The Physical Significance of div and curl

Consider a (possibly compressible) fluid with velocity field v(x,t). Pick any time tg
and a really tiny piece of the fluid, which at time ¢y is a cube with corners at

~(1
{ xo+ n1e8M +noee® 4 nzee® | ny,ng,ng € {0,1} } set

za(2)

=63  Xo

Here ¢ is the length of each edge of the cube and is assumed to be really small. The vectors
é® & and &3 are three mutually perpendicular unit vectors that give the orientation
of the cube. The vectors from the corner xg to its three nearest neighbour corners are
6 & and €603, As time progresses, the hunk of fluid moves. In particular, the
corners move. Let us denote by eb(1)(¢) the vector, at time ¢, joining the ny = ny = nz =0
corner to the n; = 1, ng = ng = 0 corner. Define eb(®(¢) and eb(®)(t) similarly. For times
very close to ty we can think of our hunk of fluid as being essentially a parallelepiped with
edges eb(®) (t). By concentrating on the edges eb®)(¢) of the hunk of fluid, rather than the
corners, like xg, we are ignoring the translations of the hunk of fluid. We want, instead,
to determine how the size and orientation of the parallelepiped changes as t increases.

At time to, b®) = &®)_ The velocities of the corners of the hunk of fluid at time ¢,
are

v(xo + nlsé(l) + 7’LQ€é(2) + N3€é(3),t0)

In particular, at time tg, the tail of eb(*) has velocity v(xg, o) and the head of eb(*) has
velocity v(xg + &), ¢y). Consequently,

3
=42 () = v (30 + 281, 0) — v (x0, o) = 3 £2- (x0,0)&(" + O(c?)
j=1

and )
(k) v -~
& (to) = '21 §7j (Xo,to)egk) + O(e)
J:

The notation O(¢™) represents a function that is bounded by a constant times €™ for all

sufficiently small €. The notation ég-k) just refers to the j** component of the vector &%),

Define the 3 x 3 matrix V by
Vij = S%;‘.(x(),to) (M)

Then
bty = Vb® (£) + O(c)
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We study the behaviour of b (¢) for small € and ¢ close to t, by studying the behaviour
of the solutions to the initial value problems

) =vb®(t)  b®(tg) = &® (IVP)
To warm up, we first look at two two—dimensional examples. In both examples, the velocity
field v(z, y) is linear in (z, y). Consequently, in these examples, v(xo +eeh), to) —v(xo, to)
is exactly Zj’:l 6% (x0, to)égk) and the solution to (IVP) coincides with the exact b (¢).
Following each example, we discuss a broad class of V’s that generate behaviour similar to
that of the example.

Example 1: v(z,y) = 221 + 3yJ.
In this example

The solution to

b’'(t) = Vb(t) b(0) = [Bl} or equivalently

bi(t) = )
B2 by(t) = 3ba(t) b2(0) = B2

is
bl (t) = 62tﬁl . o 62t 0
bo(t) = €*, or equivalently b(t) = 0 o3t b(0)

If one chooses &1 =3 and &® = j, the edges, b (t) = e2&()
and b (t) = e3t&() | of the hunk of fluid never change direction.
But their lengths change. The relative rate of change of length per
unit time, |d—tb(k)(t)|/|b(k)(t)|, is 2 for b and 3 for b(®. In the
figure on the right, the darker rectangle is the initial square. That
is, the square with edges b(*)(to) = &*). The lighter rectangle is
that with edges b(*)(¢) for some ¢ a bit bigger than t,.

Example 1 - generalized. The behaviour of Example 1 is typical of V’s that are sym-
metric matrices, i.e. that obey V; ; =V, for all 4,j. Any d x d symmetric matrix (with
real entries)

e has d real eigenvalues

e has d mutually orthogonal real unit eigenvectors.
Denote by Ax, 1 < k < d, the eigenvalues of V and choose d mutually perpendicular real
unit vectors, €%, that obey Vé®) = \,&8(®) for all 1 < k < d. Then

b(k)(t) — e k(t=to) (k)
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obeys

Z_tb(k)(t) — A (t0) (k) — Arlt—to) Yg(k) — Ppk) (4) and b (to) = &*)
So b(k) () = e (t=t0) &(k) gatisfies (IVP) for all t and 1 < k < d.

If we start, at time ¢, with a cube whose edges, &%), are eigenvectors of V, then as
time progresses the edges, b(k)(t), of the hunk of fluid never change direction. But their
lengths change with the relative rate of change of length per unit time being \; for edge
number k. This rate of change may be positive (the edge grows with time) or negative
(the edge shrinks in time) depending on the sign of A\;. The volume of the hunk of fluid at
time t is V() = e*(tt0) ... gra(t=to)  The relative rate of change of volume per unit time
is V/(t)/V(t) = A1+ + Mg, the sum of the d eigenvalues. The sum of the eigenvalues of
any d X d matrix V is given by its trace 25:1 Vi i- For the matrix (M)

d
Z giz Xo,to V-V(Xo,to)

So, at least when the matrix (M) is symmetric, the divergence V - V(xo,to) gives the
relative rate of change of volume per unit time for our tiny hunk of fluid at time ¢y, and
position xg.

