Mixed Partial Derivatives

In these notes we prove that the mixed partial derivatives g afm and gza are equal at points

where both are continuous. This result goes under several different names including “equality
of mixed partials” and “Clairaut s theorem”. Following the proof there is an example which
shows that, when 2

W and are not continuous, they can be different.

— Theorem 1. ~N
If the partial derivatives aajafx and % exist and are continuous at (a, b), then
82 f 5’2 f
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Proof. Here is an outline of the proof. The details are given as “footnotes” at the end of the
outline. Fix a and b and define")

F(h, k) = 2 [f(a+ b b+ k)~ f(a,b+ k)~ f(a+ h,b) + f(a, D)

Then, by the mean value theorem,

Fhk) 2 = {gi

30 0f
_0330
F(h k) L k[af(awgh b+k)—g—£( +05h.0)]

50 0f

af

h,b+ Ok
(a4 h,b+6,k) — o

9 (a,b+ elk;)}

(@ + Osh, b+ 601 k)

for some 0 < #,,05,05,0, < 1. Here “2” means that the equality is shown in “footnote”

number 2. All of 0y, 05, 05,0, depend on a, b, h, k. Hence
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Gr g, 0+ Bah b0k = 5o

——(a+ 03h,b+ 04k)
for all h and k. Taking the limit (h, k) — (0,0) and using the assumed continuity of both

partial derivatives at (a,b) gives
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The Details

1. We define F'(h, k) in this way because both partial derivatives gi—aj;(a, b) an

are defined as limits of F'(h, k) as h, k — 0. For example,

0= -]
= i:f%%:f%FW)—lzﬂi[gf(’“k)—g—ﬁ(a’@]
s
Similarly,
lim P(h, k) = [g‘?’;( +h, b)—g—‘;( b)]
—  limlim F(h, k)_hml[gg( +h, b)—%( b)}
= 53,0

2. Define G(y) = f(a+ h,y) — f(a,y). By the mean value theorem

1[G(b+ k) — G(b
Fk) = 7| ( ]i )
— %Z—G(b—i—ﬁlk) for some 0 < 0 < 1
1rof of
=[5y @+ bt 08) = S5 (@bt 610)]

3. Define H(x) = g—g(f, b+ 60,k). By the mean value theorem

Flh k) = % H(a+ 1)~ Ha)

= ZZ(@ + 02h) for some 0 < 6, < 1
8 of

4. Define A(z) = f(z,b+ k) — f(z,b). By the mean value theorem

11A(a+h)— Ala
Fliuk) = 3 [HE =2
_ %C;_A(a_q_egh) for some 0 < 3 < 1
_170f of
= 2|5 la+0sh,b+ k) = Sh(a+ s, b)]
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5. Define B(y) = %(a + 65h,y). By the mean value theorem

Flh k) = + B(b-+ k)~ BO)]

k
= C;B(b+94k:) for some 0 < 6, < 1
Y
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8y 0:):( a+ 0sh, b+ 04k)

Example 2
(—{Example 2] )

Here is an example which shows that it is not always true that gx@{; (a,b) = gyaj; (a,b). De-
fine

) xyij_:rzz if (z,y) # (0,0)
f(z,y) {0 if (z,y) = (0,0)

This function is continuous everywhere. We now compute the first order partial derivatives.

For (z,y) # (0,0)

g(w y):ny—yz oy 2r _nyx(x2—y2):yx2—y2 + oy 47
8&7 3 1'2 _l_y2 12 +y2 (1,2 _l_y2)2 1.2 +y2 (1'2 +y2)2
ﬁ(x 0) :xe —y° oy 2y _nyy(xQ—yQ):xe — oy Ay
8y ; x2-+-y2 x2_+,y2 (x2-+-y2)2 x2-+»y2 (x2-+-y2)2
For (z,y) = (0,0)
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500 =[5 f@o)] =[30] =0
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By way of summary, the two first order partial derivatives are

4x2y3

f ([L’ y) _ yz2;z2 + ( 2+y2)2 1f (‘Tj y) 7£ (0? O)
o 0 if (z,y) = (0,0)
o) rh - A2 if (vy) # (0,0)
’ 0 if (,) = (0,0)

Both %(:c, y) and f ,(z,y) are continuous. Finally, we compute

a — 1. h?2—0?

8xaj; (0,0)= [ dxfy(a:,o)]w )= lim - [fy(h 0) — £,(0,0)] = i:r%ﬁ[hhz =1
i d g
ayax(o,o) - [d—yfx(o,y)]y = lim = [fx(o B) = £2(0,0)] = lim = [km 0] = -1
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