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Abstract

This paper is a contribution to a program to see symmetry breaking in a
weakly interacting many Boson system on a three dimensional lattice at low
temperature. It provides an overview of the analysis, given in [13, 14], of
the “small field” approximation to the “parabolic flow” which exhibits the
formation of a “Mexican hat” potential well.
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It is our long term goal to rigorously demonstrate symmetry breaking in a gas
of bosons hopping on a three dimensional lattice. Technically, to show that the
correlation functions decay at a non-integrable rate when the chemical potential
is sufficiently positive, the non—integrability reflecting the presence of a long range
Goldstone boson mediating the interaction between quasiparticles in the superfluid
condensate. It is already known [19, 20] that the correlation functions are expo-
nentially decreasing when the chemical potential is sufficiently negative. See, for
example, [22] and [30, §19] for an introduction to symmetry breaking in general, and
[1, 18, 23, 28] as general references to Bose-Einstein condensation. See [17, 21, 26, 29]
for other mathematically rigorous work on the subject.

We start with a brief, formula free, summary of the program and its current state.
Then we’ll provide a more precise, but still simplified, discussion of the portion of
the program that controls the small field parabolic flow.

The program was initiated in [3, 4], where we expressed the positive temperature
partition function and thermodynamic correlation functions in a periodic box (a
discrete three-dimensional torus) as ‘temporal’ ultraviolet limits of four—dimensional
(coherent state) lattice functional integrals (see also [27]). By a lattice functional
integral we mean an integral with one (in this case complex) integration variable for
each point of the lattice. By a ‘temporal” ultraviolet limit, we mean a limit in which
the lattice spacing in the inverse temperature direction (imaginary time direction) is
sent to zero while the lattice spacing in the three spatial directions is held fixed.

In [7]', by a complete large field/small field renormalization group analysis, we
expressed the temporal ultraviolet limit for the partition function?, still in a periodic
box, as a four-dimensional lattice functional integral with the lattice spacing in all
four directions being of the order one, preparing the way for an infrared renormal-
ization group analysis of the thermodynamic limit.

This overview concerns the next stage of the program, which is contained in
[13, 14] and the supporting papers [15, 9, 10, 12, 16, 11]. There we initiate the
infrared analysis by tracking, in the small field region, the evolution of the effec-
tive interaction generated by the iteration of a renormalization group map that is
taylored to a parabolic covariance®: in each renormalization group step the spatial
lattice directions expand by a factor* L > 1, the inverse temperature direction ex-
pands by a factor L? and the running chemical potential grows by a factor of L?,
while the running coupling constant decreases by a factor of L=!. Consequently, the

1See also [8] for a more pedagogical introduction.

2A similar analysis will yield the corresponding representations for the correlation functions.
3Morally, the 1 + 3 dimensional heat operator.

4L is a fixed, sufficiently large, odd natural number.



effective potential, initially close to a paraboloid, develops into a Mexican hat with
a moderately large radius and a moderately deep circular well of minima. [13, 14]
ends after a finite number (of the order of the magnitude of the logarithm of the cou-
pling constant) of steps once the chemical potential, which initially was of the order
of the coupling constant, has grown to a small ‘¢’ power of the coupling constant.
Then we can no longer base our analysis on expansions about zero field, because
the renormalization group iterations have moved the effective model away from the
trivial noninteracting fixed point.

In the next stage of the construction, we plan to continue the parabolic evolution
in the small field regime, but expanding around fields concentrated at the bottom of
the (Mexican hat shaped) potential well rather around zero (much as is done in the
Bogoliubov Ansatz) and track it through an additional finite number of steps until
the running chemical potential is sufficiently larger than one. At that point we will
turn to a renormalization group map with a scaling taylored to an elliptic covariance,
that expands both the temporal (inverse temperature) and spatial lattice directions
by the same factor L. It is expected that the elliptic evolution can be controlled
through infinitely many steps, all the way to the symmetry broken fixed point. The
system is superrenormalizable in the entire parabolic regime because the running
coupling constant is geometrically decreasing. However in the elliptic regime, the
system is only strictly renormalizable.

The final stage(s) of the program concern the control of the large field contribu-
tions in both the parabolic and elliptic regimes.

The technical implementation of the parabolic renormalization group in [13, 14]
proceeds much as in [6, 7], except that we are restricting our attention to the small
field regime and

o we use 1+ 3 dimensional block spin averages, as in [25, 2, 24]. In [7], we had
used decimation, which was suited to the effectively one dimensional problem
of evaluating the temporal ultraviolet limit.

o Otherwise, the stationary phase calculation that controls oscillations is simi-
lar, but technically more elaborate.

o The essential complication is that the critical fields and background fields are
now solutions to (weakly) nonlinear systems of parabolic equations.

o The Stokes” argument that allows us to shift the multi dimensional integration
contour to the ‘reals’ and

o the evaluation of the fluctuation integrals is similar.

o However, there is an important new feature: the chemical potential has to be
renormalized.



To analyze the output of the block spin convolution (a single renormalization
group step), it is de rigueur for the small field/large field style of renormalization
group implementations to introduce local small field conditions on the integrand and
then decompose the integral into the sum over all partitions of the discrete torus
into small and large field regions on which the conditions are satisfied and violated,
respectively. Small field contributions are to be controlled by powers of the coupling
constant vy (a suitable norm of the two body interaction) uniformly in the volume
of the small field region. Large field contributions are to be controlled by a factor
e/ & > 0, raised to the volume of the large field region. Morally, in small
field regions, perturbation expansions in the coupling constant converge and exhibit
all physical phenomena. Large field regions give multiplicative corrections that are
smaller than any power of the coupling constant. So, in the leading terms, every
point is small field.

If the actions in our functional integrals were sums of positive terms (as in a
Euclidean O(n) model) it would be routine to extract an exponentially small factor
per point of a large field region. They are not. There are explicit purely imaginary
terms. In [13, 14] we analyze the parabolic flow of the leading term, in which all points
are small field, as long as it is possible to expand around zero field. Nevertheless,
we show (see, [15]) that our actions do have positivity properties and consequently
there is at least one factor e /% whenever there is a large field region. A stronger
bound of a factor per point of a large field region is reasonable and would be the
main ingredient for controlling the full parabolic renormalization group flow in this
regime.

We now formally introduce the main objects of discussion and enough machinery
to allow technical (but simplified) statements of the main results of [13, 14] and the
methods used to establish them.

One conclusion of our previous work in [7] is that the purely small field contri-
bution to the partition function for a gas of bosons hopping on a three dimensional
discrete torus X = Z%/Lg,Z3 (where Lg,, a power of L, is the spatial infrared regu-
lator which will ultimately be sent to infinity) takes the form

dip(x)* Ndyp(x *
/S | EEEEC Y (1)

0zxecAy

where

o Xy = Z/Li,Z x X is a 14 3 dimensional discrete torus with points z = (zo, X) .
Here, Ly, ~ %, also a power of L, is the inverse temperature infrared regulator,
which can ultimately be sent to infinity to get the temperature zero limit.



1 € C™ is a complex valued field on X, 9* is the complex conjugate field and,

for each x € A, W is the standard Lebesgue measure on C.
So = {w € C%

()] <og " 10,0(@)] <ot v =0,1,2,3, 0 € A},
where the small ‘coupling constant’ vy is an exponentially, tree length weighted
L'-L>-norm (see the discussion of norms at the end of this overview or [13,
Definition 1.9]) of an effective interaction Vi (see [13, Proposition D.1]). Here,
d,,v=0,1,2, 3, is the forward difference operator in the z, direction.

