . P -
We define e to be the unique number satisfying lI7|m0
N

e ~2 2.71828182845904523536028747135266249775724709369995

Derivatives of Exponential Functions
Using the definition of e,
d "1

“ X xI-
dx{e} ehTO

... (Wikipedia)
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Exponential Functions

h

a' —1

M .
In general, dX{a }=a" I|m0 for any positive number a.
Euler's Number

_1:1

. . P -
We define e to be the unique number satisfying lllmo
N

e ~2 2.71828182845904523536028747135266249775724709369995...

Derivatives of Exponential Functions

Using the definition of e,

d e"—1 N
gl = elin g =

In general, lim == In(a), so £{a*} = a*In(a)
h—0

(Wikipedia)

[proof]
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Quick Practice

Things to Have Memorized

d X X
—{e"}=¢
dx {

When a is any constant,

(o) = o' log. (o)

X

Let f(x) = %. When is the tangent line to f(x) horizontal?
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Quick Practice

Things to Have Memorized

d X X

—{e'}=e

A
When a is any constant,

o) = alog,(2)

X

Let f(x) = %. When is the tangent line to f(x) horizontal?

Horizontal tangent line < slope of tangent line is zero
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Quick Practice

Things to Have Memorized

d X X

—{e'}=e

A
When a is any constant,

o) = alog,(2)

X

e . . .
Let f(x) = 35" When is the tangent line to f(x) horizontal?
X
Horizontal tangent line < slope of tangent line is zero < f'(x) =0
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Quick Practice

Things to Have Memorized

d
I {eX — eX
/x
When a is any constant,

(o) = o' log. (o)

Let f(x) = 35

Horizontal tangent line < slope of tangent line is zero < f'(x) =0

0=f(x)= W — <9f:10> (3x4> (x—5)

When is the tangent line to f(x) horizontal?

x=0o0orx=5
But, since f(x) is not defined at zero, the tangent line is only horizontal at

x=5
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Evaluate 2 {*}
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Suppose the deficit, in millions, of a fictitious country is given by
f(x) = e*(4x> — 12x* + 14x — 4)

where x is the number of years since the current leader took office.
Suppose the leader has been in power for exactly two years.

1. Is the deficit increasing or decreasing?
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Suppose the deficit, in millions, of a fictitious country is given by
f(x) = e*(4x> — 12x* + 14x — 4)

where x is the number of years since the current leader took office.
Suppose the leader has been in power for exactly two years.

1. Is the deficit increasing or decreasing?

2. Is the rate at which the deficit is growing increasing or decreasing?
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Trig Functions: Notation

Basic Trig Functions

N opp
0
adj
sin(0) = :L;J’; cos(0) = ,‘%; tan(0) = %’;
1 1 1
csc(f) = sin(@); sec(f) = m; cot() = tan(0)
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Trig Facts

Commonly used facts:

o Graphs of sine, cosine, tangent
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Trig Facts

Commonly used facts:

o Graphs of sine, cosine, tangent

@ Sine, cosine, and tangent of reference angles: 0,

N
Wl
TR

™
6
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Trig Facts

Commonly used facts:
o Graphs of sine, cosine, tangent

]
N

@ Sine, cosine, and tangent of reference angles: 0,

d

NI

il
'3

=2 e)}

angent of other angles

+

@ How to use reference angles to find sine, cosine a
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Trig Facts

Commonly used facts:

o Graphs of sine, cosine, tangent
. . T T m T
@ Sine, cosine, and tangent of reference angles: 0, 5132
@ How to use reference angles to find sine, cosine and tangent of other angles
o Identities: sin?x + cos® x = 1; tan’x + 1 — sec® x;
.o 1 — cos(2x) 2 1+ cos2x
sin“x = ———7%; cos“x = —"—-

2 ' 2



Chapter 2: Derivatives  2.8: Derivatives of Trigonometric Functions

Trig Facts

Commonly used facts:

o Graphs of sine, cosine, tangent
. . T T m T
@ Sine, cosine, and tangent of reference angles: 0, 5132
@ How to use reference angles to find sine, cosine and tangent of other angles
o Identities: sin?x + cos® x = 1; tan’x + 1 — sec® x;
.o 1 — cos(2x) 2 1+ cos2x
Sinx = ———=—; COs™ X = —————

