Complex Numbers and Exponentials

Definition and Basic Operations

A complex number is nothing more than a point in the xy—plane. The sum and product of two complex
numbers (z1,y1) and (z2,y2) is defined by

(z1,91) + (¥2,92) = (z1 + 22,91 + ¥2)
(x1,91) (72,92) = (2172 — Y1Y2, T1Y2 + T241)
respectively. It is conventional to use the notation x4+ iy (or in electrical engineering country z+ jy) to stand
for the complex number (z,y). In other words, it is conventional to write « in place of (z,0) and ¢ in place

of (0,1). In this notation, the sum and product of two complex numbers z1 = z1 + iy; and 2o = 23 +iys is

given by

(1 +22) +i(y1 + y2)

2120 = T1%2 — Y1Y2 + {(T1Y2 + T2Y1)

Zl+22

The complex number ¢ has the special property
i?=(04+1)(04+1)=(0x0—-1x1)+i(0x14+1x0)=—1
For example, if z =1+ 2¢ and w = 3 + 4¢, then

z4+w=(142i)+ (3+4i) =4+ 6i
zw=(1+2i)(3+4i) =3+4i+6i+8>=3+4i+6i—8=—-5+10i

Addition and multiplication of complex numbers obey the familiar algebraic rules

21+ 20 =20+ 21 2172 = 2221
z1+ (224 23) = (21 + 22) + 23 21(2223) = (2122)23
0+21 =2 lz1 =2
21(22 + 23) = 2122 + 2123 (21 + 22)23 = 2123 + 2223

The negative of any complex number z = = + iy is defined by —z = —z + (—y)i, and obeys z + (—z) = 0.

Other Operations

The complex conjugate of z is denoted z and is defined to be z = x —iy. That is, to take the complex
conjugate, one replaces every ¢ by —i. Note that

22 = (z +iy)(z — iy) = 2° —izy +izy + y* = 2 + o

is always a positive real number. In fact, it is the square of the distance from x + iy (recall that this is the
point (x,y) in the xy—plane) to 0 (which is the point (0,0)). The distance from z = x + iy to 0 is denoted
|z| and is called the absolute value, or modulus, of z. It is given by

lz2| = Va2 4+y? = Vzz
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Since z122 = (z1 +iy1)(x2 +iye) = (172 — y1y2) +i(x1Y2 + 22Y1),

|z122] = /(@122 — Y192)% + (T1Y2 + T2y1)?

= CC%C% — 2x12291Y2 + y%y% + x%y% + 23192291 + x%y%

= \Ja3ad +y23 + od + ady? = \J (e 4y a3+ o)
= |z1]|22]
for all complex numbers z1, 2o .

Since |2|? = 2z, we have z(%) =1 for all complex numbers z # 0. This says that the multiplicative
inverse, denoted z~! or %, of any nonzero complex number z = x + iy is

271: z_ _ T—1Y — T _ Yy s
[z 22+y2 22+y2 22+y2

It is easy to divide a complex number by a real number. For example

—

142i _ 11

25 t

[\
ot
G

In general, there is a trick for rewriting any ratio of complex numbers as a ratio with a real denominator.
For example, suppose that we want to find :1),1421; The trick is to multiply by 1 = g:i;. The number 3 — 44

is the complex conjugate of 3 + 4i. Since (3 +4¢)(3 —4i) =9 — 12i+ 12i + 16 = 25

1420 _ 142 3—4i _ (1424)(3—44) _ 1142i _ 11 2 -
- = 25 + ﬁl

34+4¢ — 3+4i3-4i 25 25

The notations Re z and Im z stand for the real and imaginary parts of the complex number z, respectively.
If z = x4 iy (with z and y real) they are defined by

Rez==2 Imz =y
Note that both Re z and Im z are real numbers. Just subbing in z = x — 1y gives

Rez = (2 +2) Imz = 4(z — z)

The Complex Exponential

Definition and Basic Properties. For any complex number z = x + iy the exponential e*, is defined by
e"TW = e cosy + ie®siny

In particular, e?¥ = cosy -+ isiny. This definition is not as mysterious as it looks. We could also define e®
[e%e] ™
n=0 nl"

by the subbing z by iy in the Taylor series expansion e = (If you don’t know about this Taylor

series expansion, just skip the rest of this paragraph.)

- - \2 - \3 - \4 - \5 - \6
=1y g A

The even terms in this expansion are

. \2 4 6 2 4 6
1+(lg!) + @ () +o=1-4 4% % 4. =cosy
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and the odd terms in this expansion are

in)3 )2 3 5
iy—l—%—!— (“;,) +~-~:i(y—%—!+%—!+~-~) =isiny
For any two complex numbers z; and z;
e*1e*? = e"(cosyr +isinyy)e”?(cosys + isinys)
= e"112(cosy; + isiny)(cosyz +isinys)

= ™72 [(cosy; cosys — sinyy sinys) + i(cosy; sinys + cosyasiny )}

= "2 Leos(yp + yo) +isin(yr +y2)}
— l@ita2)+i(yr+yz2)

— 621+22

so that the familiar multiplication formula also applies to complex exponentials. For any complex number
¢ = a+ if and real number ¢
et = e HiBt — o cos(Bt) + i sin(Bt)]

so that the derivative with respect to ¢

d e = ae®[cos(Bt) + isin(Bt)] + e [—Bsin(Bt) + i8 cos(Bt)]
= (a +iB)e*[cos(Bt) + i sin(St)]

= ce

is also the familiar one.

