Substitution Examples

Example 1
y= 3x
/2 37/2 du=3d
Y x
3z) dw = &
/0 cos(3z) dx /0 cos(y) 5 y(o):g
y(3)=35m
siny|[77? _ 1o _[CT
3 |, 3 3 3
Example 2
y=2x + 1
/1 L dw—/si@ dy=2dx
o (2z+1)3 L Y32 y(0)=
y(1)=3
3 3
_ 3, 1y 2|7 _ 372 2 _
3 [ vta =] =S -5 - 10— -3
Example 3
y=1+ 22
/1 ? da::/zl@ dy= 2z dx
o 1+a? 1Y 2 y(0)=
y(1)=2
ity =2 - g [T
Example 4

do — 1 . do — 1 dy Y= Ccos T
tanz dr = cosa:smx T = ; - {dy:—sina:da:

=—Inly|+C = —In|cosz|+C =In|cosz|™* +C

=|In|secz| +C

1. 1 dy Y= CoST
secrtanxdr = ;- sinzdr = | — — {d .
cos? x y? —1 y= —sinz dx
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Example 5

4
3 4 _ d y=x" + 2
/:z: cos (z* +2) dz = | cos(y) & {dy: 1P dy

%siny-i—C: %sin(m4+2)+0

Example 6
/\/1+x2x3dx:/\/1+x2x2xdx
=1+2?
- )% y
/\/ﬂ(y ) {dy: 2x dx
_ 1 3/2 1/2 _ 1]y 3/2
—5/(?4/ —y/)dy—i[%/z —%W]JFC
— %(14—1‘2)5/2—%(14-332)3/24-0
Example 7
y=x+1
1 1 2
1 1 1 dy= dz
/0 212410 /0 (x+1)2 . /1 y? 4 y(0)=1
y(1)=2
:y_—l :—5—(_1): 2
1
y=x+1
1 1 2
1 1 1 dy= dzx
——dx = ——dr = d
/0 22 yort2 /0 (x+1)2+1 v /1 y2+1 Y'Y y0)=1
y(1)=2
= arctanyﬁ = |arctan2 — arctan 1|
2u=x +1
! 1 1 1 L ody 2dy= dx
——————dr = ——dr = — .
o 242245 o (z+1)2+4 L 4y2+4 ) y(0)=1/2
y(1)=1

1 L1 _ 1
= 2arctany‘l/z— 2[arctanl arctanz]
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Example 8

y= a? — 22
“ 0 d dy= —2x dx
S22 g dy
/O:c a z2 dx /az)\/ﬂ_2 y(O):az
y(a)=0
14220 1/.2\3/2 1
:_5%/2 a2_§( ) = 5“3

Example 9
Azde= [ o5 y=1-=
1 dy= —dx
=i+ C=[-40-nr e
Example 10
: T x . . Y= e’
/sm (e ) e da:—/smydy {dy: o doe
= —cosy+C =|—cos(e”) +C
Example 11

/1‘3(1 — 2232 dy = /(1 — 2232 ? pda

_ [ .38/201 _ .\ du y=1- 27
/y (1=y) 5 {dy:—Qxdx

5/2 7/2
:—%/(y3/2—95/2)dy=—%[%/2 ~

— %(1 _ x2>7/2 _ %(1 _ {132)5/2 +C

Example 12
/ COST_ . _ / 2dy 2y=sinz
4+sin’z ) 4+4y2? 2dy= cosz dz

_1 dy _ 1
—2/1+y2—2arctany+0

= % arctan (% sin :L') +C
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Example 13

/ sin”(In.z) cos®(In ) dz = /sin3 y cos®y dy { dzi ldria:
4 -

= /sin3 y (1 —sin®y) cosy dy

o 304 .2 u= siny
—/u (1 =) du {du:cosydy
= [l =) du =[5 -5 4 ]

_ | sin*(na) in®(In )
— sin 411113 _ s 611:13 +O

u=sinyly=lnzx

It is always a good idea to check that an indefinite integral is correct by checking that its
derivative is the integrand.

d_ [sin4(1nx) B sinﬁ(lnx)]

- i G = sin®(In z) cos(In z)l— sin®(In ) cos(In z)i

= sin®(In z) cos(In x)% [1- sin?(In )]

= sin®(Inz) cos®(Inz) 2

There are often many different correct ways to evaluate an integral. Here is a second evalu-
ation of the same indefinite integral that uses sin(2y) = 2siny cos y.

in®(1 3(1 =1
/Sm (Inz) cos’(Inx) da::/sin?’y cosy dy {dg; ;ia:

T —

Tz

= %/Sin3(2y) dy = %/ (1 — cos*(2y)) sin(2y) dy
_ 1 2 z = COS(2 )
- g/[1_'2 = {dz: —281:3(2y)dy

z=cos(2y)

y=Ilnx

- —1—16 [cos(21nx) — %0083(21111')] +C

We can also check that this answer is correct by differentiating:

- %637 [cos(2Inz) — %COS?’(QIHI‘)]
=L [ — sin(2 lnx)% + cos?(21In x) sin(2 lna:)%]
= L [1—cos’(2Inz)] sin(2Inz)2

=3 sin®(2 Inz)l

— =

= sin®(Inz) cos®(Inz) 2
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We can also use the identities
cos(2y) =1 — 2sin’y and (a+b)® = a® + 3a%b + 3ab® + b*

to check that the answers are the same

z) — % cos®(2Inz)]
— _%[3 (1—2sin’y) — (1 —QSinzy)S}
|

1 3 —6sin®y — (1—6sin2y+12sin4y—8sin6y)}

— 5[ cos(21n

— —4—18[2—128111 y+881n62/}

_ sin*(Inx) . sin®(In z) 1

4 6 T 24

The extra term 5 Just means that the symbol C that appears in the two answers

Sin4$nm) — SiHGSHm) +C and — [cos(2lnz) — icos’(2Inz)] +C

actually stands two different constants.
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