@ Conversion between radians and degrees

CLP notes has an appendix on high school trigonometry that you should be familiar with.
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Trig Facts
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Derivative of Sine

y = sin(x)
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Derivative of Sine

y = sin(x)

Consider the derivative of f(x) = sin(x).
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Derivative of Sine

y = sin(x)

Consider the derivative of f(x) = sin(x).
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Derivative of Sine

>0

y = sin(x)

Consider the derivative of f(x) = sin(x).
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Derivative of Sine

y = sin(x)

Consider the derivative of f(x) = sin(x).
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Derivative of Sine

‘o ° ° o x
1

y = sin(x)

Consider the derivative of f(x) = sin(x).
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Derivative of Sine

y
@ @ @ @ X
y) (Q
< ?

y = sin(x)

Consider the derivative of f(x) = sin(x).
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Derivative of Sine

<

0 2

y = sin(x)

Consider the derivative of f(x) = sin(x).
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Derivative of Sine

- AN

A
0 2
A

Consider the derivative of f(x) = sin(x).
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Derivative of Sine

y = sin(x)

Consider the derivative of f(x) = sin(x).
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Derivative of Sine

O\ X

y = sin(x)

Consider the derivative of f(x) = sin(x).

di;( {sin(x)} = cos(x).
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Derivative of Sine

d o . sin(x + h) — sin(x)
L {sinx} = llgng b
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Derivative of Sine

d 1 . sin(x + h) — sin(x)
S{sinx} = Mno b

sin(x) cos(h) + cos(x) sin(h) — sin(x)
h—0 h
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Derivative of Sine

d o . sin(x + h) — sin(x)
L {sinx} = Am b

— lim sin(x) cos(h) + cos(x) sin(h) — sin(x)

h—0 h

~lim sin(x)(cos(h) — 1) + cos(x)sin(h)
h—0 h

2.8: Derivatives of Trigonometric Functions
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Derivative of Sine

d g . sin(x + h) — sin(x)

S{sinx} = leO h

— lim sin(x) cos(h) + cos(x) sin(h) — sin(x)
h—0 h

~lim sin(x)(cos(h) — 1) + cos(x)sin(h)
h—0 h

— lim sin(x)(cos(h) — 1) + lim

h—0 h h—0

cos(x) sin(h)
h



Chapter 2: Derivatives  2.8: Derivatives of Trigonometric Functions

Derivative of Sine

d g . sin(x + h) — sin(x)

S{sinx} = leO h

— lim sin(x) cos(h) + cos(x) sin(h) — sin(x)
h—0 h

~lim sin(x)(cos(h) — 1) + cos(x)sin(h)
h—0 h

sin(x)(cos(h) — 1)

— lim + lim cos(x) sin(h)
h—0 h h—0 h

. . cos(h)—1 . sin(h)

= sin(x) ’Illno — + cos(x) ’I’l’no —
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Derivative of Sine

d g . sin(x + h) — sin(x)

S{sinx} = leo h

— lim sin(x) cos(h) + cos(x) sin(h) — sin(x)
h—0 h

~lim sin(x)(cos(h) — 1) + cos(x) sin(h)
h—0 h

sin(x)(cos(h) — 1)

— lim + lim cos(x) sin(h)
h—0 h h—0 h
. . cos(h)—1 . sin(h)
= sin(x) ;l,ino — + cos(x) ’I’i'no —
= sin(x) lim cos(0 + h) = cos(0) + cos(x) lim sin(h)

h—0 h h—0 h
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Derivative of Sine

d g . sin(x + h) — sin(x)

S{sinx} = leo h

— lim sin(x) cos(h) + cos(x) sin(h) — sin(x)
h—0 h

~lim sin(x)(cos(h) — 1) + cos(x) sin(h)
h—0 h

sin(x)(cos(h) — 1)

