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Abstract

Block spin renormalization group is the main tool used in our program to see
symmetry breaking in a weakly interacting many Boson system on a three
dimensional lattice at low temperature. In this paper, we discuss some of its
purely algebraic aspects in an abstract setting. For example, we derive some
“well known” identities like the composition rule and the relation between
critical fields and background fields.
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One standard implementation of the renormalization group philosophy [9] uses
block spin transformations. See [8, 1, 7, 2, 6]. Concretely, suppose we are to control
a functional integral on a finite! lattice X_ of the form

do* (x)do(x an.as;*,
/ [[ @) Ao anoo) (1)
reX_
with an action A(ay, -+ , a; @y, @) that is a function of external complex valued fields
ay, -+, ag, and the two? complex fields ¢,, ¢ on X_. This scenario occurs in [4, 5],

where we use block spin renormalization group maps to exhibit the formation of a
potential well, signalling the onset of symmetry breaking in a many particle system
of weakly interacting Bosons in three space dimensions. (For an overview, see [3].)
For simplicity, we suppress the external fields in this paper.

Under the renormalization group approach to controlling integrals like (1) one
successively “integrates out” lower and lower energy degrees of freedom. In the
block spin formalism this is implemented by considering a decreasing sequence of
sublattices of X_. The formalism produces, for each such sublattice, a representation
of the integral (1) that is a functional integral whose integration variables are indexed
by that sublattice. To pass from the representation associated with one sublattice
X C X_, with integration variables ¢(x), z € X, to the representation associated to
the next coarser sublattice X C X, with integration variables 6(y), y € X, one
e paves X by rectangles centered at the points of X' (this is illustrated in the figure

below — the dots, both small and large, are the points of X and the large dots
are the points of A ) and then,

e for each y € A, integrates out all values of ) whose “average value” over the
rectangle centered at y is equal to 6(y). The precise “average value” used is
determined by an averaging profile. One uses this profile to define an averaging
operator () from the space H of fields on X to the space H, of fields on X’,. One
then implements the “integrating out” by first, inserting, into the integrand, 1
expressed as a constant times the Gaussian integral

/ I dO* (y)dI(y) ,—b(0* ~Q v . 0-Q ) (2)
yeXs 27
with some constant b > 0, and then interchanging the order of the # and v integrals.

For example, in [3, 4, 5] the model is initially formulated as a functional integral
with integration variables indexed by a lattice® (Z/Ly,Z) x (Z*/Ls,ZP). After n

1Usually, the finite lattice is a “volume cutoff” infinite lattice and one wants to get bounds that
are uniform in the size of the volume cutoff.

In the actions, we treat ¢ and its complex conjugate ¢* as independent variables.

3The volume cutoff is determined by Ly, and L.

2



o o (.) o o o
.

® &) (') &} &) &}

o o (.) o o o

o o (.) o o o
.

() [} (; [} &) &)

Figure 1: The lattices X and X',

renormalization group steps this lattice is scaled down to A, (LG Z / f;fl )
(7% /%273). The decreasing family of sublattices is Xj("_j ) = (5 2/ 52 7) %
(& Z3/LSP Z?), j =mn, n—1, ---. The abstract lattices X_, X, X, in the above

framework correspond to X,,, XO(") and XET’I), respectively.

Return to the abstract setting. The integral is often controlled using stationary
phase/steepest descent. The contributions to the integral that come from integration
variables close to their critical values are called “small field” contributions. At the
end of every step, the small field contribution to the original integral (1) is, up to a
multiplicative normalization constant®, of the form

H ™ (z)dy(x) —(w*—Qf &, Q(p—Q— ¢))—A(Px,0)+E(V™ ) (3)
sex oM Gx =g (V%)

$=Bpg (V*, )

where

e ()_ is an averaging operator that maps the space H_ of fields on X_ to the space
‘H of fields on X. It is the composition of the averaging operations for all previous
steps.

e the exponent (* — Q_ ¢, , QY — Q_ ¢)) is a residue of the exponents in the
Gaussian integrals (2) inserted in the previous steps. The operator® 9 is bounded
and boundedly invertible on L?(X).

