Improper Integrals

To this point we have only considered integrals ff f(z) dz with

e the limits of integration a and b finite and
e the integrand f(x) bounded (and in fact continuous except possibly for finitely many
jump discontinuities)

An integral having either an infinite limit of integration or an unbounded integrand is called

/oo d[lf ld_llf
o 1+ a2 0 X

The first has an infinite domain of integration and the integrand of the second tends to co

improper. Here are two examples

as x approaches the left end of the domain of integration. We’ll start with an example that
illustrates the traps that you can fall into if you treat such integrals sloppily. Then we’ll see
how to treat them carefully.

Example 1
(—(Example 1] )

The computation

is wrong. In fact, the answer is ridiculous. The integrand x—12 > 0, so the integral has to be
positive. The flaw in the argument is that the fundamental theorem of calculus, which says
that if F'(z) = f(z) then fab f(z)dx = F(b) — F(a), is applicable only when F’(x) exists and
equals f(z) for all a < x < b. In this case F'(z) = & does not exist for z = 0. The given

The careful way to treat an integral like faoo 1122 that has a bounded integrand but has

a domain of integration that extends to +oco is to approximate the integral by one with a

bounded domain of integration, like faR 1%2, and then take the limit R — oo. Here is the

integral is improper. We’ll see later that the correct answer is +oo.

1

N

o v

formal definition and some variations. We’ll work through some examples in detail shortly.
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~(Definition 2. \

(a) If the integral faR f(z) dz exists for all R > a, then

/aoof(x) dx:}%iir;o/aRf(x) dx

when the limit exists (and is finite).

(b) If the integral frb f(x) dz exists for all r < b, then

b b
/ f(x) de = lim f(x) dx

r——00 r

when the limit exists (and is finite).

(c) If the integral fTR f(z) dz exists for all » < R, then

00 G R
/ f(z) de = lim f(z) dx—l—l%i_{n/ f(z) dz

r——00
when both limits exist (and are finite). Any ¢ can be used.

When the limit(s) exist, the integral is said to be convergent. Otherwise it is said
to be divergent.

. J

The careful way to treat an integral like fol df that has a finite domain of integration but
whose integrand is unbounded near one limit of integration is to approximate the integral by
one with a domain of integration on which the integrand is bounded, like ftl df, with £ > 0,
and then take the limit ¢ — 0+4. Here is the formal definition and some variations.
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—Definition 3. 2

(a) If the integral ftb f(x) dz exists for all @ < t < b, then

/abf(x) dz = lim /tbf(x) da

t—a+

when the limit exists (and is finite).

(b) If the integral faT f(x) dz exists for all @ < T' < b, then

/abf(x) dr = Th_)rgl_/:f(x) dx

when the limit exists (and is finite).

(c) Let a < ¢ < b. If the integrals faT f(z) dz and ftb f(z) dvexist foralla < T < ¢
and ¢ <t < b, then

/abf(x) dx = Tlgil_/an(x) dx—l—tl_i}g}r/tbf(x) dx

when both limit exist (and are finite).

When the limit(s) exist, the integral is said to be convergent. Otherwise it is said
to be divergent.

. J

If an integral has more than one “source of impropriety”, for example an infinite domain of
integration and an integrand with an unbounded integrand or multiple infinite discontinuities,
then you split it up into a sum of integrals with a single “source of impropriety” in each. For
the integral, as a whole, to converge every term in that sum has to converge. For example,
the integral ffooo (m_dﬁ has a domain of integration that extends to both +00 and —oo and,
in addition, has an integrand which is singular (i.e. becomes infinite) at = 2 and at = = 0.
So we would write

+/3d7x +/°°d7x
5 (x—2)22 3 (x—2)x?

(Here the “break point” —1 could be replaced by any number strictly less than 0; 1 could be
replaced by any number strictly between 0 and 2; and 3 could be replaced by any number
strictly bigger than 2.) On the right hand side

e the first integral has domain of integration extending to —oo
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I—[Example 4(J7 i—f)}

the second integral has an integrand that becomes unbounded as x — 0—,

the third integral has an integrand that becomes unbounded as x — 0+,

the fourth integral has an integrand that becomes unbounded as x — 2—,

the fifth integral has an integrand that becomes unbounded as x — 2+, and

the last integral has domain of integration extending to 4o0.

