Differentiation Rules

Statement

Suppose that f(z) and g(x) are both differentiable at xg.
a) Let S(x) = af(z) + bg(z), with a and b constants. Then S(x) is differentiable at z
and S’(z¢) = af'(z9) + bg'(xp). That is,

@laf(z) + bg(x)) = af'(xo) + by’ (o)

T=Xo

Setting a = b =1 and b = 0 gives the two special cases

= (@) +g(2)]

= f'(w0) +¢'(z0)  Glaf(@)] = af'(xo)

T=Xo T=Xo

b) (Product Rule) Let P(x) = f(x)g(x). Then P(x) is differentiable at z¢ and P’'(xg) =
f'(z0)g(xo) + f(z0)g'(x0). That is,

= f'(w0)g(wo) + f(w0)g' (o)

T=X0

c) (Quotient Rule) Let Q(x) = [2) " Then Q(x) is differentiable at z¢p and Q' (zp) =

g(z)"
f (mo)g(mg();oggw(’)g (m(’), provided g(zo) # 0. That is,
d [f(a:)] _ ['(@o)g(@o) — f(0)g'(x0)
dr lg(x)l],_,, g(x0)?

Setting f(z) to the constant function f(x) = 1 gives the special case

d [L} __9'(x0)
dz Lg(z) r=x0 g(wo)?
Derivation
Define
Flwo, h) = f($0+h})L—f(330) G0, h) = 9($0+h}1—9($0)
Observe that, cross multiplying by h,
f(xo+h) = f(xo) + hF(z0,h) 9(zo + h) = g(x0) + hG(x0, h)
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By the definition of the derivative
lim F(zg,h) = f'(z0) lim G(zo, h) = ¢'(x0)
h—0 h—0

a)
S(zo + h) — S(xo) = af(xo+ h) +bg(xzo + h) — af(xo) — bg(xo)
= a[f (o) + hF (xo, h)] + blg(x0) + hG(x0, h)] — af(zo) — bg(xo)
= ahF(zg, h) + bhG(z0, h)
By definition

/ IERT S(zo+h)—S(zo) — 1 ahF(xo,h)+bhG(z0,h) _ 1
S (CEO) = }llli% = }ILIL% " }ILIL%[CLF(ZL’(), h) + bG(QZQ, h)]

= af'(xo) + bg' (wo)

P(xzo + h) = P(xo) = f(zo + h)g(xo + h) — f(z0)g(w0)
= [f(@o) + hF (x0, h)][g(w0) + hG(x0, h)] — f(20)g(w0)
= hF (20, h)g(x0) + f(20)hG (20, h) + h*F(x9, h)G (20, h)
By definition

/ . . . .
Plao) =y R

= %gn [F(zo,h)g(x0) + f(x0)G(x0, h) + hF (20, h)G(x0, h)]
= f'(x0)g(x0) + f(x0)g'(x0) + 0 (20)g'(x0)
= f'(w0)g(x0) + f(w0)g' (o)

P(zo+h)—P(xzo) hF(mO,h)g(mo)—l—hf(mo)G(mo,h)—l—th(mo,h)G(mo,h)
h h

0
’ o
/(ZCO
c) By definition,

Q($o+h}1—Q($0) — lim l[

— lim X f(zo+h)g(xzo)—f(xo)g(xo+h)
h—0 h

hoo P g(wo)g(zo+h)

flzoth) f(mo)]

/ R T
Q(wo)—}gno g(zo+h) — g(0)

The numerator
f(zo + h)g(wo) — f(zo)g(zo + k) = [f(w0) + hF(z0, h)]g(x0) — f(wo)[g(w0) + hG(zo, )]
= hF(xo, h)g(zo) — f(x0)RG(z0, h)
Dividing by hg(zo)g(xo + h)
1 f(zoth)g(zo)—f(x0)g(zoth) _ hF(zo,h)g(wo)=hf(z0)G(x0,h) _ F(zo,h)g(x0)—f(x0)G(%0,h)

h g(zo)g(zo+h) hg(zo)g(zo+h) g(zo)[g(x0)+hG(z0,h)]
Hence
@/lmo) = Jim § BN = o S RSt
_ f'(za)g(z0)—f(x0)g'(z0)
g(0)2
as desired. m
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