4See Remark 1 for the core of the recursion responsible for this form.
5See Remark 1 for the recursion relation that builds 9.



e the “background fields”

(¢*> ¢) = ¢*bg(w*a ¢) (¢*, ¢) = ¢bg(¢*, ¢)

map sufficiently small fields v, ¥ on X to fields on X_. They are the concatina-
tion® of “steepest descent” critical field maps for all previous steps.
o A(p., ), the “dominant part” of the action, is an explicit function of ¢,, ¢ € H_
o E(1., 1) is the contribution to the action that consists of “perturbative correc-
tions”. It is an analytic function of ¥,y € H.

The next block spin renormalization group step then consists of
e rewriting (3), by inserting 1 expressed as a constant times (2), as

/ [ @0 [ ] @@ be-eu. 0-0v)

27 27
vers T Q- 60, Q- 6) A d)HEW W) (4)

2= ubg (b*,1)
P=pg (¥* 1)
up to a multiplicative normalization constant,
e and performing a stationary phase argument, for the v integral, around appropri-
ate critical fields” ¥, (6, 0), ¥ (s, 0) that map sufficiently small fields 6., 6 on
X, to fields on X.

In this paper, we discuss some purely algebraic aspects of the block spin renormal-
ization group in an abstract setting. We derive some “well known” identities like, in
Proposition 4.c, the composition rule, and, in Proposition 4.a, the relation between
critical fields and background fields, and, in Lemma 12, a formula for the dominant
part of the action in the fluctuation integral. They are used in Proposition 3.4.b,
Proposition 3.4.a, and Lemma 4.1.a of [4], respectively.

We use the following abstract environment:

e Let H , H, H, be finite dimensional, real vector spaces with positive definite
symmetric bilinear forms (-, -)_, (-, ), (-, -),. These bilinear forms extend to
nondegenerate bilinear forms on their complexifications H_, H, H.. Think of H_,
H and H, as being the vector spaces of real valued functions on the finite lattices
X_, X and X, respectively, and think of the complexifications H_, H, H, as
being L?(X_), L*(X) and L*(X,) respectively.

o Let duy(¢*,¢) be the volume form on H determined by its bilinear form. If
H = LX), then dppy(¢", §) =[], LA,

2m

6See Proposition 4.c for the recursion relation that builds G(+)bg-
"threr (04, 0) and b (04, 0) need not be complex conjugates of each other
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o Let
Q-:H — H Q:H— H,

be linear maps. They induce C linear maps between H_, ‘H, H which are denoted
by the same letter. We set

Q-=QoQ-

e Fix b > 0 and a strictly positive definite (real) symmetric linear operator, , on
H.
e Let 2 be a polynomial on H_ x H_.

Set, for ¢., 0 € H_, ., € H and 0,,0 € H

Actt (0, 6 0u, U5 00y ) = b (0x — Qubs, 0 = Q) + A4, U5 04, §)

where

Q= (L, +QQ7'Q) (5)

Remark 1. In this setting, the action of the functional integral (3) that appears at
the beginning of the renormalization group step is

— (0" =Q-0., Q) = Q-9)) = A9, 9) + E(W", V) = —AW", 13 ¢s, ¢) + E(V", Y)

and the action of the functional integral (4) that appears in the middle of the renor-
malization group step is

—b(0" = Quu, 0 —Q), — (" = Q- 0y, QW — Q- 9)) — A(ds, ¢) + E(V",¥)
= _Aeff(e*a 97 'QD*, ’QD, ¢*a ¢) + g(¢*> w)
We show in Proposition 4.b, below, that when one substitutes the critical 1 into Acg
one gets A. Upon scaling (and renormalizing) A becomes the A for the beginning
of the next renormalization group step. Equation (5) is the recursion relation that
builds the operator Q in A (i, V; ds, ¢).
Remark 2. Q= (1, — 0Q(bQ*Q + Q)_lQ*]

Proof. Apply Lemma 13 with V. = H, W = H,, ¢ = Q, ¢. = QF, f = Q and



Definition 3.

