Week 2: Determinants, Cross Products, Lines, and Planes

Course Notes: 2.4-2.5

Goals: Introduce determinants and cross products, computationally and
with geometric interpretations. Lines and planes.
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Determinants in Two and Three Dimensions
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Determinants in Two and Three Dimensions

a a
det [bi bﬂ = aiby —axh

ap a2 as
det [by by b3| = ardet [bz bﬂ — ap det [bl b3] + az det [bl bz]
Q G a ¢ ca o
i ¢ 3
Tricky way: ONLY in three dimensions:
dp d2 as
det b]_ b2 b3 = alb2C3 + a2b3C1 + a3b1C2 — 33b2C1 — 32b1C3 _ 31b3C2
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Geometric Interpretation: Determinant in Two Dimensions
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Geometric Interpretation: Determinant in Two Dimensions

a1

det |:b1

Zz] = aiby — axby
|7 a2 b1
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Geometric Interpretation: Determinant in Two Dimensions

ap az| _ .
det |:b1 b2:| =a1by — aoh;
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then



Geometric Interpretation: Determinant in Two Dimensions
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Geometric Interpretation: Determinant in Two Dimensions

a1 az| _
det |:b1 b2:| =a1by — aoh;
_|—a2| |b
o al b2

ar az|
If det [bl bj =0,

then [—aaz] is orthogonal to [bl},
1

by
o) [al] and [bl} are
ar b2



Geometric Interpretation: Determinant in Two Dimensions

a1 az| _
det |:b1 b2:| =a1by — aoh;
_|—a2| |b
o al b2

b1 b
—as| . b1
then 5 | 18 orthogonal to ,
1

If det [‘91 "2} -0,

b,

b .
so [Zl] and [bl} are scalar multiples of one another (parallel).
2 2
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Are the following determinants zero, or nonzero?
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Zero Determinants

Are the following determinants zero, or nonzero?

1 2
det [4 8] =0

det [}1 6} #0

a a |
det [531 522] =0

a ax|
det[O O} =0



More Geometric Interpretation in Two Dimensions
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More Geometric Interpretation in Two Dimensions
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More Geometric Interpretation in Two Dimensions
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ol 5 =[] o) o
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More Geometric Interpretation in Two Dimensions

dy ar o —a . b1 _a.
ol 5 =[] o) o
— ||a[l][b] cos(d)

= [[a[[[[b]| cos(w/2 — 6)
= ||a]|||b| sin() = shaded area
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Example: Find the area of the parallelogram with one side given by {6}

= area of parallelogram spanned by [21} and [21}
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In general:
dy ar
wfi 3

. : : . 2
Example: Find the area of the parallelogram with one side given by {6}

= area of parallelogram spanned by [21} and [21}
2 2

and the other side { 43} )

| % o -@w- @03

=8+18=26

Silly Example: Find the area of the rectangle with corners (0,0), (x,0),
(0,y), and (x, y).
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Cross Product

ONLY defined in three dimensions.

al bl
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31b2 — 32b1



Cross Product

ONLY defined in three dimensions.

al b1
a= |[a» b= b2
as b3
32b3 — a3b2
axb= a3b1—a1b3
31b2 — 32b1
Mnemonic:
i j k 2
det [a1 ap a3z| =idet [b2 bJ — jdet [b b}%—kdt[bl b2:|
b1 by bs

= i(32b3 — a3b2) —j(31b3 — a3b1) + k(albg — 32b1)
axbs — asby
= |asby —a1bs
31b2 — 32b1







Practice

Not commutative!



1. ax b is orthogonal toaandto b .



1. ax b is orthogonal toaandto b .
Verify:
axbs — azby a
a3b1 — alb3 a2 = 0
aiby — azxby a3



Geometric Interpretation

1. a x b is orthogonal toa and to b .

Verify:
a2bs — azby a
a3b1 — 81b3 clazl = 0
ayby — ax2by a3

2. [la x bl| = |la][b]] sin®,
where 6 is the angle betweenaand b, 0 <0 < 7.



Geometric Interpretation

1. a x b is orthogonal toa and to b .

