The Form of Partial Fractions Decompositions

In the following it is assumed that
e N and D are polynomials with the degree of IV strictly smaller than
the degree of D.
e Kis a constant.

® ai, a, ---, a; are all different.
® my, My, -+, Mj, N1, Na, -+, N} are all strictly positive integers.
o 22+ bix+cy, 22 +bex +co, -, 22 + bpx + ¢ are all different.

Simple Linear Factor Case

If D(z) = K(z —a1)(x —az)---(z —a;) then

N(il?)_ Al A2 Aj
D(:E)_:E—a1+x—a2+ +:1:—aj

The proof that such a decomposition always exists is given in notes that

I have posted on our course home page.

General Linear Factor Case
If D(z) =K(z —a1)™ (z —a2)™ - (x —a;)™ then

N(z)  Bim,—12™ ' +---+Bi1z+ Big

D(z) (z —a1)™

By 1™ 4+ -+ By 12 4 Bag n
(z — az)™

Bjm;—13™ " + -+ Bjix 4+ Bjo

(z —a;)™mi

+

+

@ Joel Feldman. 2003. All rights reserved. 1



Each numerator is the most general polynomial with degree strictly
smaller than that of the denominator. The proof that such a decom-
position always exists is given in notes that I have posted on our course
home page.

It is generally mechanically advantageous to rewrite

Bm—12™ '+ 4Bia+Bo _ A, As A,
(x—a)m™ T z—a + (x—a)? +o (x—a)m™

To see that these forms are equivalent, rename x — a = y. Then

Bp—12™ 44 Biaz+Bo _ Bm-1(y+a)™ "' 4+--4+Bi(y+a)+Bo

(x—a)m ym
_ Ay 4 Ayt A
ym
_ Al . Am—l Am
T z—a + + (x—a)m—1 + (x—a)m™

N(z) _ Aia Aq o TN Aim,
D(x) z—a; (z—a1)? (z —ay)™
Az Az 2 A2,mq
+x—a2+(a:—a2)2+ +(x—a2)m2
L Aia Ajo Ly Aimg
r—a; (v —a;)? (z —a;)ms
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Simple Linear and Quadratic Factor Case

If D(z)=K(z—a1) - (x—a;)(x? + bz +c1) - (2% + bgx + ¢x) then

N(il?) Al Aj Blili + Cl ka + Ck
D(z) zx—a r—a; x2+bx+c 22 + bpx + ci

General Linear and Quadratic Factor Case

If D(z) = K(x—ay)™ - - (x—a;)™ (x®+ b1z +c1)" - - - (2?2 + bpx+c )™
then

N(x) _ A A2 Ay,
D(z) z—a1 (x—a1)? (x —ay)™
i Aja i Aj2 +...+#j'
r—a; (z—a;)? (z —az)ms
Bz +Ci Bisx+ Ci2 T B,z + Chp,
2+ bx+c (224 bx+cp)? (2 + b1z + )™
Bz + Cr 1 By ox + Ch 2 L By n,z 4+ C1p,

2?2+ bpr+cr (22 + b + cx)? o (22 + bpx + cx)™
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