Chain Rule Derivation

Suppose that the function F'(s,t) is defined as the composition

F(s,t) = f(a:(s, t),y(s, t))

The chain rule says that

OF _of Ox of 0y
g(sa t) - % ($(S, t)a y(3¢ t)) %(& t) + a_y ($(S, t)a y(3¢ t)) %(37 t)
OF _of Ox of 0y
E(Sa t) - ox ($(S, t)a y(3¢ t)) ot (37 t) + 8y ($(S, t)a y(3¢ t)) ot (37 t)
We’ll now see why the upper formula is true. By definition,
oF . F(s+h,t)—F(s,t)
75 (&) = fim, h
zo+Az(h) yo+ﬁy(h) xo Yo

—_— ——
f(a;(s—i—h,t), y(s+h,t)) —f(x(s,t), y(s,t))

= fm h
— lim f(zo+ Az(h), yo + Ay(h)) — f(zo, yo)
o h—0 h

where
xg =x(s,t) Az(h) =x(s+ h,t) — z(s,t)

Yo = y(37 t) Ay(h) - y(S + h, t) - y(37 t)

Now using the linear approximation (which becomes perfect in the limit h — 0)

OF ) _ tan J2(r0,30) A () £ Jy (o, 30) By(h)
Os h—0 h
. Azx(h  Ay(h
= fx(anyO) }Llirb h( ) + fy($0,y0) }Llirb %1( )
. x(s+h,t) —w(s,t ) s+ h,t) —y(s,t
a fx(x(),yo)}bli% ( ]1 5.0 "‘fy(ﬂfoayo);lblg%) 4 |yl

= %(ﬂf(s,t%y(s,t)) %(S,t) + g—g(ﬂf(S,t),y(S,t)) %(S,t)
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