Verify:
azbz — azbo a1
a3b1—31b3 | a2 =0
aiby — azxby a3

2. [laxb]| = |al/|b]sin®,
where 6 is the angle betweenaand b, 0 <0 < 7.
Thus, sinf is positive, and ||a x b|| is the area of the parallelogram

spanned by aand b .



Geometric Interpretation

1. a x b is orthogonal toa and to b .

Verify:
azbz — azbo a1
33b1—31b3 | a2 =0
aiby — ax2by a3

2. [}a x b]| = [[all[b]|sin®,
where 6 is the angle betweenaand b, 0 <0 < 7.
Thus, sinf is positive, and ||a x b|| is the area of the parallelogram
spanned by aand b .

3. The vectors a, b, and a x b obey the right hand rule. That is, if you
curl your fingers towards your palm from a to b, your thumb points
in the direction of a x b.
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A = (base)(height) = |[a]|[|[b — projab||



A? = |[a]?|b — projabl|?



A? = |[a]?|b — projabl|?

a-b
b-—|——]a
(||a||2>

2
= |lal?




|a x b|| = area of parallelogram

A? = [lal]?llb — projab?
a-b
b — ()a
fal?
2
5 a-b a-b 5
= b-b—2(b-a)( — =
ol ( ( a)<|au2>+(nau2> ”a>

Ry
~talP (b2 - 52

2
= |lal?




|a x b|| = area of parallelogram

22 = Jal’lb ~ projab|
B <a-b> A
BE

a-b a-b\?
_”a”2<b »—20-) () + () ”“)

_ 2 2 (a-b)?
~al? (b1 - 500 )
= JalP o] - (a - b)?

= (a2 + a3 + a2)%(b? + b3 + b2)? — (a1by + axby + a3bs)?
= ... = (32b3 — a3b2)2 + (a3b1 — alb3)2 + (alb2 — 32b1)2
= [la x b]?

2
= |lal?




Find the Area of the Parallelograms

1 3
Find the area of the parallelogram spanned by |1| and | 1 |.
1 -2

Find the area of the parallelogram spanned by [ﬂ and [g}



Find the Area of the Parallelograms

1 3
Find the area of the parallelogram spanned by |1| and | 1 |.
1 -2

Find the area of the parallelogram spanned by [ﬂ and [g}

Can you do that with a cross product, by imagining these vectors in R3?



Suppose a plane contains the points P1(3,2,2), P»(2,2,1), and
P3(1,1,1). Find a normal vector to the plane. That is, find a vector that
is perpendicular to every line on the plane.



l.axb= bxa



l.axb=-bxa



l.axb=-bxa
2.ax(bxc)=(c-a)b—(b-a)c



Properties of Cross Product

l.axb=-bxa
2.ax(bxc)=(c-a)b—(b-a)c
https://proofwiki.org/wiki/Lagrange’s_Formula
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Properties of Cross Product

l.axb=-bxa
2.ax(bxc)=(c-a)b—(b-a)c
3. s(axb)=(sa) xb=ax(sb

)

a

4. ax(b+c)=axb+axc

3a
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Properties of Cross Product

l.axb=-bxa
2.ax(bxc)=(c-a)b—(b-a)c
3. s(ax b)=(sa) xb=a x (sb)
b
a '\ 3a>
4. ax(b+c)=axb+axc
5.a-(bxc)=(axb)-c



Properties of Cross Product

axb=-bxa

x (b xc)=(c-a)b—(b-a)c
s(axb) (sa) x b =a x (sb)

'\3!—‘

4. ax(b+c)=axb+axc
a-(bxc)=(axb)-c Isitalso true that (a-b) xc=ax (b-c)?

o



Properties of Cross Product

l.axb=-bxa
2.ax(bxc)=(c-a)b—(b-a)c
3. s(ax b)=(sa) xb=a x (sb)

N~

.ax(b+c)=axb+axc

o

a-(bxc)=(axb)-c “triple product”

3a

L 2



Parallelograms




Parallelograms




Parallelograms







Parallelograms

Area: (base)x (height)



Parallelepipeds
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Parallelepipeds

Volume: (area of base)x (height)



Triple Product: a- (b x c)