(a)

Let N be a domain in H which is invariant under complex conjugation. “Back-
ground fields on N7 are maps Qupg, Ppg : N X N — H_ such that, for each
(i, ¥) € N X N, the point (dung (1, ), dbg(¥s, 1)) is a critical point of the

map
(45 9) = Aths, V5 1, @)

That is, it solves
QLAQ-¢. + VyU(os, ¢) = QY.
QIAQ-¢+ Vy,A(¢, ¢) = Q- QY

“Formal background fields” are formal power series @.pg(¥s, ¥), Ong(¢s,?), in
(14, 1) with vanishing constant terms, that solve (6).

(6)

Let N, and N be domains in H, and H, respectively, which are invariant
under complex conjugation. Let ¢upg, dng be background fields on A. “Critical
fields on Ny with respect to Gupg, Pbg” are maps ey, ey : N X N — N such
that, for each (0,,0) € N, x N, the point (w*cr(ﬁ*, 0), er (s, 9)) is a critical
point for the map

(¢*7 w) = Aeﬁ(9*> 9, w*> % ¢*bg(¢*, w)a gbbg(w*a ’QD))

That is, it solves

(bQ*Q + Q)w* = bQ*H* +Q Q— ¢*bg(w*a ¢)
(bQ*Q + Q)Y = bQ™0 + Q Q_ Ppg(Vs, )
If ¢ivg, Pg are formal background fields, then “formal critical fields with re-

spect t0 Gubg, Prg” are formal power series Ve (0x,0), Ver (04, 0), in (6.,6) with
vanishing constant terms, that solve (7).

(7)

Let AV, be a domain in A, which is invariant under complex conjugation. “Next
scale background fields on Ay” are maps ¢.pg, dbg : Ny X Ny — H_ such that,
for each (0,,0) € N\ x N, , the point ((ﬁ*bg(ﬁ*, 0), ébg(ﬁ*, 9)) is a critical point
of the map )

(bs, ) = A(04, 0; Du, D)

That is, it solves



Formal power series Qg*bg(Q*,Q), gzvﬁbg(Q*,Q), in (6,,0) with vanishing constant
terms, that solve (8) are called “formal next scale background fields”.

Proposition 4. Let N and N be domains in H, and H, respectively, which are

invariant under complex conjugation. Let ¢ung, Prg be background fields on N and
Vuer, Yer be critical fields on Ny with respect to ¢ung, prg. Define the composition

(Zg*cp (‘9*7 0) = ¢*bg (¢*CI‘ (‘9*7 0)7 ¢cr(9*7 ‘9)) (9)
éth (9*7 9) = ¢bg (¢*Cr(9*7 9)7 wcr (9*7 9))

Then, for all (0.,0) € Ny x N,
(a) (Vser(0,0), er(0s,0)) fulfils the equations

Ui (05, 0) = (6Q"Q + Q)™ (bQ"0s + Q Q— drcp (6., 0))
Ve (05,0) = (bQ*Q + Q) (bQ"0 + Q Q- dep (6., 6))

(b) The effective action

ACH (‘9*7 07 ¢*Cr(‘9*7 0)7 wcr(e*a ‘9) ¢*Cp( ) ¢cp(9*7 9))
(9*7 9, ¢*Cp( *9 9)7 ¢cp(9*> 9))
(c) QVS*CP(H*, 0), écp(Q*, 0) are next scale background fields on N.
(d) For any continuous function (1., ) on N x N

/ A (V*, ) e~ A" Videng(V0).Gug (Ve ) +E(W" )
N XN

:bdimH+{/ duH+(9*’9) e—A(G*,0;(13*013(0*,6),(13013(6*,9)) e E(Pscr (0%,0),1er (0,0 F(e* 9)
N+XN+