We are now ready for some (important) examples.

Fix any p > 0. The domain of the integral floo i—x extends to +o0o and the integrand L is

P xP
continuous and bounded on the whole domain. So the definition of this integral is

* dx ) R dx
— = lim —
1 xP R—oo [y P

A
—p+17

When p # 1, one antiderivative of 277 is and when p = 1 and x > 0, one antiderivative

of z7Pislnz. So

1 _ .
© g E[Rlp—l} ifp#1
—;':ZAHH

o 7 |\ InR ifp=1
As R — oo, In R tends to oo and R'™P tends to oo when 1 —p > 0 (i.e. the exponent is
positive) and tends to 0 when 1 — p < 0 (i.e. the exponent is negative). So

xP p%l ifp>1

/°° dv {divergent ifp<l1
1

{

1q )
X
0 :c_P>/

Example 5 (

Again fix any p > 0. The domain of integration of the integral fol 4z is finite, but the inte-

xP
grand w—lp becomes unbounded as x approaches the left end, 0, of the domain of integration.

So the definition of this integral is
Udx ) Udx
— = lim —
o IP t=0+ J, P

P+l
—p+17

When p # 1, one antiderivative of 277 is and when p = 1 and x > 0, one antiderivative

of x7Pislnz. So

ﬁ[utl—p} itp£1

—Int ifp=1

Vdx .
— = lim
o P t—0+
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Ast — 0+, Int tends to —oo and t'” tends to 0 when 1 —p > 0 (i.e. the exponent is
positive) and tends to co when 1 —p < 0 (i.e. the exponent is negative). So

1 1 :
o TP divergent ifp >1

I—LExample 6 (f," i—i)}

1

Yet again fix p > 0. This time the domain of integration of the integral fooo ﬁ—i extends to

400, and in addition the integrand xip becomes unbounded as x approaches the left end, 0,
of the domain of integration. So we have to split it up.

/ * dx / Vdx / * dx
—_— = JE— _|_ -
o P o P 1 TP
We saw, in Example 5, that the first integral diverged whenever p > 1, and we also saw, in

Example 4, that the second integral diverged whenever p < 1. So the integral fooo i—if diverges
for all values of p.

I—[Example 7 ( _11 df)}

This is a pretty subtle example. It looks from the sketch below that the signed area to the
N

Y

o v

left of the y—axis should exactly cancel the area to the right of the y—axis making the value
of the integral f_ll d?x exactly zero. But both of the integrals

1 d 1 1

x . x . . 1

— = lim — = lim [lnx} = limln- =+o0
o T =0+ J, T t—0+ t t—0+
0 d T T

— = lim — = lim [ln\x@ = lim In|T| = -0
1 X T—0-J)_ 1 @ T—0— -1 T—0—
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. 1 de 1
diverge so f_l = diverges.
Don’t make the mistake of thinking that co — oo = 0. It is undefined — and for good
reason. For example, we have just seen that the area to the right of the y—axis is

. Vdg
lim — =400
t—0+ ¢ X

and that the area to the left of the y—axis is (substitute —7¢ for 7" above)

) —T7t d[lf
lim — = -
t—)0+ —1 €T

If oo — 0o = 0, the following limit should be 0.

Tt
lim [/ dz / dx] hm [ln1 + In | —7t|} = hm [ln1 +1n(7t)] = lim In7
t t—0+

t—0+

=1In7

This appears to give oo — oo = In7. Of course the number 7 was picked at random. You can
make oo — oo be any number at all, by making a suitable replacement for 7

I—[Example 8 (Example 1 revisited)} )

The careful computation of the integral of Example 1 is

1

T |
/ — dx = lim —dx—i—hm — dx

| 2 T—0- J_; x? 50+ 2
17T 171t
= lim [——] + lim [——}
T—0— xrd-—1 t—0+ Trdt
=00+ 0

I_EExamaple 9 ()7, 1122)} 1

Since
. B da . R . T
lim = lim |arctanz = lim arctan R = —
R—oo [ 1+ 2 R—00 0 R—o0 2
. O da . o m
lim = lim |arctanz| = lim —arctanr = —
r——oo J_ 1+ 22 r——00 r  r——o0 2

The integral [~ and takes the value 7.
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[—‘ Example 10 l

For what values of p does f:o x(lffx)p converge?