Triple Product: a- (b x c)




Triple Product: a- (b x c)




Triple Product: a- (b x c)

Area of base: ||b x c||



Triple Product: a- (b x c)

b x ca
P 2l
_-" _ - ’
_ - / _ - /
_ - / - /
-7 / -7 /
77777777777 —=77 /
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Area of base: ||b x c||



Triple Product: a- (b x c)

b x c4

||all| cos 6|

-7 =7
_-" _ - ’
_ - / _ - /
_ - / - /
- / -7 /
———————————————— —-=7 /
N / ,/ ’
0 A /
/
’ ’ /
a —————————— e =
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Area of base: ||b x c||



Triple Product: a- (b x c)

b x cq
P 2
_ - ’ _-" /
_ - / _ -7 /
_ - / _ - /
_ - / Phs /
7777777777777777 —-=7 /
/
_ T / P ’
> / , /
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Area of base: ||b x c||
Height of parallelepiped: ||a||| cos |



Triple Product: a- (b x c)

b x cq
P 2
_-" _ - ’
_ - / _- /
- / - /
- / - /
———————————————— -- /
an 7
= P /
NO /
w |0 P /
(] / / /
(9] a SIS, =
i / -
e / -
T / —
— C ;-
\

Area of base: ||b x c||
Height of parallelepiped: | al|| cos 6|

Volume of parallelepiped:
(area of base)(height)= ||a||||b x c|||cosf| = |a - (b x c)|



a-(bxc)=



i j k
by by b3
Gl C C3

a-(bxc)=a-det




Calculating the Triple Product

det 122 ?

. |2 C3]
i j k by bs

a-(bxc)=a-det by by b3| =a- |—det o c
Gl C C3 —b 1 b —3

det |71 72

L €1 2]




Calculating the Triple Product

i
a-(bxc)=a-det|bh
(4]

by

= a; det

by
o]

j k

b2 b3 =a-
C C3
b3] — ar det [
a3

det
|C2 C3

—det [bl bﬂ
1 G

det b1 b

a @

b3:| + az det [
(&]

b1
a

(&)



Calculating the Triple Product

det by bs
BN %
a-(bxc)=a-det|b by bs| =a-|—det [Cl Cﬂ
C1 C C3 —b 1 b —3
det |+ 72
L |1 2] ]
= a; det {b2 b3] — ar det [bl b3] + az det [bl bz}
G G Gl G a @

dy 42 as
—det |b1 by b3

i ¢ G



0 1 -1
Find the volume of the parallelepiped spanned by [0, |—1|, and [—1].
1 1 1



0 1 -1
Find the volume of the parallelepiped spanned by [0, |—1|, and [—1].
1 1 1

For positive a, b, and ¢, find the determinant and interpret it as a volume:

det

O O w

00
b 0
0 ¢



0 1 -1
Find the volume of the parallelepiped spanned by [0, |—1|, and [—1].
1 1 1

For positive a, b, and ¢, find the determinant and interpret it as a volume:

a 00
det ([0 b O
0 0 ¢
Calculate and explain geometrically:
2 0 3
det |8 1 7

20 3 15



Right-Hand Rule

Predict the following cross products without using the cross-product
calculation. Draw your results. Check using the cross-product calculation.

2 0
0| x |0
_O_ _7_
o] o]
0O x |2
_7_ _0_
[—2 0
0| x |7
| 0 0



Given any 3-dimensional vector a, is there a simple expression for a x a?



Given any 3-dimensional vector a, is there a simple expression for a x a?

What about (sa) x a for a scalar s?



Given any 3-dimensional vector a, is there a simple expression for a x a?

What about (sa) x a for a scalar s?

What about a - (a x b)?



Given any 3-dimensional vector a, is there a simple expression for a x a?

What about (sa) x a for a scalar s?

What about a - (a x b)?

Consider a x (b x c). Will this vector be in the same plane as b and ¢, or
in an orthogonal plane?



Given any 3-dimensional vector a, is there a simple expression for a x a?

What about (sa) x a for a scalar s?

What about a - (a x b)?

Consider a x (b x c). Will this vector be in the same plane as b and ¢, or
in an orthogonal plane?