Example 1 - generalized yet again.
For any d x d matrix V, the solution of

b'(t) = Vb(t) b(ty) =e

is

b(t) = eV(t"t)e

where the exponential of a d x d matrix B is defined by the power series
_]1+B+1B2+ BS '_anBn

with 1 denoting the d x d identity matrix. This sum converges for all d x d matrices
B. Furthermore it easy to check, using the power series, that e¥(!=t) obeys L eV(t=t0) =
VeY(t=to) and is the identity matrix when t = ty. So b(t) = eV(!"toe really does obey
b’(t) = Vb(t) and b(ty) = e.

Pick any d vectors e®), 1 < k < d, and define b(*®)(t) = eV(t~t)el*) Also let E be

the d x d matrix whose k" column is e®) and E(t) be the d x d matrix whose k" column is
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b(*)(t). Then the volume of the parallelpiped with edges e®), 1 < k < d, is V (ty) = det E
and the volume of the parallelpiped with edges b()(¢), 1 < k < d, is

V(£) = dot B(t) = dot (¢¥4-195) = dot (¢X619) et = det () V (1

For any d x d matrix B, dete? = e B, so

d
V(t) =TV () = TR =aV ="V,
i=1
So, for any matrix (M) and any choice of &%), 1 < k < d, the divergence V - V(xo,to)
gives the relative rate of change of volume per unit time for our tiny hunk of fluid at time
to and position xg.

Example 2: v(z,y) = —yi + zj. In this example
0 -1
v=[1 ]
The solution to
/ : bi(t) = —
b'(t) = Vb(t) b(0) = (51,H2) or equivalently N

is
b1(t) = B cost — By sint

: cost —sint
) et et o cquivaently b(t) = | [0

sint cost

The vector b(t) has the same length as b(0). The angle between
b(t) and b(0) is t radians. So, in this example, no matter what -

direction vectors &%) we pick, the hunk of fluid just rotates at //V(-\\l< A

one radian per unit time. In the figure on the right, the outlined

rectangle is the initial square. That is, the square with edges K _)/
b*)(ty) = &%), The shaded rectangle is that with edges b(®) ()

for some t a bit bigger than #,.

Example 2 - generalized. The behaviour of example 2 is typical of V’s that are anti-

symmetric matrices, i.e. that obey V; ; = =V;; for all 4, j. As we have already observed,

for any d x d matrix V, the solution of b’(t) = Vb(t), b(0) =e is b(t) = e"’e. We now

show that if V is a 3 x 3 antisymmetric matrix, then e"?

Vt

is a rotation. Assuming that V

is not the zero matrix (in which case e** is the identity matrix for all t), we can find a
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number © > 0 and a unit vector k = (ki, ko, k3) (not necessarily the standard unit vector
parallel to the z—axis) such that

0 —Qks  Qko
V= Qks 0 —Qk (R)
—Qky QK 0

This is easy. Because V is antisymmetric, all of the entries on its diagonal must be zero.
Define Q to be \/Vl%2 + V2, 4+ V2, and ki = —Vag/Q, ks = Vi 5/, ks = —V15/Q. Also,

let 2 be any unit vector orthogonal to k (again, not necessarily the standard one) and

7 = k x 2. So i, 3 k is a right—handed system of three mutually perpendicular unit
vectors.

Observe that, for any vector e = (e, 2, €3)

0 —ng ng €1 k2€3 — k362 .
Ve = Q]{ig 0 —le e | = Q k3€1 — k:163 =0k xe
_QkQ le 0 €3 k:162 - k:261

In particular,

and so on. For all odd n > 1,
V= (-1)"7D2Qry vy = —(-1)*V/20m Yk =0
and all even n > 2,

V= (-1)"PQM vy = (-7 V'k=0

Hence
Vi, _ = 1 ng (=D™2 yns (=112 ns S N
ei= ) (V)" = Y —r— ()" + Y 0 ()") = cos(Qt)2+sin(§2) )
n=0 n even n odd
eV = 20%();15)”3 = ¥ E0anmg— 2%(%)% = —sin(Qt)i + cos(Q) j
eVlk = Zo %(Vt)”f( =k

@ Joel Feldman. 2013. All rights reserved. February 19, 2013 The Physical Significance of div and curl 5



Vt

So e”" is rotation by an angle 2t about the axis k.

Whether or not the matrix (M) is antisymmetric, the matrix with entries

Aij=3(Vij = Vii)

is. When (M) is antisymmetric, A and V coincide. The matrix A is

1 0 gg; (XO’ t()) gm (XO’ t()) g—ié (X07 tO) - g—;}c? (XO, tO)
A:§ 81’ (X07t0)+8 (%0, t0) 0 g—g(xo,to)—a—g(xo,to)
20 (xg, 1)+ 222 (x0, t0)  — 222 (x0, t0) + 22 (o, to) 0

Comparing this with (R), we see that
Ok = %V X V(xo,to)

So, at least when the matrix (M) is antisymmetric, our tiny cube rotates about the axis
with V x v(xo, to) at rate 1|V x v(xq,%0)|.

