Complex Numbers and Exponentials

Definition and Basic Operations

A complex number is nothing more than a point in the zy—plane. The first component, x, of the complex
number (z,y) is called its real part and the second component, y, is called its imaginary part, even though
there is nothing imaginary about it. The sum and product of two complex numbers (x1,y1) and (z2,y2) is

defined by
(1,y1) + (22, y2) = (1 + @2, Y1 + Y2)

(x1,91) (22, ¥2) = (122 — Y1y2, T1Y2 + T2Y1)
respectively. We'll get an effective memory aid for the definition of multiplication shortly. It is conventional
to use the notation z + iy (or in electrical engineering country z + jy) to stand for the complex number
(x,y). In other words, it is conventional to write 2 in place of (z,0) and ¢ in place of (0,1). In this notation,
the sum and product of two complex numbers z; = x1 +iy; and zo = x9 + iy2 is given by
21+ 22 = (v1 + 22) +i(y1 + y2)

Z122 = T1T2 — Y1Y2 + (X1y2 + T2y1)

Addition and multiplication of complex numbers obey the familiar algebraic rules

21+ 220 =29+ 21 2129 = 2921
21+ (22 + 23) = (21 + 22) + 23 z1(2223) = (2122)23
O+2z1=21 121 = 21
21(22 + 23) = 2122 + 2123 (21 + 22)23 = 2123 + 2223

The negative of any complex number z = z + iy is defined by —z = —z + (—y)i, and obeys z + (—z) = 0.

1

The inverse, 2z~ or %, of any complex number z = x + iy, other than 0, is defined by %z = 1. We shall see

below that it is given by the formula % = # + 12_—4-111}21 The complex number ¢ has the special property

i?=0+1)(04+1i)=(0x0—-1x1)+i(0x1+1x0)=-1

To remember how to multiply complex numbers, you just have to supplement the familiar rules of the real
number system with 2 = —1. For example, if z = 1 + 2i and w = 3 + 41, then

z+w=(1+2i)+3+4i)=4+6:
zw=(1+2i)(3+4i) =3+4i+6i+8>=3+4i+6i—8=—5+10i

Other Operations

The complex conjugate of z is denoted Z and is defined to be Z = x — iy. That is, to take the complex
conjugate, one replaces every ¢ by —i. Note that

22 = (z +1iy)(z — iy) = 2° —iwy +izvy + y* = 2% + o
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is always a positive real number. In fact, it is the square of the distance from x + iy (recall that this is the
point (x,y) in the xy—plane) to 0 (which is the point (0,0)). The distance from z = x + iy to 0 is denoted
|z| and is called the absolute value, or modulus, of z. It is given by

|z2| = Va2 +y? = Vzz

Since z122 = (21 + Y1) (22 + iy2) = (x122 — Yy1y2) + 1(@1Y2 + T291),

|z122] = V(2122 — y192)2 + (21Y2 + T2y1)?

= /223 — 2z @anrye + Y3 + 2TY3 + 231 yaxay1 + 23Y7

= \Jadad + y23 + adyd +ady? = /(e +yD) a3 + o)
= [21]]22]

for all complex numbers z1, 2o .
2

_E_

Since |z|* = 2z, we have z( \ZP) =1 for all complex numbers z # 0. This says that the multiplicative

1

inverse, -, of any nonzero complex number z = z + iy is
Z_l — z _ T—1iY — T _ Yy s
[z]2 22+y2 22+y2 22+4y2

This is the formula for % given above. It is easy to divide a complex number by a real number. For example

—

142 _ 114 2,

[\
ot
[\
ot
G

In general, there is a trick for rewriting any ratio of complex numbers as a ratio with a real denominator.
For example, suppose that we want to find éﬁi The trick is to multiply by 1 = g:ﬁ. The number 3 — 44

is the complex conjugate of 3 + 4i. Since (3 +44)(3 —4i) =9 — 12i 4+ 12i + 16 = 25

142 _ 142i3-4i _ (1420)(3—49) _ 1142 _ 11 + 2
3441 — 3+4i 3—41 25 - 25 T 25 25

The notations Re z and Im z stand for the real and imaginary parts of the complex number z, respectively.
If z = x4 iy (with z and y real) they are defined by