+/ duH+(9*’9)/ gy (6* 1) = Aet O 00" i (0. )¢bg(w*7w)>+8(w*,w>}
(H+ xH4)\NE X N3 ) NN

where the fluctuation integral

F(0.,0) = /( )dMH(CW*,cSw) o~ OA«.0:59+,6%) OE (0.,0:5%4,0%)
D(64,6



Here the functions 0.A and 6 are given by

* :'llf*cr +(5’Lﬁ* ; 'llfzwcr +(5’Lﬁ

Y
(5./4(9*, ‘97 (5¢*, 5lp) = Aeff (0*7 ‘97 w*a wa ¢*bg(¢*7 w>7 (bbg(w*? 7\p>) S, =1

w*:dJ*cr“l‘éd}*: U’:d’cr"“w’
T,Z)*:dkkcr, d}:wcr

O (0., 0; 50, 00) = € (14, 0)
With Veer = Vuer (05, 0), e = Ver(04,0), and the domain
D(0.,0) = { (00, 60) € H x H | s (6.,6) + 00, = (tr(6.,6) +50)" € N }

The formal power series versions of parts (a), (b) and (c) of Proposition 4 are

Proposition 4’. Let ¢upg, dpg be formal background fields and icr, Yer be formal
critical fields with respect t0 Gupg, Prg. Set®

é(*)Cp(e*v 9) = ¢(*)bg (¢*cr(9*a 9)7 %(9*7 9)) (97)
(a) (w*cr(ﬁ*,ﬁ),zbcr(ﬁ*,ﬁ)) fulfils the equations
(b) The effective action

Actt (02, 0; Vucr (04, 0), Y (02, 0); Drcp (04, 0), Dy (62, 0))
= A(0.,6; $cp(8., ), cp (6., 9))
(€) Guep(0,0) , dep(6.,0) are formal next scale background fields.
The proof of these Propositions will be given after Lemma 7.
Remark 5.
(a) Part (c) of the Proposition is often called the “composition rule”.

(b) In applications, the domain A is chosen so that the second integral on the
right hand side of the formula in part (d) is small. In that integral either 6 or
0. is bounded away from the origin (“large fields”).

”

8We routinely use the “optional *” notation a(x) to denote “a. or a”. The equation “a(,) = B(x)
means “a, = B4 and o = §7.



(c) As in Proposition 4, let ¢.pg, Pne be formal background fields and ., ¢ be
formal critical fields with respect to ¢.pg, Pre. Assume, in addition, that the
equations (8), for the next scale background fields, have a unique formal power
series solution, that we denote (;E*bg, qug. Then by part (c) of Proposition 4’,
qB(*)bg(@*, 0) = é(*)cp(ﬁ*, ) and, by part (a) of Proposition 4’

If, in addition, qB(*)bg(@*, 0) are analytic functions on some domain, then so are
Y(wyer (04, 0). So to construct analytical critical fields, it suffices to have

e uniqueness of formal power series solutions to the next scale background field
equations

e existence of analytic solutions to the next scale background field equations

e formal background fields

e formal critical fields with respect to the formal background fields

Lemma 6, below, provides existence and uniqueness for formal power series
solutions of the critical field equations.

Lemma 6. Let g, ¢ be formal background fields of the form
S (e ) = L th) + 0oy, ¥)

with qbgf)i)g(zﬂ*,w) being of degree at least two® in (., ¥) and with the Ly ’s being

linear operators. If the linear operators bQ*Q + Q — QQ_L) are invertible, then
there exist unique formal critical fields with respect to @.ng, Phg-

Proof. Rewrite the equations (7) in the form

(bQ*Q + 9 — QQ_ L)t = bQ™0, + QQ_ 652 (1h,, )
(bQ'Q + 9 —QQ L) = Q"0+ QQ_ 62 (b, )