Remark. In the generalization of Example 2, we only considered dimension 3. It is a nice
exercise in eigenvalues and eigenvectors to handle general dimension. Here are the main
facts about antisymmetric matrices with real entries that are used.

o All eigenvalues of antisymmetric matrices are either zero or pure imaginary.

o For antisymmetric matrices with real entries, the nonzero eigenvalues come in complex
conjugate pairs. The corresponding eigenvectors may also be chosen to be complex
conjugates.

Choose as basis vectors (like 2, j, k above)

o the eigenvectors of eigenvalue 0 (they act like k above)

o the real and imaginary parts of each complex conjugate pair of eigenvectors (they act
like 2, 7 above)

Resumé so far:
We have now seen that
e when the matrix V defined in (M) is symmetric and the direction vectors é¥) of
the cube are eigenvectors of V, then, at time ty, the hunk of fluid is not changing
orientation but is changing volume at instantaneous relative rate V - V(Xo, to).
e when the matrix V defined in (M) is antisymmetric, then, at time ¢y, the hunk of
fluid is not changing shape or size but is rotating about the axis V x v(xo, to) at rate

13

%‘V X V(Xo, to)‘. For this reason, V x v is often referred to as a “vorticity” meter.
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The general case:
Now consider a general V. It can always be written as the sum

V=S+A4
of a symmetric and an antisymmetric matrix. Just define
Sij=3WVig+Vii) Ay =305 = Vi)
As we have already observed, the solution of
b’(t) = Vb(t) b(0)=e
is
b(t) = ete = eA+Ite

(A+8)t — oAteSt Byt for matrices this

If S and A were ordinary numbers, we would have e
need not be the case, unless S and A happen to commute. For arbitrary matrices, it is

still true that .
(AT — i [eAt/neSt/n:|

n—oo

This is called the Lie product formula. It shows that our tiny hunk of fluid mixes together
the behaviours of A and S, scaling a bit, then rotating a bit, then scaling a bit and so on.

Example 3: v(z,y) = 2.
In this example

vzlg 3}=S+A with S:[O 1} A:[O 1}

The solution to the full flow

b'(t) = Vb(t) b(0) = (81,02) or equivalently bi(t) = Eb2(t) by
is

bi(t) = B1 + 2Bt
ba(t) = B2

The solution to the S part of the flow

b'(t) = Sb(t) b(0) = (B1,02) or equivalently 28 i Zig; Z;Eg; z g;
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18
cosht sinht

b1(t) = By cosht + PBo sinht
sinht cosht b(0)

bo(t) = By sinht + B cosht O equivalently  b(t) = {

The eigenvectors of S are

é<1>:LH é<2>zi[ 1]
7 |1 73 | -1

The corresponding eigenvalues are +1 and —1. The eigenvectors obey

Sta(l) _ cosht sinht A(1) _ ta(l) Sta(2) _ cosht sinht A(2) _ —ta(2)
€ e [sinht cosht | © €e € ¢ sinht cosht | € ¢

Under the S part of the flow &1 scales by a factor of e?, which is bigger than one for ¢ > 0

t

and &) scales by a factor of e~*, which is smaller than one for ¢ > 0.

The solution to the A part of the flow

/gy — _ ~ by (t) = ba(t)  b1(0) =53
b'(t) = Ab(t) b(0) = (81,82) or equivalently b’;(t) _ —Zl(t) b;(O) _ 5;
® b1(t) = By cost + By sint

ba(t) = —f1 sint + By cost

cost sint
—sint cost] b()

or equivalently b(t) = [

The A part of the flow rotates clockwise about the origin at one radian per unit time.

Here are some figures. The first shows a square with edges &), &2 and its image
under the full flow ¢t = 0.4 later. Under this full flow &) — €0-4V&(*) The second shows
its image under 0.4 time units of the S—flow (that is, ek e949¢(k)) . The third applies
0.4 time units of the A-flow to the shaded rectangle of the middle figure. So the lightly
shaded rectangle of the third figure has edges €% *5é(*) and the darkly shaded rectangle

has edges e¥-44¢045g(k)

.

O.4Vé(k:) O.4Sé(k) 60.4Sé(kz) and 60.4A60.4Sé(k)

&) and e &) and e

Of course e¥*4e045&(F) is not a very good approximation for e?-*(A+S)e) It is much

better to take [60'4’4/”60'45/"}”1%(’“) with n large. Each of the following figures shows two
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parallelepipeds. In each, the shaded region has edges e?*V&(k) = 0-4(A+3)g(k) and the

outlined region has edges [60'4’4/ ne0-45/ "} "alk),
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