Archimedes’ (Approximate) Computation of 7

Archimedes (287-212 BC) managed to show that

2 or< 2

Here is how he did it, but using modern terminology. As you’re reading this through,
remember that Archimedes did not have access to trignometric functions. He used plain
geometry instead. Let k be any positive integer and draw a circle of radius 1 and then
inscribe and circumscribe regular polygons with &k sides, as in the figure on the left be-

low. Denote by 2By and 2Aj the perimeters of the inscribed and circumscribed polygons,

T
tan %

respectively. The two perimeters and the circumference, 27 x 1, of the circle are related
by
2B, < 2w < 24, or B, <mw < A

Each side of a regular polygon of k sides subtends an angle of 2?” So, using the figure
on the right above (which is just an enlargement of part of the figure on the left above)
we see that each side of the inscribed polygon has length 2 x sin 7 and each side of the
circumscribed polygon has length 2 X tan - so that

2By, = 2ksin 24 = 2k tan 7 or By, = ksin A = ktan T
To compute some Ax’s and By’s, Archimedes used
(1) A3 =3tanZ =3v3 and Bs = 3sin % = #

A, +B
Proof: ];; tll€qe double angle formulae, sin(26) = 2sin 6 cos § and cos(26) = 2 cos? 0 —1,
with 0 = o7,
A%:2ksin%:2ksin%cos% _ ksin 7 _ _ 1
€O o 08" 35 a(cosT+1) 3 (e + rater)
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(3) B3, = AaBy

Proof: Again using the double angle formula sin(26) = 2sin 6 cos § with 0 = .,

sin Qi sin &

sz = 4k%sin? £ = 2k? k 9gin & cos = = 2k 2k Lsin E = Aoy By
2 2k cos - 2k 2k cos Z- k
2k 2k

Observe that if we know Ay and By, then property (2) gives Asi and property (3)
gives Bak. So the idea is to now start with Az, B3 from (1), then compute Ag using (2),
then compute Bg using (3), then compute A;5 using (2), then compute Bys using (3) and
so on. Here goes:

w

A3 =3V3  By=%
. 2A3B3 _3X3X3
As + Bs %X3\/§

Bs = \/AsBy = \/2v3 x 3 =3

_ 246Bs  4x3V3 12

T As+Bs  2v3+3 V3+2

36

Bis = \/A12Bs = 5y 81058
9415B1s 2 x 3.2154 x 3.1058

T A+ Bra . 32154+ 3.1058

Boy = \/A24B12 = /31596 x 3.1058 ~ 3.1326
9A94Bas 2 % 3.1596 x 3.1326

= Aos+ Box  3.1596 + 3.1326

Bus = \/AssBay = v/3.1461 x 3.1326 ~ 3.1393

. 2A48B48 - 2 x 3.1461 x 3.1393
" Aus + Bys | 3.1461 + 3.1393

B96 =\ A96B48 = \/31427 x 3.1393 ~ 3.1410

6

Aio ~ 3.2154

Aga ~ 3.1596

Aus ~ 3.1461

Age ~ 3.1427

Archimedes stopped here — except that he did not have access to decimal numbers, so

he just used fractions. Also Archimedes used %g <3< %. He did not say how he

arrived at these inequalities. (Of course it is easy to check that they are true by observing
that 2652 < 3 x 1532 and 13512 > 3 x 7802.)
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