Let 1), be another arbitrary element of C* . (1. is not to be confused with the
complex conjugate ©* of 1 .)

Ao(s, ) = —Ag(Vs, ©) 4+ po(Ys, ¥, Vb, Vib). The action Ag(1p*, ¥) deter-
mining the partition function is the restriction Ag(v*, ¥) = Ao, ¥) ‘ — of
Ao(1s, 1) to the ‘real’ subspace 1, = 1* of C* x C¥ . Here, V is the (four
dimensional) discrete gradient operator.

‘Morally’, Ao(w*v 1/}) = <1/}*7 (_80 + h'>1/}>0 + V0(¢*7 w> — Mo <7vb*7 dj)O ) where

o (f,9)y= > f(x)g(x) is the natural real inner product on C*°
T € Xy

o h is a nonnegative, second order, elliptic (lattice) pseudodifferential operator
acting on X — for example, a constant times minus the spatial discrete lapla-
cian

o Vo(th, ) = 5 3 Vo(1, o, w3, 24) i (w1) (w2)u(w3)(24) is a quartic mono-

Xy
mial whose kernel Vj is translation invariant with > V(0, xq, x3,24) > 0
3

o g is essentially the chemical potential.

Let 9., %,,v = 0,1,2,3, be the names of new arbitrary elements of C% .
The perturbative correction po (s, 1, {¥w}3_, {¥}3_), to the principal contri-
bution —Ag, in Ay, is a power series in the ten variables v, ¥, {1, ¥, }3_,
with no 9, (z)¥(y) terms, such that each nonzero term has as many factors with
asterisks as factors without asterisks. That is, py conserves particle number. It
converges on

{(¢*7w7 {¢*uuwu}i:0) S Clo% |¢(*)(SL’)|, |¢(*)V(I)‘ < Ual/3+€7 0<v<3z¢e XO}

where “(x)” means “either with % or without *”.

See [13, Proposition D.1] for more details.

For convenience, set

Fo(y, ) = e xg (1)

b}



With this notation the partition function is

/ [I#95 B, v) + O(e™/) (2)

T € Xy

It is natural to study the partition function using a steepest descent/stationary
phase analysis. The exponential e{*" %% is purely oscillatory because the quadratic
form (¢*, Oytp) is pure imaginary. Fortunately, our partition function, Z, has the es-
sential feature that there is an analytic function Ag(1,, ¥) on a neighborhood of the
origin in C% x C* whose restriction to the real subspace is the ‘small field” action.
Our renormalization group analysis of the oscillating integral defining Z is based
on the critical points of Ag(¥x, ¥) = (s, (=0 + )W) + Vo(ths, ¥) — po (¥, )
in C% x CY¥ that typically do not lie in the real subspace, and a multi dimen-
sional Stokes’ contour shifting construction that is only possible because po (1, ¥)
is analytic.

We now formally introduce the ‘block spin’ renormalization group transforma-
tions that are used in this paper. Let X_; be the subgroup L?Z/L,Z x LZ3/L,Z?
of Xy. Observe that the distance between points of X _; on the inverse temperature
axis is L? and on the spatial axes is L, and that |X_;| = L7°|X;|. Also, let
QO . C¥ — C¥ be a linear operator that commutes with complex conjugation.
We will make a specific choice of Q) later. It will be a ‘block spin averaging’ op-
erator with, for each y € X_1, (Q”¢)(y) being ‘morally’ the average value of ¢ in
the L2 x L x L x L block centered on y. Insert into the integral of (2)

1= %/X d9(y);¢ld9(y) o2z (0= QY 0-0Oy)
- yeX_1
where (f, g)_; = L°3° c»  f(y)g(y) is the natural real inner product on C*

and N© is a normalization constant. Then exchange the order of the ¢ and 6
integrals. This gives

/ T 2Lelrdbte) e ) = / [ “eseww g, )
2m ’ 2me *)
€ X yeX_1

where, by definition, the block spin transform of Fy(v,, 1) associated to Q© with
external fields 6 and 6, is

Bi(0s, 0) = 1oy / H g e 1240 =T 0- Q0L (g, )

xeX



Here 6, 0, are two arbitary elements of C¥-1.
It can be awkward to compare functions defined on discrete tori with different
lattice spacings. So, we scale X_; down to the unit discrete torus

X0 = z/ke7 x 73 ) e

using the ‘parabolic’ scaling map x € Xol — (L*mg, Lx) € X_;, which is an
isomorphism of Abelian groups. Abusing notation, we consciously use the symbol
1 (x) as the name of a field on the unit torus Xo(l) even though it was used before as
the name of a field on the unit torus &} . By definition, the block spin renormalization
group transform of Fy(¢*, ¢) associated to Q) with external fields ¢ and 1, in

1
Co

Fy (1, ) = B1(S™"4,, ST19) where (S7') (yo,y) = L™ 9(%, %) (3)

for any ¢ € Cc%” . The ‘parabolic’ exponent —3/2 has been chosen so that®
(SO*, (0o + A)SO), = (8", (Op + A)#)_, . We now have

L—3|X(§1)/ N H dip(x)* Adip(x) /\dw (,¢ w /((; Hdw /\dw(x ('l/} ¢)
XS X0

(1) T € X
T € X, 0

the original small field part of the partition function.
Repeat the construction.

o Let X(2 be the subgroup LQZ/LtPZ X LZ3/LSPZ3 of Xo(l) and

(1) @
olet QW : C%’ — C¥1 be a linear ‘block averaging’ operator that com-

mutes Wlth complex conjugation.
o Introduce the unit discrete torus X @ — = 7/%27 x 77 /5277 and

o the isomorphism z = (z,x) € X2 — (L2xy, Lx) € Xﬁ :
As before, integrate against the normalized Gaussian to obtain the block spin trans-
form of F, associated to QW

_Lg_g(l) * 9—oM) «
/ (1) H d(x)* Adi(x) mw 5 ( ¥ v) Fi (0", ¥)

e xh

By (0., 0) =

and then rescale to obtain the block spin renormalization group transform

Fz(w*, ID) = By (S_1¢*7 S_1¢)

°In (0%, (9o + A)0)_,, 0o is the forward difference operator on X_;. That is, (9of)(y) =
f(yoJrLz-,z'g*f(me)

. Similarly, for spatial difference operators.

7



where (S7')(yo,y) = L™2(45,¥) for any ¢ € cx” Interchanging the order
of integration,

L_3XO(2)|L_3|X(§1)/ H W) MY (g ) — / Hdw N) (4 )
-

C™o 0(2) xEX

We keep repeating the construction to generate a sequence F, (1, ¥), n > 1, of

functions defined on spaces C%" x ¢ [13, 14] concerns a sequence F97 (1), 1)
of ‘small field” approximations to the F},’s. We expect, and provide some supporting
motivation for, but do not prove, that F,, = F!*" + O(e‘l/ "5). For the precise defini-
tion, see [13, §1.2 and, in particular, Definition 1.6]. For the supporting motivation
see [15].
To make a specific choice for the, to this point arbitrary, sequence Q©, ... Q)
- of block averaging operators, let ¢(z) be a nonnegative, compactly supported,
even function on Z x Z> and () the associated convolution operator®

QUW) = Y q@d(y+la]) . ¢ eCh | yealth can

TELXT3

where [z] is the point in the quotient Xy"” = Z/527 x 73 /%273 represented by
x € Z x 73 . By construction, Qi € C*™ | We fix q(x) to be the convolution of
the indicator function of the (discrete) rectangle [—%, L22_1] x [-52, %]3 in
7 x 7 convolved with itself four times and normalized so that its sum over Z x Z3
is one. In [13, 14] the basic objects are the ‘small field” block spin renormalization
iterates F'97) (1), 1), where at each step ) is chosen to be convolution with the
fixed kernel q.