Solution. For z > e, the denominator z(Inz)? is never zero. So the integrand is bounded

on the entire domain of integration and this integral is improper only because the domain of
integration extends to 400 and we proceed as usual. We have

/°° dx , R dx
= lim

r(lnx)?  R-co f, x(lnx)?

InR
= lim d_u with u =Inx, du = d_x
R—o0 Jq U T
[ E|mrrr—a] atp £
= lim
7 In(In R) if p=1

1 .

B {divergent if p<l1

just as in Example 4, but with R replaced by In R.

1

Example 10

I—LExample 11 (the gamma function)} )

The gamma function I'(z) is defined by the improper integral

I'(t) :/ 27 le™" da
0

We shall now compute I'(n) for all natural numbers n. To get started, we’ll compute

00 R R
ra) = / e dxr = lim e ¥ dr = lim [— e‘m}
0

R—o0 0 R—o0 0

00 R
r'2) = / ze ® dxr = lim xe * dx
0

R—o0 0

R R
+ / e " dm}
0 0

(by integration by parts with u = z, dv = e *dx, v = —e™*, du = dx)

—x

= lim | —zxe
R—o0

= lim | —ze* — e_x]

R—oo L 0

=1
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T

For the last equality, we used that lim xe ™ = 0. Now we move on to general n, using the

T—00
same type of computation as we just used to evaluate I'(2). For any natural number n,

oo R
Fn+1)= / 2"e " dr = lim e " dx
0

R—o0 0
R R
+/ na" e d:)s}
0 0
(by integration by parts with u = 2", dv = e “dx, v = —e*, du = na" 'dx)

R
= lim n/ 2 e dr
0

R—o0

= lim | —a2"e "
R—o0

=nl'(n)

To get to the third row, we used that lim xz"e™* = 0.

T—00

Now that we know I'(2) =1 and I'(n + 1) = nI'(n), for all n € N, we can compute all of
the T'(n)’s.

r'2) =1
I(3)=T(2+1)=2I(2)=2-1
I'(4)=T@3+1)=30@3)=3-2-1
I'(5)=T(4+1)=4I'(4)=4-3-2-1

Example 11

Convergence Tests for Improper Integrals

It is very common to encounter integrals that are too complicated to evaluate explicitly.
Numerical approximation schemes, evaluated by computer, are often used instead. You want
to be sure that at least the integral converges before feeding it into a computer. Fortunately
it is usually possible to determine whether or not an improper integral converges even when
you cannot evaluate it explicitly. For pedagogical purposes, we are going to concentrate on
the problem of determining whether or not an integral [ f(z) dx converges, when f(x) has
no singularities for x > a. Recall that the first step in analyzing any improper integral is to
write it as a sum of integrals each of has only a single “source of impropriety” — either a
domain of integration that extends to +00, or a domain of integration that extends to —oo,
or an integrand which is singular at one end of the domain of integration. So we are now
going to consider only the first of these three possibilities. But the techniques that we are
about to see have obvious analogues for the other two possibilities.

© Joel Feldman. 2015. All rights reserved. 8 March 6, 2015



Now let’s start. Imagine that we have an improper integral f:o f(x) dx, that f(x) has
no singularities for z > a and that f(z) is complicated enough that we cannot evaluate the
integral explicitly. The idea is find another improper integral faoo g(x) dx

e with g(x) simple enough that we can evaluate the integral [ g(z) da explicitly, or at
least determine easily whether or not [~ g(z) da converges, and

e with g(z) behaving enough like f(z) for large  that the integral [ f(x) dx converges
if and only if [ g(x) dz converges.

