Partial Fractions Examples

Partial fractions is the name given to a technique of integration that may be used

to integrate any ratio of polynomials. A ratio of polynomials is called a rational function.

Suppose that N(z) and D(z) are polynomials. The basic strategy is to write ggg as the

sum of a polynomial P(z) (this term is present only if the degree of N(z) is strictly bigger

than the degree of D(x)) and a number of rational functions of the particularly simple forms

Ax+B
and (ax?+bx+c)™ "

A
(azx+b)™

Example 1: N(z)  a* +52° + 162* 4 262 + 22

Step 1. The first step is applied only when the degree of the numerator N(x) is at least as

large as the degree of the denominator D(x). In this example, the numerator has degree four

and the denominator has degree three. As 4 > 3, we must execute the first step, which is to
(x)

write % in the form

N(z) _ (z) R(z)
D(z) D(z)

with P(x) being a polynomial and R(z) being a polynomial of degree strictly smaller than
the degree of D(x). This step is accomplished by long division — the same long division
you learned in public school with the base 10 replaced by xz. We start by observing that to
get from the highest degree term in the denominator (23) to the highest degree term in the
numerator (z%), we have to multiply by x. So we write,

X
23+ 322+ T +5 | 24+ 523+ 1622+ 262+ 22

Now we subtract = times the denominator 2 4+ 322 + 7x + 5, which is * + 323 + 722 + 5z,
from the numerator.

xT

23+ 322 + Te + 5| 244 523+ 1622+ 262+ 22
x4+ 3234+ T2+ bx < z(23 + 322 + Tz +5)

203+ 9x2+ 21x+ 22

The remainder was 2z3 + 922 + 21z + 22. To get from the highest degree term in the
denominator (z3) to the highest degree term in the remainder (2z3), we have to multiply by
2. So we write,

r+ 2

23+ 322+ T +5 | 24+ 523+ 1622+ 262+ 22
x*+ 323+ Tx2+ bx

223+ 9z2+ 21x+ 22

Now we subtract 2 times the denominator 3 4+ 322 4 72 + 5, which is 223 4 622 4 14z + 10,
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from the remainder.
x+ 2

23+ 322+ Te + 5| 244 523+ 1622+ 262+ 22
xr+ 323+ Tx*+ bx < x2(x3+ 322+ 72 +5)

2234+ 922+ 21z + 22
203+ 622+ 142+ 10 <— 2(2® + 322 + Tz + 5)

3x2+ Tr+12

This leaves a remainder of 3xz2 + 7z + 12. Because the remainder has degree 2, which is
smaller than the degree of the denominator, which is 3, we stop.

In this example, when we subtracted z(z3 + 32% 4+ 7z + 5) and 2(z3 + 32% + Tz + 5)
from z* + 5232 + 1622 4 262 + 22 we ended up with 322 4+ 72 + 12. That is,

z* 523 + 1622 + 262 + 22 — z(2® + 327 4+ Tz + 5) — 2(2® + 327 + T2 4 5) = 32% 4 Tx + 12
or, collecting the two terms proportional to (% + 322 + 7x + 5)
x* + 523 + 1622 + 262 4 22 — (v + 2)(2® + 322 + 7o +5) = 322 + Tz + 12

Moving the (x +2)(x3 + 322 + 72 +5) to the right hand side and dividing the whole equation
by 23 + 322 + 7z + 5 gives

xt + 523 + 1622 + 262 + 22 Lo 322 + Tz + 12
=z
23+ 3224+ Tr+5 23+ 3224+ Te+5
This is of the form % = P(z) + %, with the degree of R(x) strictly smaller than the

degree of D(z), which is what we wanted. Observe that R(x) is the final remainder of the
long division procedure and P(x) is at the top of the long division computation.
r+ 2< P(x)

2% + 322 + 7w +5 | 2+ 5%+ 1622 + 262+ 22
x*+ 323+ Tx2+ bx

223+ 92+ 21x+ 22
203+ 622+ 14x+ 10

3224+ 7Tx+12 < R(x)

Step 2. The second step is to factor the denominator D(z) = 23+ 322+ 72 + 5. Fortunately,
there is a trick available to help us find this factorization. The trick exploits the fact that
most polynomials that appear in homework assignments and on tests have integer coefficients
and some integer roots. Any integer root of a polynomial that has integer coefficients, like
D(x) = 23 + 322 + 7z + 5, must divide the constant term of the polynomial exactly. So any
integer root of 3 + 322 + 7z + 5 must divide 5 exactly. The only integers which can be roots
of D(z) are +1 and £5. To test if +1 is a root, we sub it into D(z):

D(1) =13 +3(1)2 +7(1) +5= 16
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As D(1) # 0, 1 is not a root of D(z). To test if —1 is a root, we sub it into D(x):
D(—1) = (=1 +3(-1)*+7(-1)+5=-14+3-74+5=0