If we had defined @) by convolving just with the indicator function of the rect-
angle itself, properly normalized, then (Q)(y) would be the usual average of ¥(z)
over the rectangular box in X" centered at y with sides L? and L. We work with
the smoothed averaging kernel rather than the sharp one for technical reasons: com-
mutators [0, Q] are routinely generated and are small enough when @ is smooth
enough. For the rest of this overview we will pretend that ¢ is just the indicator
function of the rectangle and formulate our results as if this were the case. We will
also pretend that the operator h on X appearing in the action Ag(1)y, ) is (minus)

the lattice Laplacian. Full, technically complete, statements are in [13, §1.6].

6By abuse of notation, we use the same symbol Q for the convolution operator acting on all of
(n)

the spaces C*s



Our main result is: If ¢ > 0 and v, are small enough and L is large enough,
there exists a” p, = O(bvg), such that for all® p, + UB/ < po < vy and all

n < 298Y% ¢he (gmall field approximations’ F* to the F),’s are

5 logL ?
0 (@, ¢) =z exp{ — A (s, ¥, dun(Ws, V), bW, ¥)) + P, ¥, Vibu, VI) }

= an ((w Qn¢*n> ) (ID - Qn(bn»o + <¢*n7 (_80 - A)¢n>n

on the domain

Sn: {(’QD*,'QD) C2X ‘ |¢(* |</’{'n> |auw ( )| SK;L,
0<v<3,zea"}

and zero on its complement. Here,

1 ¢
e you can think of the radii x,, and &, as being roughly L%"UO 57 and LS"U 5

respectively. Explicit expressions for x,, and !, are given in [13, Definition 1.11.a].
o 0. (Ui, ¥) and ¢, (1, 1) are (nonlinear) maps from an open neighborhood of

the origin in C%"'x C%" to C*¥ , where A, is the discrete torus, isomorphic to
Xy, but scaled down to have lattice spacing L~2" in the time direction and L™"
in the spatial directions?. We say more about them in the last of this sequence of
bullets. Given ‘external fields’ v, 1, the functions @, (s, ¥)(u), ¢n(ts, ¥)(u)
on A, are referred to as the “background fields” at scale n.

o (f.q9) = > f(x)g(x) and (f,g), = L™ 3" f(u)g(u) are the natural real

ZEEXén) u € Xp

inner products on C%" and Co .
e Q. : C¥% — C%" is the linear map for which (Q,f)(x) is the average of

f € C% over the square box in X, centered at z € X" with sides 1. (This
box contains L2* x (L™)* points of X,.)

_ 1-L72
o an - 1_L72n

e —(0y— A is the natural heat operator on the ‘fine’ discrete torus X, .
e For each f,, f € C*

Vo fes ) :% LL Z Vi (ur, ug, ug, ug) fulur) f(ug) fi(us) f(us)

2 € Xn,
j:1,273,4

"An explicit formula for . is given in [13, (1.19)].

8We are Weakening some of the statements, for pedagogical reasons. In particular, the sets of
allowed po’s and n’s are a bit larger than the sets specified here.

X, = /e x 573 /%2 73 and the map w € X, — x = (L*™ug, L™u) € Xy is an
isomorphism of Abelian groups.



where V,,(u1, us, us, uy) is close to
Vn(U)(u17u27u37u4) = #(Lf)n)?’ Vo(Ur, Uy, Us, Uy) U = (LG U505 Lnuj) (4)

e The perturbative correction p,(¢s, ¥, {tu }o_o, {¢u}2_y) is a power series in the

ten variables ., ¥, {t.,, Y, )2, € cX"” , with no ¥, (x)¥(y) or constant terms,
such that each nonzero term has as many factors with asterisks as factors without
asterisks. It converges'® when [¢(,)(z)] < k,, and |, (2)| < k) forall0 <v <3
and z € X"

e Z, is a normalization constant!'!.

e /i, is the ‘renormalized’ chemical potential'?. Tt is close to L*"puq.

e For each pair in the polydisc

{ (e, V) € c%” x ¢4 [V (2)] < Ky forall z € XO(") }
the fields ¢, (s, ¥)(u), &n(s, ¥)(u) on X, are critical points of the functional

(95, @) = An(Ys, ¥, 0s, 0)
= Gn <(¢* - Qn¢*) ) (ID - Qn¢)>0 - <¢*7 (80 +A+ Nn)(b))n + Vn(¢*v ¢)

The maps ¢un (s, ¥), ¢n(s, 1) are holomorphic on that polydisc.

In practical terms, what have we achieved? If ¢ = z is a constant field on A},
then the dominant part of the initial effective potential is

Vo

A", ) = Vo0, ) — mo (0", )y = || (Sh121" = puol2?)

2
Vo s Ho\2  pd
‘ 0 2 ‘Z| Vo V(2)

where, vo = > V4(0, 29,23, 24). The graph of the real valued function

7
v 2 2
2 Vo vi

10Tt is necessary to measure the size of p, by introducing an appropriate norm. See the last
paragraphs of this overview.

When we take logarithms and ultimately differentiate with respect to an external field to obtain
correlation functions, it will disappear.

12We will describe the inductive construction of s, later on in this overview. The dependence of
pn, on the derivatives of the fields arises because of the renormalization of the chemical potential.

10



over the complex plane z = x; + 1xy is a surface of revolution around the zs—axis
with the circular well of absolute minima |z| = ,/ 5—3 . Our hypothesis on g implies

that the radius and depth of the well are of order one and order v, respectively. After
n renormalization group steps, the effective potential becomes

* * * —~ (n); Vo N Hn 2_ /J,i
An (0, @, 00,600, ) |~ 10 g [ (12 -0 ) = e )

since, by [16, Remark 1.1], ¢,(¥*, ¢¥)|yp=. = 2z and ¢.,(V*, ¥)|p=. ~ 2z*. The
graph is again a surface of revolution with the circular well of absolute minima

vo/L™
respectively; the well is developing. We stop the flow when the well becomes so wide
and so deep that we can no longer construct background fields by expanding around
¥y, ¥ = 0. This happens as u, approaches order one.
If the power series expansion of the perturbative correction p, had a quadratic
part > K(z,y)v.(x)(y) the discussion of the evolving well in the last para-

2| = /=22 but now the radius and depth are of order L2" and order L*v,

graph would be misleading, because the minimum of the total action A, —p, would
not be close enough to the minimum of the dominant part A, . The requirement
that p, must not contain quadratic terms is the renormalization condition for the
chemical potential. (See, Step 9 below.) Under the scaling map (3), the local mono-
mials

<¢*7w>0 <¢*,8u¢>o 1<v <3

are relevant and the local monomials

W*,@o@o <au¢*>au’¢>o 1<y, v <3

are marginal. The local monomials (¢, 0,1),, 1 < v < 3, do not appear, because
of reflection invariance. See [13, Definition B.1 and Lemma B.4]. So p, does not
contain any relevant monomials.

The parabolic renormalization group flow drives the system away from the trivial
(noninteracting) fixed point. To continue, we will have to construct background fields
by expanding about configurations supported near the bottom of the developing
well, analogously to the ‘Bogoliubov Ansatz’. At present, we expect to continue the
parabolic flow, but expanding about configurations supported near the bottom of the
well, through a transition regime (which overlaps with the regime of [13, 14]) until
n, becomes large enough (but still of order one), and then switch to a new ‘elliptic’
renormalization group flow for the push to the symmetry broken, superfluid fixed

11



point. In Appendix A, below, we perform several model computations that contrast
the parabolic nature of the early renormalization group steps with the elliptical
nature of the late renormalization group steps.