Rez==2 Imz =y
Note that both Re z and Im z are real numbers. Just subbing in z = x — iy gives

Rez = 1(z+2) Imz=4(z— %)

The Complex Exponential

Definition and Basic Properties. For any complex number z = x + iy the exponential e* , is defined by
et = % cosy + ie®siny

In particular, e?¥ = cosy + isiny. This definition is not as mysterious as it looks. We could also define e®
] x™
n=0 nl"

by the subbing x by iy in the Taylor series expansion e* = >

. )2 )3 4 .\ 5 0\ 6
= Uiy O 4 g g g G
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The even terms in this expansion are

6

o
[

14 G0 4 G | Gy u g = cosy
and the odd terms in this expansion are
i+ G+ Wiy - G G ) = ising
For any two complex numbers z; and zo
e*1e® = e"(cosy; +isinyy)e*?(cosys + isinys)

= e"112(cosyy + isiny;)(cosyz +isinys)

= 1772 [(cosy; cosya — sinyy sinys) + i(cosy; sinyz + cosya siny )}

= "2 Leos(yy + yo) +isin(yr +y2)}
— elata2)+i(yityz2)

= e#1ta2

so that the familiar multiplication formula also applies to complex exponentials. For any complex number
¢ = a + i and real number ¢
et = etHiBt — ocos(Bt) 4 i sin(St)]

so that the derivative with respect to ¢

L e = ae®[cos(Bt) + isin(Bt)] + e [—Bsin(Bt) + i8 cos(Bt)]
= (a +iB)e*[cos(Bt) + i sin(St)]
= ce

is also the familiar one.

Relationship with sin and cos. When 6 is a real number

0

e = cosh + isind

e = cosf —isinf = ei?

are complex numbers of modulus one. Solving for cosf and sinf (by adding and subtracting the two

equations)
cost = (e +e7) =Ree”
sinf = (e — e ) = Ime®

These formulae make it easy derive trig identities. For example

(eié +e—i9)(ei¢ +e—i¢)
(ei(9+¢) + RIC) + ei(=0+0) + efi(9+¢7))

cosf cosp =

(e0F9) 4 o=i(049) 4 (i(0=9) 4 i(=0+9))
(cos(6 + @) + cos(0 — ¢))
and, using (a + b)3 = a® + 3ab + 3ab® + b?,

SN N N e

sin® 0 = —%(ew — efw)3
_ _%(ewe — 3¢t 4 3710 _ 67130)
31 1 —10 11 1360 —1360
1o (e’ =) = g5 (e — )
= 3sinf — §sin(36)
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and . o
cos(20) = Ree™® = Re (™)

= Re (cosﬁ+isin6‘)2
= Re (cos® § + 2isinf cosf — sin® 0)

= cos? 0 — sin’ 6

Polar Coordinates. Let z = x + iy be any complex number. Writing (z,y) in polar coordinates in the
usual way gives x = rcosf, y = rsinf and

z + iy =rcosl + irsinf = re'

In particular

1 = 9 =¢m 2 for k=0,41,£2,- -
e = e = (A2 for k=0,41,42,- -
= ¢i™/2 =37 = (320 for =0, 41,42,
—i = e 1m/2 = 37 = (=3 H20)TE for =0, 41,42,

(=1,0)=—1 775

|l
(NE]

-

I
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[

8lo

=

I

. =

Lol

The polar coordinate § = tan~! 4 associated with the complex number z = x+iy is also called the argument
of z.
The polar coordinate representation makes it easy to find square roots, third roots and so on. Fix any

positive integer n. The n'® roots of unity are, by definition, all solutions z of
z" =1
Writing z = re?
n nbi

r'e = 1&%

The polar coordinates (r,d) and (r’,6’) represent the same point in the zy—plane if and only if r = 7/ and
0 = 0’ + 2k for some integer k. So 2™ = 1 if and only if r* =1, i.e. 7 = 1, and nf = 2k7 for some integer

2T with k integer. There are precisely n distinct n'™®

k—k'

n

k. The n' roots of unity are all complex numbers e

roots of unity because 2™ = 2™ if and only if 271'% — 2772'%/ =27 is an integer multiple of 2. That

is, if and only if k — &’ is an integer multiple of n. The n distinct nth roots of unity are