— lim + lim cos(x) sin(h)
h—0 h h—0 h
. . cos(h)—1 . sin(h)
= sin(x) ilylno — + cos(x) ’I’i'no —
. . cos(0+ h) — cos(0) . sin(h)
= s'n(X),l,'rH) p + COS(X)/LTO p

=sin(x) - {cos(x)}| _ + cos(x),I]iL-n0 w
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Derivative of Sine

(x)

d fo . sin(x + h) —sin
L {sinx} = Mno b

= lim

sin(x) cos(h) + cos(x) sin(h) — sin(x)

h—0 h

= lim

sin(x)(cos(h) — 1) + cos(x) sin(h)

h—0 h

— lim sin(x)(cos(h) — 1) + lim

h—0 h h—0

. . cos(h) —
= sin(x) Jim ==
. . cos(0 + h) — cos(0)
= sm(x)}lwlrlnU p

= sin(x) 5 {cos(x)}| , T cos(x)

1 .
+ cos(x) ’I’i'no

+ cos(x)i@o

[im
h—0

cos(x) sin(h)
h

h

2.8: Derivatives of Trigonometric Functions

sin(h)
h

cos(x)

[im
h—0




Chapter 2: Derivatives

2.8: Derivatives of Trigonometric Functions

sin(h)




Chapter 2: Derivatives

2.8: Derivatives of Trigonometric Functions

sin(h)
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sin(h)

J—
sin h
<1
hS
h
sin(h) <1
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sin(h)
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sin(h)
tan(h)
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tan(h)
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sin(h)
tan(h)
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sin(h)
tan(h)

Green area:
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sin(h)
tan(h)

h
G D=
reen area: -



h
G D
reen area: -

Chapter 2: Derivatives

2.8: Derivatives of Trigonometric Functions

sin(h)

tan(h)

Blue area:
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sin(h)

tan(h)

tanh
Blue area: —



h
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reen area: -
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2.8: Derivatives of Trigonometric Functions

J—
<1
< <
= =
= g
h
h h h
5 < m Blue area: ta%
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sinh

cosh <

sin(h)
tan(h)

Green area: ﬁ < M

N >

tanh
Blue area: ——

cos(h) < sin(h)
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sin(h)
tan(h)
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J—
sin h
cosh < <1
h
= S
= =l
= I
h
sin h
cos h < —_— <
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J—
sinh
h
< <
= =
= I
h
cos h < ﬂ < 1
h
limcosh=1 liml=1
h—0 h—0
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J—
sinh
h
< <
= =
= 8
h
cos h < ﬂ < 1
h
limcosh=1 liml=1
h—0 h—0

By the Squeeze Theorem,
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J—
sinh
h
= =
= =4
& 8
h
cos h < sin h < 1
h
limcosh=1 liml=1
h—0 h—0
By the Squeeze Theorem,
im0 4
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Derivatives of Sine and Cosine

From before,
d .. _ sin(h)
E{SIH(X)} = COS(X) T =

lim
h—0
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Derivatives of Sine and Cosine

From before,

dix{sin(x)} = cos(x) w = cos(x)

lim
h—0
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Derivatives of Sine and Cosine

From before,

sin(h)

dix{sin(x)} = cos(x) l!i_r>n0 — = cos(x)

y

VA /.
\/ \/ = onx
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Derivatives of Sine and Cosine

From before,

sin(h)

dix{sin(x)} = cos(x) lim =™

= cos(x)

y
«—
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Derivatives of Sine and Cosine

From before,

sin(h)

dix{sin(x)} = cos(x) l!i_r>n0 — = cos(x)

y

AN A
TAN S TINSTANGE
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Derivatives of Sine and Cosine

From before,

= cos(x)

dix{sin(x)} — cos(x) MOSiLISh)
v
b
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Derivatives of Sine and Cosine

From before,

= cos(x)

dix{sin(x)} — cos(x) MOSiLISh)
v
b
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Derivatives of Sine and Cosine

From before,

= cos(x)

dix{sin(x)} — cos(x) MOSiLISh)
v
b

We might reasonably expect: 4 fcosx} = —sinx.
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Derivatives of Sine and Cosine

From before,

dix{Sin(X)} = cos(x) # = cos(x)

lim
h—0

d . cos(x + h) — cos(x)
dx 1os()} = Jim h
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Derivatives of Sine and Cosine