The next part of this overview is an outline, in nine steps, of the inductive con-
struction that uses a steepest descent/stationary phase calculation to build the de-
sired form for F,41(¢s, ) = By1 (S™',, S71) | from that of F, (¢, ¥), n > 0,

where
Bui1(6., 6) = 7 / o [T e Bt v)
zexi™
We are expecting that, by induction,
Buii(0., 0) = / [ Lol adbte) o= (6=0u"0-04) pism) (e 45) 1 O e=1/%)
e x{m

_ 1 _ * p_ _ % B .
e (”)Zn / H dd}(l‘ /\Ch/f(l‘ e 12 (6* QY™ ,0 Q¢>71 An(’lﬁ 0, ¢>~=n7¢n) +pn ‘l’ O (e 1/90)
X(")

= Dominant Part 4+ Non Perturbative Correction
(6)

We emphasise that Steps 1 and 6, which control the difference between F,, 1 ()., 1)
and its, dominant, ‘small field’, part F (SF) 1 (s, 1), have not been proven, though we
do supply some motivation in [15].

Step 1 (Large field generates small factors). If W€ et s ‘large field’, that is
U ¢S, 1, then we expect B, (S™10* S™1¥) = O(e_l/"f)) since the real part of the
exponent appearing in the integrand of (6) is of order —U— See [15, Proposition 1,
“Corollary” 2 and the subsequent Steps 1 and 2.

We assume for the rest of the discussion that ¥ € €% is ‘small field’, that is

U € S,.1, and therefore construct holomorphic functions of (¥, V) on the product
Spi1 X Spi1. Let 0, =S™1W, and 0 = S~

Step 2 (Holomorphic form representation). We wish to analyze the integral in (6)
by a steepest descent/stationary phase argument. Recall that a critical point of a
function f(z) of one complex variable z = a: + 1y, that is not analytic in z, is a point

where both partial derivatives % and , or equivalently, both partial derivatives
g]; ( o 1 8y) f and %(% +1 ay) f vanish. We prefer the latter formulation.

12



So we rewrite the integral in (6) in a form that allows us to treat ¢ and its complex
conjugate as independent fields. For each fixed (6,,6), the ‘action’

Au(00,0, ey ) = { = 2 (0. = QU 0= QUI_y = Au(to 6, Gun(ths, 0), B0 (16, )}

+ Pn (Y, ¥, Vb, V)
= —Ane(0s,0, Vi, V) + pu(s, ¥, Vo, V)
(7)
is a holomorphic function of (¢,,%) on S, x S, . By design, the Dominant Part of

By+1(0., ) in (6) is expressed as (a constant times) the integral of the holomorphic
form

oA (0,0, 1.0) /\ di.(x) A dip(x) (8)
2m
xeXén)

of degree 2\)(0(")| over the real subspace in S, x S, given by ¥, = ¥*. We shall
see below that, typically, the critical point does not lie in the real subspace and so
is not in the domain of integration. This representation permits us to use Stokes’
theorem®®, to shift the contour of integration to a non real contour that does contain
the critical point of (the principal terms of) the action. The shift will be implemented
in Step 6.

Step 3 (Critical Points). Our next task is to find critical points. In (7), above,
we wrote the exponent, A, (0,0, 1., 1), as the sum of a very explicit, main, part
— A, e and a not very explicit, smaller, part p,. We just find the critical points of
A, o rather than the full A,. Indeed, there is a unique pair of holomorphic maps**
Vuer(0s, 0) ) Yer(0y, 0) from (S71S,.1) x (S71S,41) to S, such that the gradient

@z*) of Ay e(0s,0, 1y, 1) vanishes when ¥, = Yyee(0s, 0), ¥ = V(b 0). This

pair of ‘critical field maps’ can be constructed by solving the critical point equations,
a nonlinear parabolic system of (discrete) partial difference equations, using the
natural contraction mapping argument to perturb off of the linearized equations'®.
The analysis of the linearized equations is based on a careful examination of some

linear operators given in [10]. Beware that, in general, ¥, (6%, 0) # ¥ (0*,60)".

13The argument is similar to the use of Cauchy’s theorem in stationary phase arguments for
functions of one variable.

1410 [13, 14] these maps are called . , ¥y, -

15Tn [13, 14, 16] we take another route to the critical field maps. The background fields
G (x)n(¥«,9) are constructed first, using the natural contraction mapping argument to perturb off
of the linearized background field equations. See [16, Proposition 2.1]. The critical fields can then
be expressed as functions of the background fields. See [13, Proposition 3.4].

13



To start the stationary phase calculation, we factor the integral of the holomorphic
form (8) over the real subspace { (s, ¥) € S, X Sy ‘ Uy, = ¥ } as the product of

6~An (6* 10, Pscer (9* 79)7wcr (9* 76) )

and the ‘fluctuation integral’

dip.(x) N d
/ eAn(e*ﬂ,me)) _An(9*7€7¢*CY(€*7€)7¢Cr(€*79)) A w (x) w(x) (9)
real subspace of

21
Sn XSn SCEX(STL)

Step 4 (The Value of the Action at the Critical Point). We would expect that the
biggest contribution to the integral would come from simply evaluating the exponent
at the critical point, and that the biggest contribution to the value of the exponent
A, at the critical point would come from evaluating —A,, ¢ at the critical point. By
[13, Proposition 3.4.c]

An,eff(e*a ‘97 w*v ¢)

Vs =xcr (9*: 9) , h="er (9*: 9)
- An+1 (9*, 9) ¢*n+1(9*a 9)) ¢n+1(9*’ 9))

where

An+1(9*, 9) f*a f) - azgl <9* - Qan*> 0 — Qan>—1 - <.f*> (80 +A+:un)f>n
+ Valfer £)

and the ‘checked’ field

QB(*)n-l—l (9*7 9) - ¢(*)n (¢*Cr(9*) 9) ¢cr(9*> 9))
is the background field evaluated at the critical point. Consequently,

e-An (6* 707 ¢*cr (0*7 6)7¢Cr(6* ) 9)) — e_An+1 (6*7 67 é*n«rl (0* ) 0)7 (f;n+1 (6*7 6)) +pn(w*cr7wcrva*crvacr)

Remark Bear in mind that the checked fields depend implicitly on i, . In the next
steps, we will build a new ‘renormalized’ chemical potential pu,,; that will appear
in A, . If, for the purposes of discussion, we ignored the effects of renormalization,
A,11 would just be a rescaled A,,; (see [13, Definition 2.3 and Lemma 2.4.c]) and
the new background field ¢(,),+1 would just be a rescaled qB(*)nH (see [13, Definition
3.2 and Proposition 3.4.b]). So, we are not far off.