As 1), and v are to have vanishing constant terms, this provides a “lower triangular”
recursion relation for the coefficients of (¢,,%). As ‘H and H, are finite dimensional,
this recursion relation trivially generates a unique solution. O

The proof of Proposition 4 is based on

2)

1. has degree at least two.
g

9By this we mean that each nonzero monomial in qﬁg)



Lemma 7. For ¢.,¢ € H_ and 0,0 € H set
Dy (0, b)) = (bQ°Q + Q)7 (bQ"0p) + Q Q- 6
Then A(0s,0; ¢, @) = Aot (0, 030 (0, 62), (0, 0); iy @) and
(Yo, A) (0., 0; 6., )
= (Vo) A) (0 (6-, 6.), (6, 0); b4, )
+Q Q(0Q*Q + Q) [V, Aert) (6., 6; b0, 6.), (6, 9); s, ¢2}0)
Proof. With the abbreviation 15(*) = 1/;(*)(9(*), b))

0—Qv=10—-QbQ"Q+9Q) " (bQ0+QQ_9¢)
= [1-0Q(Q"Q+9)7'Q 10 — Q-0+ QQ_ ¢ — QbQ"Q + Q) 'QAQ_¢
[1-0Q(Q"Q+2Q)7'Q*]0 — Q— ¢
+QQQ+Q) 7 (b Q+9Q) - Q]Q-¢

= [1-bQ(Q"Q+92)7'Q*] (6 — Q- ¢)
p—Q ¢=(QQ+9Q) 7 (bQU+2Q ¢) —Q_¢
= (bQ"Q+9Q) ' (bQO+0Q- ¢ —bQ"QQ_ ¢ —QQ_ @)
=b(bQ*Q +2)7'Q" (0 — Q- ¢)
Therefore

A(6-,0; 6+,6) = Aca (6,0 Vus b5 62, 0)
= (0. — Q- 0., Q0 — Q- 9)), — (0 — Q. , 0 — Q¥
(.~ Q_ 0., QW —Q_9))
=0(0. —Q-¢.,0(0 —Q-9)),
where, by Remark 2,
O=[1-Q(1Q°Q+9Q) Q"] — [1-bQQ*Q+92) '’
— Q" Q+ Q) AR Q+ Q) T'Q
=b[1-0Q(Q*Q +9) ' Q7] Q +9Q)'Q"
—bQ(Q"Q+ Q) 'AMQ*Q + Q)7

= 0Q[1 - (hQ*Q +9) '1Q*Q — (hQ*Q +92)™'Q] (bQ*Q + Q) ™' Q*
=0

10



This proves the first statement. The second follows by the chain rule and the obser-
vation that Vg A = Vg A. O

Proof of Propositions 4 and 4’. The proof of Proposition 4’ is virtually identical to
that of Proposition 4.a,b,c, so we just give the proof of Proposition 4. Part (a)
follows immediately from (7) and (9). Now evaluate the conclusions of Lemma 7
at @) = é(*)cp(e*,e)). The formula for A in Lemma 7 directly gives part (b).
The right hand side of (10) vanishes upon this evaluation by parts (a) and (b)
of Definition 3. This shows that (Guep(0s,0), ¢ep(fs,0)) is critical for the map

(Pu, @) — /l(e*, 0; ¢, gb) , which proves part (¢). Now

p— dimHy / dUH(¢*> w) e~ AW Di0ubg (V7 1), Pbg (V™ 9))+E(W™ )
NN

_ / djine. (6%, 0) /N ", 0) e (0"~ QU 0— Q) , — A i (57 ) P (0 ) + ECE" )
X

:/dum(g*’g)/ A (V% 1) e~ Aer 07 050" idung (V70) dug (W7 9)+E(W",0)
NN

:/ dpiz, (67, 0) / dpigg(1*, 1) @ Aem O 08" Wibung (V70 bug (B ) HEW" )
N+XN+ NXN