From before,

dix{Sin(X)} = cos(x) Li_rpo # = cos(x)
d . cos(x + h) — cos(x)
a{cos(x)} = Llﬂ}) b
0 cos(x) cos(h) — sin(x) sin(h) — cos(x)
h—0 h
o . cos(h)—1 . . sin(h)
= cos(x) hlﬂqo —p sin(x) LIL’I]O —_—

= cos(x)(0) — sin(x)(1) = —sin(x)
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Derivatives of Trig Functions
2 {sin(x)} = cos(x) %{sec(x)} =
< {cos(x)} = —sin(x) gx{csc(x)} =
& {tan(x)} = s icot(x)} =

Honorable Mention
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Derivatives of Trig Functions

2 {sin(x)} = cos(x) %{sec(x)} =
< {cos(x)} = —sin(x) gx{csc(x)} =
7 {tan(x)} = sec’(x) T {eot(x)} =

Honorable Mention
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Derivatives of Trig Functions

< {sin(x)} = cos(x) < {sec(x)} = sec(x)tan(x)
4 fcos(x)} = —sin(x) < {ese(x)} = — esc(x) cot(x)
< ftan(x)} = sec’(x) £ fcot(x)} = — esc®(x)

Honorable Mention
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Other Trig Functions

— flran(] = 5 | 209

dx | cos(x)

cos(x) cos(x) — sin(x)[— sin(x)]
cos?(x)

cos?(x) + sin?(x)
cos?(x)

= () = sec’(x)
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Other Trig Functions

sec(x) = s

d 1
= Z[sec(x)] = ax [coS(X)]
_ cos(x)(0) — (1)(—sin(x))
cos?(x)
_ sin(x)
cos?(x)
1 sin(x)

~ cos(x) cos(x)

= sec(x) tan(x)



Chapter 2: Derivatives  2.8: Derivatives of Trigonometric Functions

Other Trig Functions

cse(x) = sin(x)

= lesc(x)] = dii [Tl(x)}

sin(x)(0) — (1) cos(x)

sin?(x)

— cos(x)
sin?(x)

—1 cos(x)
sin(x) sin(x)

= — csc(x) cot(x)
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Other Trig Functions

cos(x)

<otl) = Gn()

et = 2 [0

sin(x)(—sin(x)) — cos(x) cos(x)
sin?(x)
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Stuff to Know

< {sin(x)} = cos(x) %{sec(x)} = sec(x) tan(x)
< {cos(x)} = —sin(x) Ex{csc(x)} = — csch) cot(x)
< ftan(x)} = sec’(x) = {cot(x)} = — csc?(x)

lim sin x -1

x—=0 X
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Stuff to Know

< {sin(x)} = cos(x) 2 {sec(x)} = sec(x)tan(x)
< {cos(x)} = —sin(x) £ {ese(x)} = — csc(x) cot(x)
ki 4 {tan(x)} = sec’(x) £ fcot(x)} = — esc®(x)
lim sin x -1
x—0 X
Let f(x) = M_ Use the definition of the derivative to find f'(0).

15ex

Differentiate (€* + cot x) (5x° — cscx). (No need to simplify.)

sinx 0 x<0
Suppose h( )_ axx>b / X>0

Which values of a and b make h(x) continuous at x = 07
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Practice

X2cos§ , X#0
f(X):{ o() . x=0

Is f(x) differentiable at x = 0?

g(x):{(esmTX , x<0

x—a) , x>0

What values of a makes g(x) continuous at x = 07
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Practice

A ladder 3 meters long rests against a vertical wall. Let 6 be the angle between the top
of the ladder and the wall, measured in radians, and let y be the height of the top of the
ladder. If the ladder slides away from the wall, how fast does y change with respect to 67
When is the top of the ladder sinking the fastest? The slowest?
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We want to find how fast y is changing with respect to 6, so we want %, or y'(0). To
calculate that, we need to find y as a function of 6. Note that the ladder forms a right
triangle with the wall, and y is the side adjacent to 6, while 3 is the hypotenuse. So,
cos(0) = %, hence y = 3 cos(0). Now we differentiate, and see

@y _

do
To answer the other questions, note that 0 never gets larger than /2, since at that point
the ladder is lying on the ground. When 0 < 6§ < 7/2, the smaller 6 gives the smaller

rate of change (in absolute value); so the top of the ladder is sinking slowly at first, then
faster and faster, fastest just as it hits the ground.