14



Step 5 (Diagonalization of the Quadratic Form in the Fluctuation Integral). Next
consider the fluctuation integral (9). Make the change variables

(¢*>w) - ((W* = ¢* _¢*cr(9*79)a CW = ’QD _wcr(e*ae))

to shift the critical point to dv, = d1p = 0. Substitute ) = Y(er(0s, 0) + I, into
the main part

An,eff(e*a 9) w*, w) - Ameff (9*7 97 w*cr(e*a e)a 77bcr(6)*> 9))

of the exponent and expand in powers of d¢(,). The constant and, by criticality,
linear parts vanish. The quadratic term has a dominant part (see [13, Lemma 4.1,
(4.13)] and [14, Lemma 5.5]), that is independent of 6,,6. All of the eigenvalues
of the kernel of that dominant part are bounded away from the negative real axis,
uniformly in n.'® So, it is invertible and its inverse, C™, has a square root D™ _ all
of whose eigenvalues have strictly positive real parts. See [10, Corollary 4.5]. Now,
the Taylor expansion of the above difference of effective actions in the new variables
S, = DWT¢, 5y = DWC becomes

(Ci, ()g + smaller terms of degree 2 in (,,( + terms of degree at least 3 in (,, ¢

and the fluctuation integral (9) becomes

/ o= (G0 +an (04,0, 64, C) det(D(n))2/\ d¢.(z) A d¢(x) (10)
Qn(0,0) 2m

T e XO(")

where the domain of integration (2,(6,, ) consists of the set of all pairs ((,,() €

C%"” x C%" such that (Vuer (04, 0) + D'C, | (0, 0) + DOIC) is in the real
subspace of S, x S,,. The term ¢, is holomorphic on the complex domain of all
quadruples (6., 0, ., ¢) with (6,, 0) € (S715,,1) x (S71S,41) and

(Vuex (62, 0) + D¢, (8., 0) + D™C) € S, x S,

See [13, (4.4) and Corollary 4.3].

Step 6 (Stokes’ Theorem). For each pair (6, 60) € (S7'S,.1) X (S71Sn41), we
construct, in [15, following (22)], a 2\?(0(”)| + 1 (real) dimensional “cylinder”, inside
the ((i, () domain of analyticity of ¢,, whose boundary consists of

16 A major part of [10] is devoted to proving this vital technical statement.
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o the original domain of integration €2,(6,, ) (which typically does not contain
the critical point ( = (., = 0),

o the desired new domain of integration
Dy = {6 ) "G < H(E) T or all 2 € A5 )
(which does contain the critical point ( = (., = 0)

o and components on which e~ (¢=:¢oFan(0-.0.¢:.0) ig O (e=1/%) .

See [15, (23)]. The holomorphic differential form in Step 5 has maximal rank and is
therefore closed. It follows from Stokes’ theorem that the fluctuation integral (10) is
equal to the small field contribution

fn(e*a ‘9) det D(n / H d¢ ()" Nd¢(x) /\dC —(¢"00 + qn(0+,6,¢" Q) (11)

D, zeX, (n)
plus corrections that are expected to be nonperturbatively small.

Step 7 (The Logarithm of the Fluctuation Integral). In [5] we developed a simple

variant of the polymer expansion that can be directly applied to the integral in (11) to
Fn(6+,0)
Fn(0,0)

obtain the logarithm Log[
See [14, Proposition 5.6].

} as an analytic function on (S71S,,;1) X (S71S5,41).

Step 8 (Rescaling). To this point we have determined that the small field part of
By1(6.,0) is a constant times the exponential of the sum of

o the contribution which comes from simply evaluating A,, at the critical point —
in Step 4 we saw that this was

_An+1(‘9*, 07 é*n—l—l(e*a 0)7 an—l—l(e*a ‘9)) + pn(¢*cr7 7pcra Vw*crv VIpcr)

o and an analytic function that came, in Step 7, from the fluctuation integral.
We are now ready to scale to get the small field part of

Fn—l—l(\ll*u ‘;[]) = Bn+1 (S_I\Il*a S_I\I])

Using that
= (ST, ST = (¥, , ¥),
SQQnS_ = Qn—i—l
<S_1f* ) S_1f> = L2 f* ) f)n—i—l (12)
<S_1 *9 (80+A 1f> a0"‘A>Jc>n+1
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(see [13, Remark 2.2.c and Lemma 2.4.a,b]) we have that

~ 7 7 ~ 7 7 ~ 7
n 1( *N 1( ) n 1( ))‘ () ]\II()
:”L-‘rl( ? \Ij ) ,*n-i-l( *9 \Ij) ? ;’L-f- (\Ij“’ ))

where

A;H-l (\Ij*a \Ila f*> .f) = An-ﬁ-l (S_llll*’ S_lq]> S_lf*a S_lf)
= On+1 <\I’* = Qny1fe, ¥ — Qn+1f>0 - <f* ) (60+A+L2lun)f>n+1
+ Vi (fe f)

¢/(*)n+1(\11*7 \Ij) = Sé(*)n-i—l (S_l\I]*, S_llll)

and if the kernel V,, of V, were exactly the V") of (4), then the kernel of V), .1 would
be exactly Vn(f?l. See [13, Remark 2.2.h]. Renormalization is going to tweak, for
example, the value of the chemical potential. As a result A7, is not quite A, and
¢,(*)n+l is not quite @(,)n+1. That’s the reason for putting the primes on.

Similarly, the contributions from p,(Vser, Yer, Viier, Viber) and from the fluctua-
tion integral get scaled to

p;H-l (\11*7 \I],{\Il*u}izm {\Ilu}izo) = |ipn (w*cr(e*u 9)7 7vbcr<‘9>s<7 9)7 Vw*cr(e*a ‘9)7 v¢cr(€*,9))

Fo(ST'0,, ST10)
+ Log( o )}

O =810 ()
and we have that, renaming W) to v(,), the small field part of F, (1., v) is

Féiq) (w*’ ¢) — e_A;1+1(w*vw , ¢;n+1(¢*,¢) s ;H(d}*ﬂﬁ)) +p;+1(¢*,w,vw*,v¢)

on Spi1 X Spgt-

Step 9 (Renormalization of the Chemical Potential). At this point, we are close
to the end of the induction step, but not there yet because the power series pl,
contains (renormalization group) relevant contributions, in particular a quadratic
term (¢, K1), , where K is a translation and (spatial) reflection invariant linear

operator mapping %" toitself. If such a term were to be left in Pn1 it would, by
the third line of (12), grow by roughly a factor of L? in each future renormalization
group step. So we need to move (at least the local part of) this term out of p,44

17



and into A, 1. By the discrete fundamental theorem of calculus, for any translation
invariant K,

3
(W, K)o = K (s, )g + Y (00, K (01))g
v=0

where K € C and K" , v = 0,1,2,3, are linear operators on Cc%" . See (14

Corollary B.2]. By reflection invariance, K is real and 3.>_ (1., K¥(8,1)), can be
rewritten as a sum of marginal and irrelevant monomials. See [14, Lemma B.3.c|.

So we would like to move K (¢, 1), out of p,41 into A, 1. There are two factors
that complicate (but not seriously) this move.

o The chemical potential term in AnH(w*, (L ¢*n+1(¢*a V), n+1(¢*a P)) is
L2,un <¢in+1(¢*7 V), ¢/n+1(¢*v w>>n+1

It is expressed in terms of gb’(*)n +1(w*, 1) rather than directly in terms of 1,

o The prime fields ¢, ;(¢«, ), ¢),.1(1s, 1) are background fields with chemlcal
potential L, not with the chemical potential s, that we are going to end up
with (and which we do not yet know).