So far, this is a pretty vague strategy. Here is a theorem which starts to make it more precise.

— Theorem 12 (Comparison). ~

Let a be a real number. Let f and g be functions that are defined and continuous
for all x > a and assume that g(z) > 0 for all z > 0.

(a) If | f(z)| < g(z) for all # > a and if [ g(x) dz converges then [ f(x) du

converges.

(b) If f(z) > g(z) for all z > a and if [° g(z) dx diverges then [ f(z) diverges.

- J

We will not prove this theorem, but, hopefully, the following supporting arguments should
at least appear reasonable to you.

o If faoog(x) dx converges, then the area of { x,y) } x>a, 0<y<g(r) } is finite.
When |f( )| < g(x), the reglon { (z,y) | z>a, 0<y <|f(x)| } is contained inside
{ z,y) ‘ r>a, 0<y<g(z } and so also has finite area. Consequently the areas of
both the regions { (z,y) ‘x>a 0<y<f(z)}and { (z,y) }x>a flz)<y<0}
are finite too. (Look at a graph of f(x) and a graph of | f(z)|.) The integral [ f(z) dx
represents the signed area of the union of { (z,y) } r>a, 0 <y < f(z) } and

{ @y |z>a, fl2)<y<0}.

o If faoog( ) dx diverges, then the area of { x,y) } x>a 0<y<gx } is infinite.
When f(x) > g(z), the reglon { (z,y) ‘ z>a, 0 <y < f(z) } contains the region
{ (z,v) } z>a, 0<y<g(z)} and so also has infinite area.

j—EExample 13 (f° e d:c)}

We cannot evaluate the integral floo e dx explicitly. But we would still like to tell if it

is finite or not. So we want to find another integral that we can compute and that we can
compare to floo e~ dz. To do so we pick an integrand that looks like e~ but whose indef-
inite integral we know — like e=*. When z > 1, we have 22 > z and hence e=** < e~*. The
integral
0 R R
/ e dr = lim e ¥ dr = lim [— e‘m} = lim [6_1 — e_R} =e!
1

R—o0 1 R—o0 1 R—o0
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converges. So, by Theorem 12, with a = 1, f(z) = e and g(z) = e~ ", the integral
[ e dx converges too.

1
T Example 13 }—]

~

J l

Of course the integral ff;oz e~*" dx is quite similar to the integral I e~ dx of Example 13.

Example 14 (flo/o2 e dr)

But we cannot just repeat the argument of Example 13 because it is not true that e <L e
when 0 < 2 < 1. In fact, for 0 < z < 1, 2% < x so that e™*" > e~*. However the difference
between ff;oz e~ dx and I e~ dx is exactly f11/2 e~ dx which is clearly a well defined

finite number. So we would expect that flo/oz e~** dz should be the sum of the proper integral

integral f11/2 e dx and the convergent integral floo e~ dz and so should be a convergent
integral. This is indeed the case. The Theorem below provides the justification.

Example 14

— Theorem 15. ~N

Let a < ¢ and let the function f(z) be continuous for all x > a. Then the improper
integral faoo f(x) dx converges if and only if the improper integral fcoo f(x) dz con-
verges.

. J

Proof. By definition the improper integral faoo f(x) dx converges if and only if the limit

}%EI;O/QRf(x) dx:}%glgol/acf(x) dm+/CRf(x) dx}
:/acf(x)dx+}%i_1f>1;10/ch(x)dx

exists and is finite. (Remember that, in computing the limit, fac f(x) dz is a finite constant
independent of R and so can be pulled out of the limit.) But that is the case if and only if
the limit limp o fCR f(z) dx exists and is finite, which in turn is the case if and only if the
integral [7° f(z) dx converges. O

[—Q Example 16 l

Does the integral floo mg/fx dx converge or diverge?