Relationship with sin and cos. When 6 is a real number
e = cos +isind
e ¥ = cosf —isinf = eif
are complex numbers of modulus one. Solving for cosf and sinf (by adding and subtracting the two
equations)
cost = 1(e +e7) =Ree®
sinf = %(ew —e %) =TIme"

These formulae make it easy derive trig identities. For example

&0 +e—i9)(ei¢ +e—i¢>)
el0+®) | il0=9) 4 pi(=0+¢) 4 o—i(0+9))

cosfcosp =

—~

H0+0) | o=i(0+9) 4 (i(6-0) | (i(=0+9))
cos(f + ¢) + cos(6 — ¢))

—~

[N N N
—

—~

and, using (a + b)3 = a® + 3ab + 3ab® + b?,

sin® 0 = —%(ew — efw)3
_ _%(ewe — 3¢t 4 3710 _ 67130)
31 1 —10 11 1360 —1360
1o (e’ =) = g5 (e — )
= 3sinf — §sin(36)

@ Joel Feldman. 2011. All rights reserved. March 4, 2011 Complex Numbers and Exponentials 3



and . o
cos(20) = Ree™® = Re (™)

= Re (cosﬁ+isin6‘)2
= Re (cos® § + 2isinf cosf — sin® 0)

= cos? 0 — sin’ 6

Polar Coordinates. Let z = x + iy be any complex number. Writing (z,y) in polar coordinates in the
usual way gives x = rcosf, y = rsinf and

z + iy =rcosf + irsinf = re'

In particular

»:=(0,1) ) . .
1 = €0 = 2= (2w for k = 0,41, 42, ---

em =3 = (T for k=0,41,42, -
i = ™2 = 3™ = (3TIT for k=0, +1,42, -
—i = e /2 = 8™ = o(=3H2MITE for k=0 41,42,

(—1,0)=—1 WC

| M
(Ve
—
I
—
—
8lo
=
[y
|

The polar coordinate § = tan™" ¥ associated with the complex number z = x+iy is also called the argument
of z.

The polar coordinate representation makes it easy to find square roots, third roots and so on. Fix any
positive integer n. The n'® roots of unity are, by definition, all solutions z of

2t =1
Writing z = re??

Tnem% — 1601

The polar coordinates (r,d) and (r’,6’) represent the same point in the zy—plane if and only if r = 7/ and
0 = 0’ 4+ 2k for some integer k. So z™ = 1 if and only if ¥ =1, i.e. r =1, and nf = 2kx for some integer
k. The n*® roots of unity are all complex numbers €™ with k integer. There are precisely n distinct n'h
roots of unity because e2in = 2% if and only if 2% — 2772'%/ = 2777“_71“/ is an integer multiple of 2. That
is, if and only if & — &’ is an integer multiple of n. The n distinct nth roots of unity are

Y
;2 -1
627”5 627”5
1 -2 -3 n—1 o2mid i Q
1, 627”5 , 6271'1; , eQTng L 6271'1 — e 6—=—1 1:e2w16
T
S 4 -5
627”5 627”5
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Phasors and Phasor Diagrams. Algebraic expressions involving complex numbers may be evaluated
geometrically by exploiting the following two observations.

o (Addition and subtraction) A complex number is nothing more than a point in the zy—plane. So we
may identify the complex number A = a + ib with the vector whose tail is at the origin and whose
head is at the point (a,b). Similarly, we may identify the complex number C' = ¢ + id with the vector
whose tail is at the origin and whose head is at the point (¢, d). Those two vectors form two sides of a
parallelogram. The vector for the sum A+ C = (a+c¢)+i(b+d) is that from the origin to the diagonally
opposite corner of the parallelogram. The vector for the difference A — C = (a — ¢) + i(b — d) has its
tail at C and its head at A.

A+C
C C

A A

o (Multiplication and Division) To multiply or divide two complex numbers, write them in their polar

coordinate forms A = re?, C = pe’®. So r and p are the lengths of A and C, respectively, and 6 and
¢ are the angles from the positive z—axis to A and C, respectively. Then AC = rpe*(?+#). This vector
has length equal to the product of the lengths of A and C. The angle from the positive z—axis to AC
is the sum of the angles # and ¢. And % = %ei(e""). This vector has length equal to the ratio of the

lengths of A and C. The angle from the positive x—axis to AC' is the difference of the angles 6 and ¢.

AC C
C p A
0+ ¢ 4 0
¢ 0o
0
A/C

Complex numbers are also called “phasors” by some electrical engineers. They call the diagrams resulting
from the geometric evaluation, as above, of algebraic expressions involving complex numbers “phasor dia-
grams”. For example, suppose that an AC signal of frequency w is applied to the left hand end of the parallel

circuit

Then the impedances across the three circuit elements are

ZR:R ZL:iwL ZC:iu}C

and the impedance, Z, of the parallel circuit as a whole is determined by
1 _ 1 1 11, i
E—Z—R—FZ—C‘FZ—L—E—F’L&JC—ﬁ
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To evaluate Z geometrically, we

o add Zgl = —ﬁ to Zal = jwC (In the phasor diagram, below, I am considering the case that ﬁ >
wC >0.)
o add Zgl = % to the result to give % apd finally
o invert the result, using that —L7 = 1e=%
re T
-1
Zc A .
=] Zn
0 >
-1 -1
Lo+ 24y =
-1y
Zy
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