To deal with the first complication, we use that ¢, ; (¢, ¥) = Bt plus terms of

degree at least three in (¢, 1) (see [16, Proposition 2.1.a]). Because the linear opera-

tors By,) have left inverses (see [10, Lemma 5.7] and the beginning of the proof of [14,

Lemma 6.3]), one can show that'™ C (¢, ¢)g = K' (@1 (Vs ), &t (0, 0)),
plus a power series in ), ¥, Vi, Vi that converges on the desired domain of an-
alyticity and that does not contain any relevant contributions. See [14, Lemma 6.3].
Thus

Py = K <¢:<n+la ¢;L+1>n+1 + Py

where p//,, hasno (1., 1), term. Moving K' (¢, 1, ¢/, .1) w1 fTom py . into A7,
we obtain

_A/n—l—l (w*> ’QZ), ¢:<n+17 ¢/n+1) + p;—l—l - A/r;—i-l (’QZ)*, wa gbim—l—la ¢/n+1) + p/r;—l-l
with
A;’:,—l—l (w*> ’QZ), .f*a f) = Qn41 <¢* - Qn-‘rlf* ) w - Qn-i-lf)o
— (fer Qo+ A+ (LPpn + KV f), )+ Vi (fer £)

ITFor reasons that will be explained shortly, we do not actually use this fact expressed in this
way.
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But we are still not done — we still have the second complication to deal with. The
prime fields ¢/, (Y., ), ¢, (s, %) are background fields for chemical potential
L?11,,, and not for chemical potential L?u,, + K'. That is, the prime fields are critical
for f.,f — An+1(¢*, U, [y, f) and not for f,, f — n+1(w*, U, [y, f) as they
must be to have A, 1 = A7 ;. The way out of this is of course a (straightforward)

fixed point argument that yields a self consistent p,,; ~ L?u,. See [14, Lemmas
6.2 and 6.6].

So far we have skirted the issue of bounding the perturbative correction p, in
our main result. To measure the size of p, , we introduce a norm whose finiteness
implies that all the kernels in its power series representation are small with vy and
decay exponentially as their arguments separate in XO(") . For pedagogical simplicity
pretend that p, is a function of only two fields — 1 and one derivative field ,. It
has a power series expansion

P, 0) = 3 pura(xy) ) G(y)

r,s€Ng

rs>0 X€ (X(gn))

ve (x{™)’

with the notations, Ng = NU {0}, and ¢ (x) = ¥(z1) --- ¥(x,). Each p,,s(x,y) is
separately invariant under permutations of the components of x and under permu-
tations of the components of y. The norm of p, is

Han(n Z ||pnrs||m"’€r -

r,s€NQ

r+5>0
For a translation invariant kernel with four arguments, like the interaction kernel
Vo(1, 22, 23, 24) , ||Vollm is the (mass m) exponentially weighted L!'-L* norm of Vj:
mT(21,22,73,T4)

[Vollm = max sup > [Vo(w1, 22,25, 24)| e

1499y {EJGXO IkEXO

ki
where 7(z1,x9,x3,24) is the minimal length of a tree graph in A that has zy, o,
x3, T4 among its vertices and m > 0 is a fixed decay rate. (The small ‘coupling
constant’ vy = 2||Vyl|2mm -) The norm ||w]|,, of a kernel w with an arbitrary number
of arguments is defined in much the same way. For details see [13, §1.4 and Definition
A.3].

Ideally, |p,||™ would be bounded (and in fact small) uniformly in n. Unfortu-
nately, such a bound is too naive to achieve the upper limit on n stated in our main
result. The reason is that, while the coefficient of an irrelevant monomial decreases
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as the scale n increases, the maximum allowed size of fields in the domain S,, also
increases, so the monomial as a whole can be relatively large. So we have chosen
e to move all quartic (w*w)2 monomials out of p, into A, i.e. to also renormalize
the interaction V,,, and
e to split p, into two parts,
o one, called &, (1, 1), is an analytic function whose size is measured in terms of
a norm like | - ||™ and is small (and decreasing with n) and
o the other, called R,, is a polynomial of fixed degree, the size of whose coefficient
kernels are measured in terms of a norm like || - ||,
The details are stated in our main result, [13, Theorem 1.17].
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A Seeing the Parabolic and Elliptic Regimes

In this appendix we perform several model computations that contrast the parabolic
nature of the early renormalization group steps with the elliptical nature of the late
renormalization group steps. We imagine that after n (block spin) renormalization
group steps we have an action whose dominant part (that we are simplifying a bit!®)

iS An (¢*7 wa Cb*n(w*, ¢)7 ¢n(w*a ,lvb)) Where

An(w*ﬂﬂ, (b*’ (b) = <(1D* - Qn(b*) ) (¢ - Qn¢)>0 + <¢*7 (_dnao - A)¢>n

Al

Here
o (f,q)g = > flx)g(z) and (f,g), = Ench > f(u)g(u) are the natural real

z €Yo UE YVn
inner products on CY and C»», where the fine lattice!® ), is a finite periodic

box in &,7Z x €,Z? (the lattice spacings &, and &, are small) and the unit lattice
), is a finite periodic box in Z x Z? and is a sublattice of ).

o @, : CY — C isthe linear map for which (Q,f)(x) is the average of f € C>»
over the square box in ), centered at x € ), with sides 1. This box contains
L_ points of V,.

Ened

o 0Jp and A are the discrete forward time derivative and Laplacian on ), respectively.

o ftn, > 0 is the renormalized chemical potential. It is small in the parabolic regime
and large in the elliptic regime. v,, > 0 is the renormalized coupling constant. It
is small. d,, > 0 is one in the parabolic regime and large in the elliptic regime.

o For each v,,1 € C> the fields ¢y, (s, 1), On(thy, 1) on Y, are critical points
of the functional

(0, @) = An(Us, 0, 04, @)

They obey the background field equations

S A 0, 04, 0) = Q1 (Qude — ) + Dy + (Vadutd — i) = 0

with D, = —d,,0p — A.

(A.2)

8In particular, for pedagogical purposes, we have replaced a,, by 1 and replaced V, by a local
interaction.
9The fine lattice ), is a rescaled version of the original lattice Xy of (1).
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A.1 Constant Field Background Fields

To start getting a feel for the background field equations (A.2) we consider the case
that ¢, and 1 are constant fields with v, = ¥*. We'll look for solutions ¢,y which
are also constant fields with ¢, = ¢*. Since both @, and @ map the constant
function 1 to the constant function 1, the constant field background fields obey

Cb + (Vn|¢|2 - ,Un)¢ = ¢

This is of the form “real number times ¢ equals real number times 1" so the phase
of ¢ and ¢ will be the same (modulo 7). So it suffices to consider the case that v
and ¢ are both real and obey

o+ (Vn¢2 - ,Un)QS =1
Since

>0 ifp, <1

L6+ (vad? — n)6] = 1 — i+ 3vad® { >0 if iy > 1, [g] > (/2=

<O if gy > 1, [0 < (/=2

there is always exactly one solution when pu,, < 1, but the solution can be nonunique
when p, > 1. For example, when p, > 1 and ¢ = 0 the solutions are ¢ = 0 and

¢ = £/t

Vn

A.2 The Background Field in the Parabolic Regime

Imagine that we wish to solve the background field equations (A.2) for ¢, as analytic
functions of ¥4, in the parabolic regime, when ,, is small, so that the minimum of
the effective potential is still near the origin — see (5). Then

and, to first order in vy,
¢ = (QhQn — fin — duBy — A) T Qi) + O(¢2,)
6 = (Q1Qn — ptn — duly — A) T Qiths + O(4,)

We are interested in small 9)(,), so the O (wf’*)) corrections are unimportant. We here

(A.3)

see the parabolic (discrete) differential operators dna((]*) + A.
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A.3 The Background Field in the Elliptic Regime

Imagine that we again wish to solve the background field equations (A.2), but this

time in the elliptic regime when p,, is large, v,, is small and the effective potential has
,LL_n

Vi

a deep well, whose minima form a circle in the complex plane of radius r, =

We are interested in 9,y and ¢(,) near the minimum of the effective potential. That
is, with W(*) G| = rn. We write