As D(—1) = 0, —1 is a root of D(z). As —1 is a root of D(z), (z — (—1)) = (z + 1) must
factor D(z) exactly. We can factor the (z + 1) out of D(x) = 23 + 322 + 7z + 5 by long
division once again.
2>+ 22+ 5
v+1| 23+ 302+ Tz +5
2+ 2? <« 2% (z+1)
202+ Tx+5
222+ 2x < 2zx(x+1)

d5r+5
br+5 <— 5H(x+1)

0

This time, when we subtracted 2%(x + 1) and 2z(z + 1) and 5(x + 1) from 23 + 322 4+ 72 + 5
we ended up with 0. Hence

w4322+ Tr+5—2*(x+ 1) —22(x+1) -5 +1)=0
or
234322+ Te+5=2*(z+ 1) +2x(x + 1) + 5(x + 1)

or
3+ 322 + T4+ 5= (2 + 22+ 5)(z + 1)

We still have a quadratic factor, 2 + 2z + 5. We can attempt to factor it by using the high
school formula (—b 4 v/b% — 4ac)/(2a) to find the roots of 22 + 2x + 5. For 22 + 2z + 5,

—bt Vb2 —dac  —2+£/1-20 —-2++/-16
2a - 2 - 2

contains the square root of a negative number. So, without the use of complex numbers,
2% 4 22 + 5 cannot be factored. We have reached the end of step 2. At this point we have

x* 4+ 523 + 1622 + 262 + 22 322 4+ Tx + 12
=x+2+
234+ 322+Tx+5 (x 4+ 1)(x? +2x +5)

Step 3. The third step is to write (mfﬁ&zyj_giia in the form

3x2 +Tx+12 A Bx+C

(z+1)(x? + 22+ 5) _l’+1+l’2+2$+5
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for some constants A, B and C. To determine the values of the constants A, B, C, we put
the right hand side back over the common denominator (z + 1)(z? + 2z + 5).

322 + Tx + 12 A Bz +C  A(@*+2x+5)+ (Ba+C)(z+1)

(x 4+ 1)(22 + 22+ 5) 33—|—1+a:2+23:—l—5_ (x +1)(22 + 22 + 5)

The fraction on the far left is the same as the fraction on the far right if and only if their
numerators are the same.

32 + T+ 12 = A(2® + 22+ 5) + (Bx + C)(x + 1)

There are a couple of different ways to determine the values of A, B and C from this equation.
The conceptually clearest procedure is to write the right hand side as a polynomial
in standard form (i.e. collect up all 2 terms, all z terms and all constant terms)

372 + Tz +12=(A+ B)2* + 24+ B+ C)x + (54 + C)

For these two polynomials to be the same, the coefficient of 22 on the left hand side and the
coefficient of 22 on the right hand side must be the same. Similarly the coefficients of z*
must match and the coefficients of 2° must match. This gives us a system of three equations

A+B=3 2A+B+C=7 5A+C =12

in the three unknowns A, B, C. We can solve this system by using the first equation, A+ B =
3, to determine B in terms of A, B = 3— A. Substituting this into the remaining two equations

eliminates the A’s from these two equations, leaving two equations in the two unknowns B
and C.

A=3-B 2A+B+C=1 5A+C =12
= 2B3-B)+B+C=7 5B3-B)+C =12
- —B+C=1 —5B+C =—3

Now we can use the equation, —B 4+ C' = 1, to determine B in terms of C, B = C — 1.
Substituting this into the remaining equation eliminates the B’s leaving an equation in the
one unknown C', which is easy to solve.

B=C-1 —5B+C =-3
N 50 —-1)+C =3
= —4C = -8

SoC=2,B=C—-—1=1land A=3—-—B=2.
There is a second, more efficient, procedure for determining A, B and C' from

322 +Tx +12 = A(x* + 22+ 5) + (Bx + C)(x + 1)

This equation must be true for all values of x. In particular, it must be true for x = —1.
When x = —1, the factor (x 4+ 1) multiplying Bx + C' is exactly zero. So B and C' disappear
from the equation, leaving us with an easy equation to solve for A:

327 + Tz + 12 = A(z® + 2x +5) + (Bx+C)(z+1) —= 8=4A= A=2

rx=—1 r=—1 r=—1
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Sub this value of A back in and simplify.

322+ Tz +12=2(z* + 20 +5) + (Bx + O)(z + 1)
22 +324+2=(Bx+C)(z+1)

Since (z+1) is a factor on the right hand side, it must also be a factor on the left hand side.

(x+2)(z+1)=Bz+C)xz+1) = (x+2)=(Bxz+C) = B=1,C=2

Subbing these values of A, B and C into (mf_’f;&ﬁfgiim = ﬁ_l + mff;ﬁ_S we have
xt 4+ 523 + 1622 + 262 + 22 2 T+ 2
=x+2+ +
3+ 322 +Tx+5 r+1 x22+22+5

Step 4. The final step is to integrate. The first two pieces are easy.