+/ dum(Q*,@)/ g (1" 1) €= Ao (07 8507 i (5 6) 00 (5” 46) + £(°,0)
Hy ><7‘l+\N+ XN+ N XN

Making the change of variables ©* = 1), (0%,0) + db., ¥ = 1 (0%,0) + 61 in the
inner integral of the upper line and applying part (b) gives part (d). O

From now on we assume that the function 2(¢,, ¢) in the definitions of A and A
is of the form

2[(¢*7 ¢) = <¢*7D¢>_ + P(¢*a¢) (11>

where

e P is a polynomial whose nonzero monomials are each of degree at least two and
e D a linear operator on H_ such that both the operators (D + Q*QQ-) and
(D+Q*0QQ)_) are invertible. We define the “Green’s functions”

S=(D+Q Q)" S=(D+Q2Q )" (12)
We think of D as a differential operator, possibly shifted by a chemical potential.
Remark 8. In this setting, the background field equations (6) become

by = SUQ Q) — SYP, (¢, 9) (6"

11



where Pl(¢., ¢) = VP (ds, @) and P'(¢., ¢) = Vi, P(¢., ¢). Similarly, the next scale
background field equations (8) become

Oy = SUQ" Q0 — S P (¢, d) (87)

We now continue with our study of the critical ﬁeld, following the plan of Remark
5.c. To describe the leading part of the critical field, we set

A=Q-9Q_SQ"Q: H—H (13)
From now on we assume that A + bQ*(Q is invertible and define'® the “covariance”
C=(A+bQ*Q)': H—H (14)

Proposition 9. Assume that in the setting (11), each nonzero monomial of P is
of degree at least three. Then there exist unique formal background fields ¢bg and
unique formal next scale background fields ¢ng. They are of the form

Bloog (1o, 1) = S<*>Q* Q) + B (e V)

Seonal0-,0) = 39G2 80+ G2 (0.,0)
(>2) 71(>2) .
with ¢ bg(w*ﬂﬁ) and ¢(* bg(9*79> being of degree at least two. Furthermore, there

are umque formal critical fields with respect to ¢bg. They are of the form

Ve (04, 0) = (6Q*Q + Q)7 (bQ* Oy + Q Q— by (6, 0))
= bCQ" Oy + Y (6.,0))

(*)er

with w(* Jor being of degree at least two.

Proof. The existence, uniqueness and forms of the formal background and next scale
background fields are proven as Lemma 6 was proven. The existence and uniqueness
of the formal critical field now follows from Lemma 6. The first representation of
the critical fields follows from parts (a) and (c) of Proposition 4’. For the second
representation, rewrite the equations (7) as

(bQ"Q + Q) = bQ 0y + QQ- SUQ" Q) + QQ- 1 (11, 1))

or

Vo) = bCUQ 0 + CUAQ_ G (4., )

10We shall show, in Lemma 12, below, that C is the covariance for the fluctuation integral.

12



The two representations of the critical field, 1., given in Proposition 9, combined
with the representation of q@bg, suggest a formula for bC'Q*. In Remark 10, below,
we give an algebraic proof of this formula, together with a number of representations
for the Green’s functions, S and S, and covariance C. Then, in Lemma 12 below,
we analyze the fluctuation integral of Proposition 4.d in more detail.

Remark 10. Assume that D is invertible.
(2) A= (I +920Q-D'Q") 'Q=9(ly +Q_D'Q~ Q)"

(b) Let R: H_ — H and R, : H — H_ be linear maps such that RD'R, =
Q_D7'Q* and such that D + R,Q R is invertible. Then

[D+RAR *'=D'-D'RARD™
In particular
S=D"'—DQ*AQ_D
(€) $=[57"-Q QR +bQ*Q) Q] ' =5+5Q-QCQQ_S
(d) C=(bQ"Q+ )" + (hQ"Q + Q)" QQ_5Q* Q (hQ*Q + Q)™

