Differentiation Rules

Statement

Suppose that f’(z) and ¢’(x) both exist.
a) If S(z) = af(x)+bg(x), with a and b constants, then S’(x) = af’(z)+ bg’(x). That
is,
Glaf(z) +bg(x)] = af'(z) + bg'(z)
Setting a = b =1 and b = 0 gives the two special cases

Llf@) +g@)=f(2)+g@)  Llaf@)=af ()

b) (Product Rule) If P(z) = f(z)g(z), then P'(x) = f'(z)g(x) + f(x)g'(x). That is,

& (@)g(@)] = f'(2)g(x) + f(2)g(x)

¢) (Quotient Rule) If Q(x) = %, then Q'(z) = f/(x)g(z)(;)];(x)g/(x), provided g(z) # 0.
That is,

d [f(ﬂf)} _ f(@)g(z) - f(x)g'(x)

dz Lg(x) g(x)?
Setting f(z) to the constant function f(x) =1 gives the special case
d [L} I AC))
dz Lg(z) g(x)?
Derivation
Define
Pl - Lath) = @ Gloy - 8 1) =g
h h
Observe that, cross multiplying by h,
flx+h) = f(x)+ hF(z,h) g(z+ h) =g(x) + hG(z, h)
By the definition of the derivative
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S(x+h)—S(x)=af(x+h)+bg(x+h)—af(x)—bg(x)
= a[f(x) + hF'(z, h)] + blg(z) + hG(z, h)] — af(x) — bg(z)

= ahF(z,h) + bhG(z, h)
By definition

§'() = Jim SEEHZSE = Jiny SREEREREER) = N [0 (2, h) +0G (x, h)] = af'(x) +bg'(x)

b)
P(z+h) = P(x) = f(z+h)g(z+h) - f(z)g(x)
= [f(z) + hE(z, h)][g(z) + hG(z, h)] — f(z)g(x)
= hF(z,h)g(x) + f(x)hG(z, h) + h*F(z,h)G(z, h)
By definition

P,(ZL') — lim P(z+h)—P(z) __ — lim hF(z, h)g(x)—i—hf(x)G(m h)+h2F(x,h)G(x,h)
h—0 h h—0

= }ILIL%[F(QZ, h)g(x) + f(l') (377 h) + hF(QZ, h)G(l‘, h’)]

= f'(z)g(x) + f(2)g'(z) + 0f ()9 (z)
= f'(x)g(z) + f(z)g' ()

c¢) By definition,

1 f(z+h)g(@)—f(z)g(z+h)
h—0 h g(z)g(z+h)

Q’(Qﬁ) — lim Q(m-i-h) Qz) _

[f(w+h) f(m)} _
h—0 h—>0h

a(zth) ~ g(o)
The numerator
f(z+h)g(z) — f(z)g(x + h) = [f(x) + hF (2, h)]g(x) - f(z)[g(z) + hG(z, h)]
= hF(z, h)g(x) — f(x)hG(z, h)
Dividing by hg(z)g(z + h)

fla+h)g(x)—f(x)g(z+h) _ hE(x,h)g(@)—hf(z)G(z,h) _ F(z,h)  f(x)G(z;h)

hg(z)g(z+h) hg(z)g(x+h) — glz+h) — g(z)g(z+h)
Hence
/ 1 flz+h)g(z)—=f(x)g(xz+h) _ F(z,h)  f(2)G(z,h)] _ f(z)  f(z)g'(x)
Q') = lim 5 === 5 0tTm) = lim [Z2555 — S@eetmy) = s — ol
_ f(x)g(z)=f(2)g'(x)
g(x)?

as desired.
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