Error Control for the Polar Area Formula

Suppose that we wish to derive a formula for finding the area of the region
0<r<f(f) a<O<b
Call this area A. Suppose further that
fO)y<sm  |f(0)<L

for all a < 6 <b.

Divide the interval a < 6 < b into n equal subintervals, each of length Af = b_T“.
Let 67 be the midpoint of the i*" interval. On the i*" interval,  runs from 6; — A6 to
07 + 2 A6 and the radius runs over all values of f () with 67 — 1A# < 6 < 67 + LAf. Because
| £/(0)] < L all of these values of f(6) lie between r; = f(67) — $LA6 and R; = f(0})+ 3 LAS.
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So the area of the region 0 < r < f(0), 0 — %AH <0<0r+ %AH must lie between
LAGr2 = SA0[f(67) — 11A6]° and L1AOR? = LAG[£(6]) + LA

Observe that
[£(67) £ LLA0]° = £(67)2 + LF(07) A0 + L 12A0°

implies that, since f(6) < M,

F(07)? — LMAG + LL2A0% < [£(67) £ SLAG] < f(67)? + LMAG + LL2A6?
Hence
= ~ — = + = < area of sector #i < = ! + = + =
1F(07)°A0 — LLMAG* + L L*AG° f #1 < 1F(05)°A0 + LLMAG* + LL*A6?

and the total area A obeys
> [3£0:)°00 — SLMAG? + L12A0%| < A <Y [L7(6))200 + LLMAG® + LI2AG°
i=1 i=1
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LN 0200 — InLMAG* + InL2A0* < A <3 LF(07)2A0 + InLMAG* + InL2A0®
=1 i=1
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Since Af = b_T”,

%Zf(9:)2A9_%(b—a)2 L2 (b— a) <A<Z 116 A9+ LM(b a) +L2 (b—a)®
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Now take the limit as n — oco. Since
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we have that

exactly.
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