(&) bCWQ" = (bQ'Q +92) ' [bQ" +2Q 5@ 2|
Proof. (a) By Lemma 13, with V. =H_ W =H, ¢ =Q_, ¢. = Q*, f = D and
g=2
(1+2Q D'} 'Q={1-2Q (D+Q°2Q )'Q }a=A
QI+Q D'Q 2} ' =9{1-Q (D+Q"2Q )'Q-a}=A

(b) By part (a)

[D+RAR][D'-~D'RARD ' =1+R.[Q-(1+QRD 'R,)A]RD™"
=1+R.[Q-(14+QQ-D'Q")A]RD™"
=1

(c) By Remark 2
Q'AQ =bQ Q1 - (bQ*Q + Q) 'Q"Q]
= Q" Q[(0Q"Q + Q)7 (bQ"Q + Q) — (bQ*Q + Q)" Q]

= (Q+Q'Q-Q)(Q'Q+9Q)'Q
—Q-0(Q+bQ'Q)'Q

13



Therefore
ST -ST1=Q12Q -Q1QAQQ- = Q AQ+1Q°Q)T'AQ-

which gives the first representation of S. For the proof of the second representation,
first observe that, by (13) and (14),

HQ+QQ) T = (2Q+0Q°Q - QQ-SQ Q) (Q + Q" Q)
=1-90Q_5SQ*Q(Q+Q*Q)™"
so that
= (Q+bQ'Q) H{1-2Q S QQ +bQ* Q) '} (15)
Hence, by the first representation of S,
[S+ SQ*_QCQQ_S}S_l -1

= []l +5Q2QCA Q_} []l —-SQ*AQ(Q+ bQ*Q)_lﬂQ_} —

— SQ* O [0{11 ~QQ_SQ AN +bQ'Q) '} — (2 + bQ*Q)—l} Q0

=0

which implies the second representation of S.

(d) By Lemma 13 with ¢ = QQ_, ¢. = Q*Q, f =S ' and g = —(Q + bQ*Q) !

(1-2Q_SQ"2(Q+6Q"Q)~'} "
—1+9Q [T - Q' QAQ+0Q"Q)'QQ_] Q" 2(Q +bQ* Q)"

=1+90Q_SQ*Q(Q +bQ*Q)™*
(16)

The second equality follows by the first representation of S in part (c). Substituting
(16) into (15) gives the desired representation of C.

(e) By Remark 2

@
| |

bQ* Q*[1—bQ(bQ*Q + Q) ' Q"]
bQ* [1 - bQ*Q(bQ*Q + Q)| Q*
bQ QR *Q + Q) 'Q*

14



Therefore by part (d)

bCHQ" = (bQ*Q +9) ' [bQ* +12Q_SPQ* 2 (bQ*Q + Q) ' Q]
= (bQQ+9) "' [bQ" + 20 59 Q)

Define, in the setting of Proposition 4, 0¢)ng (w*, U, 01y, &p) by

¢(*)bg (w* + 57vb*7 1/} + 51/}) = (b(*)bg (TP*, 1/}) + 5¢(*)bg (1/}*7 wv 57vb*7 51/}) (17&)

and set
30 (uybg (0 0, 010, 50) = @y (Ve (0, 0) , (01, 0) , 520, 00) (17.b)
With the @(pg(6s,0) of Proposition 4 and (9),
Doy (Vrer (0, 0)+ 5s, ex (s, )+ 00) = Bayg (0s,0) + 5 (eyng (0s, 0; 09, 59)  (18)
Also define 3 (0., 0; 0v., 0v) by
0 (eype (0,0 000, 000) = SYQ* Q6. +68,) (6., 05 09, 6v)) (19)

Remark 11. By Remark 8, the fields 5$(*)bg (9*, 0, 01y, 51/1) introduced in (17) obey

D) =B (x)bg (0+,0)+5 (2 )bg

D) =P(x)bg (0x,0)

ing = SPQ Q) — SUF, (6., ¢)‘

In particular, if P = 0, then 5gzv$(*)bg =SHQ* N 0%(4). This is the motivation for the
definition of 5(5&)) in (19).