—3sin(0)
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Practice

Suppose a point in the plane that is r centimeters from the origin, at an angle of 6, is
rotated 7/2 radians. What is its new coordinate (x,y)? When is the x coordinate
changing fastest and slowest with respect to 87 (For simplicity, you may assume the
original point is in the first quadrant; that is, 0 < 0 < 7/2.)

y

(y)

[SIE]

(a, b)

)



https://www.siggraph.org/education/materials/HyperGraph/modeling/mod_tran/2drota.htm

Chapter 2: Derivatives  2.8: Derivatives of Trigonometric Functions

Practice

Suppose a point in the plane that is r centimeters from the origin, at an angle of 6, is
rotated 7/2 radians. What is its new coordinate (x,y)? When is the x coordinate
changing fastest and slowest with respect to 87 (For simplicity, you may assume the
original point is in the first quadrant; that is, 0 < 0 < 7/2.)

link: explanation of 2d rotation

x = —rsin(f) and y = rcos(0). To find how fast x is changing with respect to 0, we
take x'(0) = —rcos(). We see that when § = 0, x changes a lot when 6 changes; and
when 6 = 7/2, x only changes a little when 6 changes.


https://www.siggraph.org/education/materials/HyperGraph/modeling/mod_tran/2drota.htm
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Intuition: sin x versus sin(2x)

y

\ x
\ f(x) =sinx
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Intuition: sin x versus sin(2x)

y

AN

\ :(x) = sinx

/\ / g:x) — sin(2x)
/ A4
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Intuition: sin x versus sin(2x)

y

AN

\ :(x) = sinx

/\ / g:x) — sin(2x)
/ A4
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Intuition: sin x versus sin(2x)

y

AN X

f(x) =sinx

/\ / g(x) = sin(2x)




Chapter 2: Derivatives  2.9: The Chain Rule

Intuition: sin x versus sin(2x)

y

N X
\> f(x) =sinx
f'(x) = cos x

/\ / i(X) — sin(2x)
/ A4
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Intuition: sin x versus sin(2x)

y

N X
\> f(x) =sinx
f'(x) = cos x

/NSNS
\/
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Compound Functions

Video: 2:27-3:50


http://ww2.kqed.org/quest/2014/02/25/balancing-act-otters-urchins-and-kelp/
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k  kelp population
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Kelp Population

k  kelp population
u urchin population

k = k(u)
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Kelp Population

k  kelp population
u urchin population

k= k(u) = k(u(2))
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k  kelp population
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p  public policy
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Kelp Population

k  kelp population
u urchin population

p  public policy
k= k(u) = k(u(0)) = k(u(o(p)))

This is an example of a compound function.
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Kelp Population

k  kelp population
u urchin population

p  public policy

This is an example of a compound function.

Should k’(o) be positive or negative?
A. positive B. negative C. I'm not sure
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Kelp Population

k  kelp population
u urchin population

p  public policy

This is an example of a compound function.

Should k’(o) be positive or negative?
A. positive B. negative C. I'm not sure

Should k’(u) be positive or negative?
A. positive B. negative C. I'm not sure
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Kelp Population

k  kelp population
u urchin population

p  public policy

This is an example of a compound function.