Notice a x (b x ¢) = (c-a)b — (b -a)c: a linear combination of b and c .
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Parametric Equations of Lines

X2

Line passing through the origin:

X = Ssa

> X1



Parametric Equations of Lines

X2

Line passing through the origin:

X = sa

Question: is this the only such equation for the line?



Parametric Equations of Lines

X2

Line passing through the origin:

X = sa

Can we use this equation with a line not passing through the origin?



X2

X1




X2

X1




Parametric Equations of Lines

X2

General equation of a line:

X=4q-+sa

> X1



X2

Find a parametric equation describing the line in the direction of

a= [_21] passing through the point (1,1).
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Find a parametric equation describing the line in the direction of

a= [_21] passing through the point (1,1).



X2

(1,1)

Find a parametric equation describing the line in the direction of

a= [_21] passing through the point (1,1).



X2

(1,1)

Find a parametric equation describing the line in the direction of

a= [_21] passing through the point (1,1).



X2

(1,1)

Find a parametric equation describing the line in the direction of

a= [_21] passing through the point (1,1).

Can you find another?



X2

¥

Find a parametric equation describing the line in the direction of

a= [_21] passing through the point (1,1).

Can you find another?
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Equations of Lines

X2

Line passing through the origin:



Equations of Lines

X2

Line passing through the origin:

HRMEL



Equations of Lines

X2

Line passing through the origin:

HRNE

:>‘ bix1 4+ boxo = O‘

X1



Equations of Lines

X2

Line passing through the origin:

HRNE

:>‘ bix1 4+ boxo = O‘

=Xy = (—bg/bl)xl



Equations of Lines

X2

/

General Line in R?
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X2 X

- -

General Line in R?



Equations of Lines

X2 X

- -

General Line in R?

(x—q)-b=0



Equations of Lines

X2 X

- -

General Line in R?
(x—q):-b=0
x-b=q-b



Equations of Lines

X2 X

- -

General Line in R?

(x—q)-b=0
x-b=q-b

’b1x1+b2><2:c‘




Suppose the parametric equation of a line is given by

X - 3 +s ! . Convert this to an equation of the form
X 1 1

ax1 + bxo = c.

Suppose the parametric equation of a line is given by

) 3 +s 2 . Convert this to an equation of the form
X2 1 7

axy + bx; = c.



Suppose the parametric equation of a line is given by

X - 3 +s ! . Convert this to an equation of the form
X -1 1

ax1 + bxo = c.

{ x1=3+s
&
X =—-1+s



Suppose the parametric equation of a line is given by
X - 3 +s ! . Convert this to an equation of the form
X -1 1

ax1 + bxo = c.

Xo=—1+s

{S—X1—3
=
S:X2+1

{ X1:3+5
<~



Suppose the parametric equation of a line is given by

[Xl] = [ 31} +s [ﬂ Convert this to an equation of the form

X2
ax1 + bxo = c.

{ X1:3+5
<~

X =—-1+s
{S—X1—3
<~
S:X2+1

=x1—3=x0+1
Sx1—Xp =2



Suppose the parametric equation of a line is given by

[Xl] = [ 31} +s [ﬂ Convert this to an equation of the form

)= 5+

ax1 + bxo = c.
{ X1:3+5
<~

X =—-1+s
{S—X1—3
<~
S:X2+1

:>X1—3:X2—|-1
Sx1—Xp =2

Suppose the parametric equation of a line is given by

) 3 +s 2 . Convert this to an equation of the form
X2 -1 7

axy + bxo = c.



Suppose the parametric equation of a line is given by

X1 . 3
x| —1_+S

ax1 + bxo = c.

X1 3
x| |—1 +s

ax1 + bxo = c.

1
1

7

. Convert this to an equation of the form

Suppose the parametric equation of a line is given by

. Convert this to an equation of the form

x1 =3+ 2s
X =—1+7s

X1*3:25

X2+1:75

x1 — 21 =14s

2x0 + 2 = 14s
= 7x1 —12=2x, + 2
S Txy —2xp = 23



Give a parametric equation for the line x, = 3x; + 5.