Solution. Our first task is to identify the potential sources of impropriety for this integral.
Certainly the domain of integration extends to +oc. But we must also check to see if the
integrand contains any singularities. On the domain of integration z > 1 so the denominator
is never zero and the integrand is continuous. So the only problem is at +oo.
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Our second task is to develop some intuition. As the only problem is that the domain
of integration extends to infinity, whether or not the integral converges will be determined
by the behavior of the integrand for very large . When z is very large z < 2% so that the
\/_ VI By Example 4, with p = 3/2,

~ ==
:EZ

denominator a2 —i— r ~ 2 and the integrand —

the integral f1 3 ~575 converges. So we would expect that f1 2 + dzx converges too.
Our final task is to verify that our intuition is correct. To do so, we want to apply part
(a ) of Theorem 12 with f(z) = ¥~ and g¢(z) being —37, or possibly some constant times

24
= —. We will be able to apply Theorem 12.a if we can show that wg/fz is smaller than some

constant times W on the domain of integration, x > 1. Here goes.

1 1
<= = Ve <£—

r>1 = 242> = = —=
- 2+x 2 24+ 12 232

So Theorem 12.a and Example 4, with p = 3/2 do indeed show that the integral fl YTy

2tz
converges.

Example 16

There is a variant of the comparison Theorem 12 that is often easier to apply than
Theorem 12 itself and that also fits well with the sort of intuition that we developed in
Example 16. Let’s briefly review what happened In Example 16. We first identified the

I a??

“problem z’s” as the large z’s. (The integral was improper only because the domain of
integration extended to +o00.) Our integrand, f(x) = %,
we found that, for large x, f(z) “behaved like” the simple function g(z) = — —. We knew
that the integral of g(x), over the domain of integration of interest, converged. We then used
Theorem 12 to show that the integral of f(z) converged too.

A good way to formalize “f(x) behaves like g(x) for large x” is to require that the limit

lim /()

=00 g(z)

was relatively complicated but

exists and is a nonzero number. Suppose that this is the case and call the limit L # 0. Then
% must approach L as x tends to +o00 and, in particular, there must be a number ¢ such

that f( y lies between £ and 2L, that is f(z) lies between £g(z) and 2Lg(z), for all z > c.
Consequently, the integral of f(x) converges if and only if the integral of g(x) converges, by

Theorems 12 and 15. These considerations lead to the following variant of Theorem 12.
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— Theorem 17 ( Limiting comparison). ~

Let —oo < a < 00. Let f and g be functions that are defined and continuous for all
x > a and assume that g(z) > 0 for all 2 > a.

(a) If [ g(z) dx converges and the limit

. f(x)
lim —=
T—00 ]))

exists (in this case it is allowed to be any real number, including 0), then
[ f(z) dx converges.

(b) If [ g(x) dz diverges and the limit

_iC))

exists and is nonzero, then [ f(z) diverges.

g J

There are obvious analogs of this theorem for the other types of improper integrals too. Here
is an example of how Theorem 17 is used.

[—Q Example 18

. o0 N .
1 i 1 eo+ta2 X ver I dliverge!
Does the integral LT 70 converge or diverge?

Solution. Our first task is to identify the potential sources of impropriety for this integral.
The domain of integration extends to +00. On the domain of integration the denominator
is never zero so the integrand is continuous. Thus the only problem is at +oo.

Our second task is to develop some intuition about the behavior of the integrand for very
large x. When z is very large

e ¢ ¥ < 22, so that the denominator e=* 4+ 22 ~ 2% and
e |sinz| <1< z, so that the numerator x + sinx ~ x and

rtsinz ~, x 1

e the integrand =275 ~ 5 = -

. [ee] . o0 i
i 4z diverges, we would ex =
Since [ 9 diverges, we would expect ] s

Our final task is to verify that our intuition is correct. To do so, we set

dx to diverge too.

T+ sinz

fla) = ZEIE gy =]

e~ + x2 x
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and compute

(=)

lim —=% = :
T—00 g(aj) z—o0 e~ % 4 xz €T

200 (e /x2 + 1)a?

lim

r+sinzr 1

(1+sinz/z)x

1+sinz/x

z—o0 e7% /22 + 1

1

X T

Since [;°g(x) dz = [° % diverges, by Example 4 with p = 1, Theorem 17.b now tells us
that [° f(z) do = [ 2% dz diverges too.

7z+x2
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