Lemma 12. The function A appearing in the exponent of the fluctuation integral
F(0.,0) of Proposition 4.d is
1 ~
OA(0., 05 0%, 00) = (09, O™ 00p) — / dt (54, QQ- 56 (6.,6;10¢.,16¢))
0

-/ At (QQ_ 561 (0.,0: 150, t60) . 50
0
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Proof. Set 3(¢*,¢) = A(@b*,% ¢*bg(¢*a¢)>¢bg(¢*>w))' As
(Vo A) (1, 0 Dag (8, 1), g (10, 1)) = (V6 A) (€, 15 Gt (1o, ), Pg(¥0,90)) = 0

we have

(V. B) (s, ) = (Vi A) (s, 15 Gutg (100, 0), b (8, 1)) = Q00 — Q g (s, ¥))
(VTﬁB) (’17/) W (vdJ‘A) (%, ’17/) ¢*bg(w*a ¢)> ¢bg(¢*, ¢)) = Q(% - Q— ¢*bg(w*, 'QZ)))

Therefore
B(w + 0w, ¥ + 09) — B(s, ¢)
1
= /dt [(51/1* , (Vi B) (W + t80, b + t00)) + (Ve B) (0 + t00, 0 + t6)) 5w>]

*9

/ dt (5, Q¢ + t6) — Q Q- Pog(Ws + 1684, + 161)))

/0 dt (Q(Vs 4+ 101p.) — Q Q Puvg(1hs + L8, h +101)) , 60)
= (50, 200) + (50, Q) + (v, Q00) = 1

where

1
- /0 0t (5002, QG (Vrer + 10, Y + £0))
1
+ /0 0t (D Q_ G (rer + 100, s + 105) , O

Since

Aeﬁ" (9*7 9, w*a 'QD, ¢*bg(w*> w)a ¢bg(¢*, ’QD)) = b <9* - Q'QD*, 9 - Q¢>+ + B(w*a ,lvb)
we get, using Proposition 4,
0A =10 <Q 57vb* ; Q5¢>+ —b <Q 6¢* ) 0 — Q¢cr>+ —b <‘9* - Qw*cr ) Q5¢>+

= (0ths, (bQ*Q + Q) 0¢) + (09, (bQ"Q + Q)ther — bQ™0)

= (00, (0Q*Q + Q) ) + (5, Q Q) + (QQ-Puvg, 0) — I
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1
= (09, (bQ"Q+RQ) 6v) — /Odt (09, QQ— [Prg(Vsex + 10, Yer + 10Y) — ] )
1
- /0 dt <D Q— [¢*bg(¢*cr + t6¢*7 7pcr + téw) - (Zg*bg} ) 5¢>
1
= (00, (bQ*Q+Q-QQ_5Q* Q) 0v)) — / dt (5., Q Q_ 56 (0., 0; 59, t30)) )
0

1
- [ a4 Q- 560 (0..6:t50-.150). 60)
0

By the definition of C' in (14), this is the desired representation. O
In the course of the arguments above the following simple algebraic observation
was used several times.

Lemma 13. Let V and W be vector spaces and let q : V — W, q. : W — V,
f: V=V and g : W — W be linear maps. Assume that f and f + q.gq are
invertible. Then Iy + gq f~'q. and Ly +q f~'q.g are also invertible and

(w +gq f7'¢.) " = Tw — 9¢(f + ¢.99) "¢
(w + ¢/ 'qu9) " = Tw — a(f + ¢.99) .9

Proof. Replacing ¢ by gq for the first line and ¢, by ¢.g for the second, we may
assume that g = ly,. Write 1yy = 1. Then

(M—q(f+a0) 'e)(M+qf q) =1+ q[1 = (f+qq) ' f— (f + ¢0) ' aq] [ e
—1

and similarly (1+ ¢f'q.) (1—q(f 4+ ¢.q) ') = 1. O
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