Give a parametric equation for the line xo = 3x; + 5.




Give a parametric equation for the line xo = 3x; + 5.




Give a parametric equation for the line x, = 3x; + 5.




Give a parametric equation for the line x, = 3x; + 5.

sa










X =g+ sa

How many components do the vectors have?



X =g+ sa

How many dimensions does a vector have?












Oand (x—q)-c=0

(x—a)-b



(x—q)-b=0and (x—q)-c=0



(x—q)-b=0and (x—q)-c=0

x-b=q-bandx-c=q-c



Equation of a Line in R3

(x—q)-b=0and (x—q)-c=0

x-b=q-bandx-c=q-c

To define a line in R3, we need a system of equations:

x1b1 + xobo + x3b3 = s
X1C1 + X2C2 + X3C3 = 5












X = q + saj + tap













(x—q)-b=0




.,
<

—~ 0



(x—q)-b=0
x-b=s
bixi + baxo 4+ b3xz = s



Equations
Line in R?
Line in R3

Plane in R3

Parametric Component
X =(+ sa bixi + boxp = s

{ bixy + boxo + b3xzg = s

X=4q-+ sa
X1+ X0 +3x3 =t

Xx=¢q+sa+tb bix1 + boxo + b3xz =s



Equations

Parametric Component
LineinR? x=q+ sa bixi + boxp = s
L b b b3xz =
Line in R3 x=q+sa 1X1 + D2X2 + D3X3 =S
ax1t+oxp+ax3=t

Plane in R3 x = q+sa+tb bix1 + boxo + b3xz =s

Suppose q and a are vectors in R*®. What would you call the geometric
object resulting from the equation x = q + sa?



Equations
Line in R?
Line in R3

Plane in R3

Parametric Component
X =(+ sa bixi + boxp = s
Xx=q+sa bix1 + boxo 4+ b3x3 ='s

ax1+oxe+ax3=t
x=q+sa+tb bix1 + boxo + b3xz =s

Suppose q and a are vectors in R, What would you call the geometric
object resulting from the equation x = q + sa?

Suppose P and Q are planes. What is the intersection of P and Q7



Equations

Parametric Component
LineinR? x=q+ sa bixi + boxp = s

LineinR3 x=q+sa { bixi + baxp + b3xz =5

C1X1 + Cxp +c3x3 =t
Plane in R3 x = g+sa+tb bix1 + boxo + b3xz =s

Suppose q and a are vectors in R'®. What would you call the geometric
object resulting from the equation x = q + sa?

Suppose P and @ are planes. What is the intersection of P and Q7

Are there any vectors q and a in R3 for which the equation x = q + sa is
not a line?



Equations

Parametric Component
LineinR? x=q+ sa bixi + boxp = s

LineinR3 x=q+sa { bixi + baxp + b3xz =5

C1X1 + Cxp +c3x3 =t

Plane in R3 x = g+sa+tb bix1 + boxo + b3xz =s

Suppose q and a are vectors in R, What would you call the geometric
object resulting from the equation x = q + sa?

Suppose P and Q are planes. What is the intersection of P and Q7

Are there any vectors q and a in R3 for which the equation x = q + sa is
not a line?

Are there any vectors q, a, and b in R3 for which the equation
X = ¢+ sa + tb is not a plane?



Equations

Parametric Component
LineinR? x=q+ sa bixi + boxp = s
. . bix1 + boxo 4+ b3x3 = s
Linein R3 x= sa
a+ { ax1t+oxp+ax3=t

Plane in R3 x = q+sa+tb bix1 + boxo + b3xz =s

Are there any constants by, by, and s for which the equation
bix1 + boxo = s is not a line?



Equations
Component

Parametric
bixi + boxp = s

Line in R? X =+ sa
{ bixy + boxo + b3xzg = s

LineinR3 x=q+sa
q ax1t+oxp+ax3=t

Plane in R3 x=q+sa+tb bixy + boxo + bs3xz = s
Are there any constants by, by, and s for which the equation

bix1 + boxo = s is not a line?
Recall: b was the normal vector to the plane bix; + boxo + b3xz = s.