,¢ — ,,,,neR—i-i@ w* — ,r,neR—iQ ¢ — ,,,,neX-HH ¢* — ,r,neX—iH (A4)

Y

and look for solutions when R, © are small. Substitute into (A.2) and divide by 7.
This gives
D, [eXHH] 4 Q1 (QueHH — FHi®) 1y (e2X — 1)eX+HH = )

D: [eX—z'H] FQE(QueXTiH _ Ri®) 4 Mn(€2X _ 1)6X—iH —0
Expand the exponentials, keeping only terms to first order in {R, e, X, H }, to get

Do (X +1iH)+ QrQn(X +iH) +2u,X = Q) (R+1i0)

DX — iH) + QLQu(X — iH) + 2u,X = Q'R — i0) (4.5)

Now simplify, by adding together the two equations of (A.5) and dividing by 2,
and then subtracting the second equation of (A.5) from the first and dividing by
2i. Pretend that 0, is a continuum partial derivative rather than a discrete forward
derivative. Then

(D + D) = =%(9 + 95) — A = —A
(Dy = D) = id (3 — 35) = i dnly

)

[= ol

N

and (A.5) gives

1 d, 00X + [— A+ QZQn}H =Q,0

or, in matrix form,

X . |R X . |R
0 M _ o M or [H_ _ g M (A6)
where )
21 — A 1d, 0
0= O A7
id a9 —A +QnQ (A7)




The Q) Q,, provides a mass which makes [J boundedly invertible. But, the presence
of this mass is a consequence of our having rescaled the original unit lattice down
to the very fine lattice ),,. To invert [J, ignoring the ) (),, we have to divide,
essentially, by

20, — A 1d, 0
det ,u Hn%
1 dn80 —A

= di {0500 + 25 (=A) + z(=A)%}

e In the parabolic regime, p,, is small and d,, is essentially one so that the operator
in the curly brackets is approximately 959y + (—A)?, which is parabolic.

e In the elliptic regime, y,, and d,, are both very large with £ > 0 being essen-

tially independent of n. So the operator in the curly brackets is approximately
0500 + +255(—A), which is elliptic.

A.4 The Quadratic Approximation to the Action

For the remaining model computations, we study the quadratic approximation to
the action (A.1).

A.4.a Expanding Around Zero Field

We first consider the parabolic regime as studied in [13, 14]. Substitute the linear
approximation to the background fields ¢, (as functions on () of (A.3) into the
action (A.1), keeping only terms that are of degree at most two in .. Writing

Sn(ﬂn) = (QZQn — Mn + Dn)_l
(A.3) becomes

¢ = Su(pn) @b + O(¢?*)) Gx = Su(ptn) Qb + O(¢?*))
so that

An = (s = Qué) s (0 = Quod))y + (bss (Du = a) ), + O(Y,))

= (U, V) = (Ve, Quid)g — (Qnds, ¥)g + (s, (Q1Qn + D — pn)8),, + O(U())

= (e, V)g = (s, QuSn(tn) Q1Yo — (QnSn(tin)* Qutbs, ¥)o+ (Sn(pn)* Qrtn, Qrtb),
+O0(¢()

= <¢*, (]l - QnSn(lun)Q;) ¢>0 + O(@bzl*))
(A.8)

24



We now analyse the operator 1—Q),,.S,,(1,,) @7 in momentum space, in the special case
that p, = 0, and see that it is basically a (discrete) parabolic differential operator.
Set

A = (14 Q,D;'Q5) ™" (A.9)

Substituting in the definitions and simplifying, we see that S, (0)"!D;1Q* A = Q*
so that

QuSn(0)Q;, = Qu D, QrA™ (A.10)
By [10, Remark 2.1.¢], with q = 1,
Qud) (k) = 3 un(k+ O Sk + ) (Qui)(k+ ) = un(k + £) (k)
teBn,
where o , o
)= £ o LT

Here k runs over the dual lattice of ), and k + ¢ runs over the dual lattice of V,,. We
do not need to know much about these dual lattices, except that the dual lattice of )
is a discretization of (R/27Z) x (R*/27Z?), the dual lattice of V), is a discretization
of (R/27Z) x (R¥/2Z?%), and { runs over

B, = (2nZ/EZ) x (2rZ° | =77)

So, by [10, Lemmas 2.2.b,c, 3.2.d and 4.2.b, and Remark 4.1.a], with q = 1 and 9,
replaced by 1, the operator @,,S,,(0)Q* has Fourier transform

Stk + 0Dk + O (k + QA (k)
B,
=, (k)* D' (R) A (k) + > un(k 4 0 Dyt (k + QA (k)
0448,

) () N
= wr b o 2 (R RS om otk

L 3 24 72
- 1+ Dy, (k)up (k)2 +O(|kP) + Z O(K )H [|£V\+W}

0£LeB, v=0

1 3
T4 DR+ O(RP) O(Ik")
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and 1 — @,,5,(0)Q} has Fourier transform
1

b 1+ D (k) + O(|k]?)

+ O(IKP) = Du(k) + O(Du(k)?) + O([KP)

= —id, ko + kK> + O(k3) + O(|k]*)  (A.11)

and so is a parabolic operator.

A.4.b Expanding Around the Bottom of the Effective Potential

For all p,, # 0 it is appropriate to expand the action about the bottom of the effective
potential, rather than about the origin. That is, rather than in powers of v(,). So
we rewrite the action (A.1)

Vi 2
and then substitute the representations (A.4) of (s and ¢ in terms of radial and
tangential fields. Note that when R = © = X = H = 0, the field magnitudes
Y| = o] = m and 1,y and ¢, are at the bottom of the effective potential.
Still pretending that dy is a continuous derivative, and using the notation O[3] =

O(X?® + R34+ H? + ©3), we get the following representation of the action, which is
reminiscent of (A.8).

rivy,

n

Lemma A.1.

4, = <[g] {1-Q07'Q:) [SD e (1,1), +0f3

0

Proof. The three main terms in A,, are

<(¢* - Qn¢*) ) (¢ - Qn¢)>0 = 7",2L <(6R_i® - Qnex_iH) y (€R+i® — Qn€X+iH)>O
— 12 (R—i0 — Qu(X —iH), R+i0 — Qu(X +iH)), + O[3]

8] a2 (] [ (] - ), o

and

(Psy (—dnOo — N)@), =17 <6X—z'H7 (—d,0p — A)6X+iH>n

n

=12 (X —iH, (=dn3 — A)(X +iH)) + O3]
=3 {[a] o, "] [2]) o
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and

(oo -l 1) =t (@ -1 1)

— 224, (X, X), + O3

9 /X 2u, 0] |X
=t ([a] o] [a]) +oe
So all together

sa= (I 1) 2 ([ e [])

e (] AP ) e [ > 5 (L1), + O3

Substituting in (A.6), we have

ta=(o] |o),~2([6] @i g]),

+ <D—1Q; {g] ,O007'Qr {g] >n — 2 (1,1), + O[3] (A.12)

-

as desired. O

© =

e (1,1), + O[3]

| et

0

So now we should analyse the operator 1 — @Q,[07'Q* in momentum space. We
follow the pattern of the computation from (A.9) through (A.11). Define

2, — A 1d,0;

]Dn = .
Zdna() —A

and, analogously to (A.9),
D, = (1+QuD;'Qs) "
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Substituting these definitions into L1, 1@2]@” and simplifying yields @ so that
QnD_lQ:L = QnDEIQ:L]Dn

The Fourier transform of Q,(07Q* is

Y

> " un(k + 0Dy (k + O (k + Dy (k)