Should k’(o) be positive or negative?
A. positive B. negative C. I'm not sure

Should k’(u) be positive or negative?
A. positive B. negative C. I'm not sure
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Compound Functions

9 1)} = fim, T(ECE 1) = 1(C)
— lim f(g(X + h)) - f(g(x)) (g(x + h) _ g(x))
h

h0 gx+h) —g(x)
o FBlt )~ Fla(x) | s(x+h) — g(x)
" g(x+ h)— g(x) h
o FlBle h) — Flg() | 8+ h) — g(x)
=0  g(x+ h) — g(x) h—0 h
_ f(e+n)— et
= Jim g (x)
N ECEDINED)
Set H=g(x+ h) —g(x) = /LiTo Fle() + HI-)I — fle(x)) -g'(x)

=f'(g(x)) &'(x)
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Chain Rule

Chain Rule
Suppose f and g are differentiable functions. Then

_ df dg

0] = 7 (e()e ) = 5 F

In the case of kelp, dk = dk du

d di d
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Chain Rule

Chain Rule

Suppose f and g are differentiable functions. Then

S0 = 7 (e(e ) = L F

dk  dkd

do d do
Example: suppose f(x) = sin(e* + x?).

In the case of kelp,
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Chain Rule

Chain Rule

Suppose f and g are differentiable functions. Then

2 1N = FeLg ) = %

dk _dkd

do—d d
Example: suppose f(x) = sin(e* + x?).

In the case of kelp,

We can differentiate sin(x), so let's let g(x) = &* + x2.
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Chain Rule

Chain Rule

Suppose f and g are differentiable functions. Then

2 1N = FeLg ) = %

dk _dkd

do—d d
Example: suppose f(x) = sin(e* + x?).

In the case of kelp,

We can differentiate sin(x), so let's let g(x) = &* + x2.
g'(x) = x* +2x
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Chain Rule

Chain Rule

Suppose f and g are differentiable functions. Then

d o ;o df dg
el = F(e0s' (0 = 5
dk dkd
In the case of kelp, 4o = a0 do

Example: suppose f(x) = sin(e* + x?).

We can difFerentiate sin(x), so let's let g(x) = e* + x°.
g'(x)=x*+ 2X

2T S ey



Chapter 2: Derivatives  2.9: The Chain Rule

Chain Rule

Chain Rule
Suppose f and g are differentiable functions. Then

2 1N = FeLg ) = %

dk _ dkd.
do d d
Example: suppose f(x) = sin(e* + x?).

In the case of kelp,

We can difFerentiate sin(x), so let's let g(x) = e* + x°.
g'(x)=x*+ 2X

2T S ey

So, f'(x) = cos(e* + x*)(e* + x?)



Chapter 2: Derivatives ~ 2.9: The Chain Rule

Another Example

F(v)

yO\S
(+51)
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Another Example

F(v)

,O\S
(+51)

vi+1

)5 (VD) - (DBE)
(v 1 1)

—2vi41

v
_6< v34+1

;

(v 1p
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More Examples

Let (x) = (10" + cscx)*2. Find f'(x).

1
sin(

Suppose , u(o) L and t > 10 (so all these functions are defined). Using

the chain rule, find /(). Note: your answer should depend only on t: not
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More Examples

Let (x) = (10" + cscx)*2. Find f'(x).
f(x) = ()1/2, so using the chain rule,
f(x) = %()*1/2(10X In 10 — csc x cot x)

_10"In10 — cscx cot x

24/10% + csc x
Suppose , u(o) ?ln() and t > 10 (so all these functions are defined). Using

the chain rule, find /(). Note: your answer should depend only on t: not

o'(t) = et and i (o) = (0 +sin0)(0) — (1)(1 + cos o) _ —(1+ coso). Then,

(0 +sino)? (o + sin 0)?
o ¢f 14 cos(e’)
/0=~ (3 o)
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More Examples

1
Evaluate — {xz + sec (x2 + 7> }
dx X

Evaluate —

X =

X+
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More Examples

Evaluate i {x2 + sec (x2 + 1)}
dx X

d{X2+sec<><2+l)}—2x+sec<x2+1>-tan<x2+1
dx X X X

1 1
:2x+sec<x2+>-tan<x2+
X X

2x+sec(x2+1>-tan<x2+1
X X

Notice: That first term, 2x, is not multiplied by anything else.

d 1
Evaluate — — 1

dx n

1
X+;
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More Examples

Evaluate — {x2 + sec (x2 + 1)}
dx X

Evaluatei !
dx 1
X + i
X+;
d 1 B !
o (= | 0 ()
+ L1
X - 72
<x+(x+xl> >