Equations

Parametric Component
LineinR? x=q+ sa bixi + boxp = s
L b b b3xz =
Line in R3 x=q+sa 1X1 + D2X2 + D3X3 =S
C1X1 + Cxp +c3x3 =t

Plane in R3 x = q+sa+tb bix1 + boxo + b3xz =s

Are there any constants by, by, and s for which the equation
bix1 + boxo = s is not a line?

Recall: b was the normal vector to the plane bix; + boxo + b3xz = s.

True or False: for point P on the plane 5x; + 7xp + 11x3 = 22, the vector
with head at P and tail at the origin is orthogonal to the vector [5,7,11].



Equations

Parametric Component
LineinR? x=q+ sa bixi + boxp = s
L b b b3xz =
Line in R3 x=q+sa 1X1 + D2X2 + D3X3 =S
C1X1 + Cxp +c3x3 =t

Plane in R3 x = g+sa+tb bix1 + boxo + b3xz =s
Are there any constants by, by, and s for which the equation
bix1 + boxo = s is not a line?
Recall: b was the normal vector to the plane bix; + boxo + b3xz = s.

True or False: for point P on the plane 5x; + 7xp + 11x3 = 22, the vector
with head at P and tail at the origin is orthogonal to the vector [5,7,11].

True or False: for any two distinct points P; and P> on the plane
5x1 4+ 7xo + 11x3 = 22, the vector with head at P; and tail at P is
orthogonal to the vector [5,7,11].



Prove It

Suppose a plane has equation byx; + byxo + b3xz = s.

Show that, for any two points on this plane, the vector with head at one
and tail at the other is orthogonal to [bs, by, b3].



X2

X1



X2

X1



X2

rOjp X




X2

rojpX
X1

Draw lots of other vectors whose projections onto b are also the pink
vector.



X2

Projpx
X1

Draw lots of other vectors whose projections onto b are also the pink
vector.

Find a simplified expression for the collection of vectors [x1, x2] that all
have the same projection onto b in.



X2

°P

X1

How can you find the distance from the point P to the line x = q + sa?



X2

X1

How can you find the distance from the point P to the line x = q + sa?



X2

X1

How can you find the distance from the point P to the line x = q + sa?



X2

X1

How can you find the distance from the point P to the line x = q + sa?



X1

How can you find the distance from the point P to the line x = q + sa?



X1

How can you find the distance from the point P to the line x = q + sa?

d + projv =



X1

How can you find the distance from the point P to the line x = q + sa?

d + projv = v, so



X1

How can you find the distance from the point P to the line x = q + sa?
d + projav = v, so ||d|| = ||[v — projav||



Find the distance from the point P to the plane Q.



Find the distance from the point P to the plane Q.




Find the distance from the point P to the plane Q.




Find the distance from the point P to the plane Q.




Find the distance from the point P to the plane Q.




Find the distance from the point P to the plane Q.




Find the distance from the point P to the plane Q.

|
|
|
|
|
|
b -
|
|

ProjaV Tn




Find the distance from the point P to the plane Q.

|
|
|
|
|
|
b -
|
|

ProjaV Tn

Find the distance from the point (3,5, 1) to the plane
2 1 1

x=[6+t]|3]+s]|1
3 5 -1



Let P be the plane with equation 2x + 2y + 2z =1, and let @ be the
plane with equation x +y +z = 1.

What will their intersection be: a plane, a line, a point, or nothing?



Let P be the plane with equation 2x + 2y + 2z =1, and let @ be the
plane with equation x +y +z = 1.

What will their intersection be: a plane, a line, a point, or nothing?

Let P be the plane with equation 2x + y — z =1, and let @ be the plane

with equation x + 2y + 3z = 0.

What will their intersection be: a plane, a line, a point, or nothing?



Let P be the plane with equation 2x + 2y + 2z =1, and let @ be the
plane with equation x +y +z = 1.

What will their intersection be: a plane, a line, a point, or nothing?

Let P be the plane with equation 2x + y — z =1, and let @ be the plane

with equation x + 2y + 3z = 0.

What will their intersection be: a plane, a line, a point, or nothing?

Find it in parametric form.