. A . (A.13)
= u, ()’ D (F)Du(k) + ) un(k+ 07Dy (k + D, (k)
0#£LeB,

where, pretending that we have continuum, rather than discrete, differential opera-
tors,

8 20, +p* dpp
Dn(p) = [ /idnpo p20

and

Da(k) = (14 3 unlk + 0 Dk + 5))_1

ZEBn

During the course of the upcoming computation we shall use the following facts.

e The parameter d,, > 1. For small n it takes the value 1 and for large n it decays
quickly approaching 0 as n — oo.

e The parameter i, > 0. For small n it is very small and for large n it is very large,
with d 2, bounded uniformly in n. When d,, > 1, d,?u, is bounded away from
zZero.

e By [10, Lemma 2.2.b.c|.

o u,(k) =14+ O(|k]?) and

w(k+ 0] < | TT |k }i{o s

0<v<3
0, #0

The dominant term in (A.13) is

o if £ # 0,

~ ~ ~ ~ -1
()2 B (0D (k) = (KD () {1+ 3 (e + 02 D (k + )}
teBy
. 2 o . -1
= {1+ Dy (k) ()2 + >l Dk + 0D, (k) }
0#£LeB),
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: . A+ K] R
_ 2 2 n n n
— {11+1D>n(kr)un(k) +0 (|k| [d#un +dn k| |k

(by Lemma A.2.b)

_ [ e T 4 Ol KP) + O(IRF) s + o<d;1|k|3>} _1
—dy ko + Oy pal k%) + O(dulkP) 14K+ O(JkF)

[ 14 20, (1+ qu (k) + K2+ O(k]®)  dy ko + O(dn] k)
| —d, ko + O(dy il k[?) + O(dn|KPP) 14K+ O([k[?)

-1
} (A.14.a)
with ¢; (k) = O(]k|?). The determinant of the matrix to be inverted in the last line
of (A.14.a) is

1420, (1 + (k) + K2+ O(JkPP)  dn ko + O(dn\k\?’)]
—dp ko + O(d;  pnlk?) + O(dn|K)?)  1+Kk2+ O(kP)
=142, (1 + qi(k))) + 2(1 + pn)K* + d2k3
+ O(|kP’) + O(palkI*) + O(d2|K[") (A.14.det)
- di{d,f (14 20 (1 + qu(B))] + k2 + 2d;2(1 + 1)K + O(|k:|3)}

= @2 {d;? + 20,2, + 2() + O(KP) |

det {

where
@2 (k) = kg + 2d,°K* + 2d, % 11, (K + 1 ()

The tail of (A.13) is, by Lemma A.2.d,
D, (k + (D o+ % | K]
21)—1 B o [d - -
7;3 i+ 079+ 0B = 0 (I [t T L) aaa)
€bn

Combining (A.13) and the three (A.14)’s we have that the Fourier transform of
Qn]D)r_LlQZDn = QnD_lQZ is

o

1
—2f ;-2 —2 3 _ dp? 2(k) 3
d, {dn +2d,” pin + g2 (k) + O(|K| )} = d;2+2d;2un{1 ~ Trvadtm T O (|| )}
o times
1+ k2 + O(|k[?) —dy ko + O(du|k[*)
dy ko + O(d; | K[?) + O(dnlk[*) 1+ 200 (1 + qu (k) + K>+ O(|k[*)
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o plus

A, + d2 k| d k|
2 n n n n
o (W |y Lot i

which is
—2 2 3 —1 3
[1 B d;gi’;% —as(k) + O(unr)i‘lj‘ ) tO(%) _dﬁzﬁlzd?%n T O(“;_n)]
d;QTMk,;OZun + O(Mlk‘ ) + O(%) - Q4(]f) + O(|k|3)
with

dy” q2(k) 1,2
6k) = 775 un{d;2+2d;2un k
_ q2(k) _2d3 % pnqa (K)+dy °K?
qa(k) = dn2+2d dn242dy 2

So the Fourier transform of 1 — Q,007'Q% is

i g (k) + O(222) 4 O (L) f#@*+0%%]

dn " +2dn " pin dn " +2d, " pn

_dﬁch;dl?Qun +O(WZJ|§I?‘2) +O(%) aa(k) + O([kF)

(A.15)

Unraveling the definitions and simplifying gives

qg(k) = m{k2 +d 2k2 + 2“2 Q1(]f)}

When n is large, that is, deep in the “elliptic regime”, the parameter d,, > 1 and
d 2, is essentially constant and the Fourier transform of 1 — Q,071Q* is roughly,

for small k
1 0
0 -+ Kk?

2d7

We see an elliptic operator in the tangentlal direction and a mass in the radial
direction.

On the other hand, when n is small, that is, early in the “parabolic regime”, the
parameter d,, = 1 and p,, < 1 and the Fourier transform of 1— Q,,[07'Q? is roughly,
for small k

k2 + k2 ko
—ko K3+ K?
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The eigenvalues of this matrix are
+iko + k2 + k? ~ Fiko + Kk

which are parabolic operators.

A.4.c Some Operators in Momentum Space

We here gather together some momentum space properties of the operators I, and
D,, that are used in the computations leading up to (A.15).

Lemma A.2.

(a) If p is bounded away from zero, then

(b) If ¢ # 0, then

. . A2, + k| d7Yk|
1 _ n Hn n
D, (k+¢)D,(k) =0 ([dﬁlun Yk K

=

_ o (| + 1k d k]

(d) If € # 0, then

N - A i+ 2 R| d |+ K[
1 . n Mn n n "
D Yk + 0D, (k) = O qd;?’un +d k| d? k| + R

Proof. (a) If p is bounded away from zero, then

N—1 2,un + p2 dnpo - d;? p2 _dnpo
D, (p) = 2 = S o7 T 2
—dnpo P Pi+2dn unp?+dn°pt | d, pg  2it, + P

off )
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(b) If £ # 0, then k + ¢ is bounded uniformly away from zero and
L . 42 AN (20 + K2 doko
eieonan-of(f 4]) Pt 41

_0 (l d, i + K] d;1|k:|D
dy'in + dnlk| K|

(c) Using line 4 of (A.14.a),

Dy (k) = tn (k)2 D (k) {0 (1) D3 ()D (k) }

2t + k2 dok
= (1+O(kP) [ ’id e k?o}

[1+ 2o £ K2+ O(dy 2 K[?) + O(KP) 2k + O(d, K]
—dy, ko + O(d;, pin | k%) + O(d, |K]?) 1+k?+ O(Jk]?)

Next using (A.14.det)

o~

Du(k) = (1 + O(|K?) {2“"“‘2 d"ko] {1 - =0 Ok )

_dnk(] k2 dn +2dn Hn d +2d 2

14 K2+ O(|k[*) — ke, 1 O(d, k) ]

o ko + O(ZEE) 4 O(d[[) 1+ 2o 4 K + O(228) 1 O(|If?)

. _92 2,LLn + k2 dnk(]
_0(1) dn |: —dnk‘o k2

1+ k2 + O(|k[?) — ks + O, |k[)
dy ko + O(ZEE) 4 O(d[[) 1+ 2oy 4+ K + O(228) 1 O(|Kf?)

n

_0(1)d-? { 24y, 4+ O(d2|K|? 4 pn)k|?) dn ko + O(dy|k|* + ’;—"\k\?’)}

—d,, ko + O(d; ||t + d || O(2|K[2 + 1, |K[2)

A K2 R
"(k"o([ Rk

So

=
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(d) If £ # 0, then

2 d M [dy P, + |E? dy R
! d, k| k|

_ o |t + d 2R dE K]+ dy R
N T e L e L
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