Y
;2 -1
627”5 627”5
. . . . n— i3 0
1 , 627”% , 627”% , 627”% S 627””711 627”5:—1 1:627”6
&J g
27 e27mig
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Exploiting Complex Exponentials in Calculus Computations

Example 1
/e”” cosx dr = %/ew [ +e7 "] do = %/ [e(1+i)w + e(l—i)w] da

_ (1+z)w iie(l—i)m} +C

3 [1+z

This form of the indefinite integral looks a little wierd because of the i’s. But it is correct and it is purely

real, despite the ¢’s, because ﬁe(l_i)w is the complex conjugate of %ﬂ.e(“‘i)w. We can convert the indefinite

integral into a more familar form just by subbing back in e**® = cosx =+ isin z, %ﬂ = % = % and
0 B R -
= 1+ 2 -

ez[%ﬂe”—i——e Z]—i—C

[N

/excosac dx =

e’ L5 (cosz +isinz) + H(cosz —isinz)| + C

e® cosx + 56 Tsinx + C

(SIS

Example 2 Using (a + b)* = a* + 4a3b + 6a2b? + 4ab® + b*,

/cos4x dr = 2%/ [e” + 67i1]4 dr = 2%/ [64” + 4% 4 6 + 4e7 % 4 674”] dx

_%[% 4m+%e2im+6x+%e—2im+ 141 —411} +C
_ 2%[%%(6411 —674”)4-%(621.1 _ 72”)4—6&6] +C

= %[ sm4x—|—4sm2:1:—|—6:17] +C
= §s1n4x+zsm2x+ gzv—i—C

Example 3 We shall now guess a solution to the differential equation
y' +2y' + 3y = cost (1)

Equations like this arise, for example, in the study of the RLC circuit. We shall simplify the computation
by exploiting that cost = Ree®. First, we shall guess a function Y (¢) obeying

Y 42" +3Y = ¢ (2)

Then, taking complex conjugates,
Y/ 42 +3Y = % (2)

and, adding $(2) and $(2) together will give
(ReY)” +2(ReY) +3(ReY) = Ree = cost
which shows that Re Y (t) is a solution to (1). Let’s try Y () = Ae®. This is a solution of (2) if and only if
dt2 (Ae”) + 2d (Ae”) + 34e" = et

= (2 4 2i)Ae't = et
_ 1
= A=55

So we have found a solution to (2) and Re 35; is a solution to (1). To simplify this, write 2 + 2i in polar

coordinates. So

2+22—2\/—e4:>2+212#i;{:21%e( ):>Re2+zlzzlﬁcos(t—§)
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Sketching Complex Numbers as Vectors

Algebraic expressions involving complex numbers may be evaluated geometrically by exploiting the
following two observations.

o (Addition and subtraction) A complex number is nothing more than a point in the zy—plane. So we
may identify the complex number A = a + ib with the vector whose tail is at the origin and whose
head is at the point (a,b). Similarly, we may identify the complex number C' = ¢ + id with the vector
whose tail is at the origin and whose head is at the point (¢, d). Those two vectors form two sides of a
parallelogram. The vector for the sum A+ C = (a+c¢)+i(b+d) is that from the origin to the diagonally
opposite corner of the parallelogram. The vector for the difference A — C = (a — ¢) 4+ i(b — d) has its
tail at C and its head at A.

A+C
C C

A A

o (Multiplication and Division) To multiply or divide two complex numbers, write them in their polar

coordinate forms A = re?, C = pe’®. So r and p are the lengths of A and C, respectively, and # and
¢ are the angles from the positive z—axis to A and C, respectively. Then AC = rpe*(?+#). This vector
has length equal to the product of the lengths of A and C. The angle from the positive z—axis to AC
is the sum of the angles # and ¢. And % = %ei(e""). This vector has length equal to the ratio of the

lengths of A and C. The angle from the positive xz—axis to AC' is the difference of the angles 6 and ¢.

AC C
C p A
0+ ¢ 4 0
¢ 0o
0
A/C
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