2
/(a:—i—2)da::%:c2—|—2x / dr =2In|x + 1
r+1

(I’'m leaving the arbitrary constant to the end of the computation.) The final piece is a little
harder. The idea is to complete the square in the denominator
T+ 2 B r+2
r24+22+5 (z+1)2+4

ay+b
y?+1

and then make a change of variables to make the fraction look like . In this case

T+ 2 1 z+2
(z+1)2+4  4(zH)2+1

so we make the change of variables y = xTH, dy = %x, r=2y—1, dr=2dy

2 1 2 1 29 — 1 2 1 [2 1
/de:_/#m:_/um:_/ y+1
(x+1)2+4 4] (=4 1 4 y?+1 2) y?+1

Y 1 1
— d - d
/y2+1 er2/3/2+1 Y

Both integrals are easily evaluated, using the substitution u = y? +1, du = 2y dy for the first.

/ y dy:/l@:%ln|u\:%ln(yQ‘Fl):%ln[(mT—H)Q—'—l}

y?+1 u 2
1 1 d _ 1 —1 _1t —1 (z+1
7] 1@ atan y=gtan (%)

That’s finally it. Putting all of the pieces together

r34+3224+Tx+5

/x4+5x3+16x2+261‘+22 dr = %$2+2x—|—21n\x+1|—|— %111 |:(x_—£—1)2+1} + %tan_l (x_zl) +C
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N(z)  a*+92° + 312? + 49z + 27

Example 2:

D(x) 3+ 522 4+ 8z +4
Step 1. The first step to write % in the form
N(z) R(x)

b~ T@F 5

with P(x) being a polynomial and R(z) being a polynomial of degree strictly smaller than
the degree of D(x). By long division
r+ 4

#° + 522 + 8z +4 | '+ 925+ 3122+ 492+ 27
e+ 52’ + 8rP+ dx

4342322+ 4520+ 27
42342022+ 322+ 16

322+ 13z+ 11

SO
2t 4+ 923 + 3122 + 492 + 27 . 322 + 13z + 11
=z
23+ 522 +8x + 4 23+ 522 +8x + 4
Step 2. The second step is to factorize D(z) = 23 + 522 + 8x + 4. Any integer root of
D(x) must divide the constant term, 4, exactly. Only +1, £2, +4 can be integer roots of

23 + 522 + 8z 4+ 4. We test to see if +1 are roots.

D(1) = (1> +5(1)* +8(1) +4 #0 = x =1 is not a root
D(—1) = (=1)* +5(-1)* +8(~1) +4=0 = x = —1 is a root

So (z + 1) must divide z3 + 522 + 8z + 4. By long division

x?+ 4z + 4
w41 28+ 522+ 8r+4
3+ z?
4x°+ 8x+ 4

dx?+ dx

drx+4
drx+4

0

S0
2345 48z +4=(z+1)(z* +dr+4) = (2 +1)(z+2)(z +2)

This is the end of step 2. We now know

x* + 923 + 3122 + 49z + 27 +4+3x2+13x+11
=1
x3 + 522 +8x +4 (x+1)(z+2)2
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Step 3. The third step is to write gﬁ% in the form

322 +13z+11 A N B N C
(x+D(x+2)2 z+1 2+2 (z+2)2

for some constants A, B and C. To determine the values of the constants A, B, C, we put
the right hand side back over the common denominator (z + 1)(x + 2)2.

3z +13z+11 A B C Az +2)?+Blz+1)(z+2)+ C(z + 1)

G+ D(@+2? 241 242 @r22 (@ + D)(z +2)°

The fraction on the far left is the same as the fraction on the far right if and only if their
numerators are the same.

322 + 13z + 11 = A(x +2)* + Bz + 1)(z +2) + C(x + 1)

This must be true for all values of x. In particular, it must be true for x = —1. When
x = —1, the factor (z 4+ 1) multiplying B and C' is exactly zero. So B and C disappear from
the equation, leaving us with an easy equation to solve for A:

322 4+ 13z 4 11 = Az + 2)? + Bz +1)(z +2) +C(x +1) —1=A

r=—1 r=—1 r=—1 r=—1

Sub this value of A back in and simplify.

302 + 13r+ 11 = (1)(z+2)* + Bz + 1)(z +2) + C(z + 1)
20 +924+7=B(z+ 1)z +2)+C(x+1) = (zB+2B+C)(z + 1)

Since (z + 1) is a factor on the right hand side, it must also be a factor on the left hand side.
2z +T7)(z+1)=(@B+2B+C)(z+1) = (2247 =@B+2B+C)

For the coefficients of x to match, B must be 2. For the constant terms to match, 2B 4+ C'

must be 7, so C' must be 3. Subbing into % = %;1 + xLiz + ﬁ, we now have

% + 923 + 3122 + 49z + 27 1 2 3

= 4
23+ 52?4+ 8z +4 Sl +x—|—1+x—|—2+(m—|—2)2

Step 4. The final step is to integrate

z? + 92% 4 312 + 49z + 27 1 2 3
dx = 4)d d d —d
/ 23+ 522+ 8z +4 v /(a;—i— ) aH_/a:—i—l x+/x+2 x+/(az+2)2 v

3
=|i2?+4z+Injz+ 1|+ 2|z +2[— ——+C
T+ 2
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