Flux Integral Example

Problem: Evaluate [[(F-ndS where F =%+ 2y%)+ zk, S is the half of the surface
%xz + 9y + 22 =1 with 2 > 0 and 1 is the upward unit normal.

Solution 1. Parametrize the half-ellipsoid
x(0,¢) =2cosfsin ¢ y(0, ¢) = 3sinfsin ¢ 2(0,¢) = cos ¢

with (0, ¢) running over 0 < 0§ < 27, 0 < ¢ < 7/2. Then
0

(% o, %) = (—2sinfsin ¢, 3 cosfsin ¢, 0)
(% % %) (2 cos B cos ¢, 3sin O cos ¢, — sin ¢)

Ox Oy Oz Ox Oy Oz
nds = — (55, 54 55) X (a_qw 36> a_¢)d9d¢
—(—3cosfsin’ ¢, —2sin fsin® ¢, —6 sin ¢ cos ¢)dOd¢
F = 2%cos* 0sin? i+ 2 x 3%sin? sin’ ¢ j + COS¢R
F-ndS = [3 x 2% cos® 0sin® ¢ + 2 x 3% x 2sin® 0 sin? ¢ + 6 sin ¢ cos? ¢] df d¢
The extra minus sign in ndS was put there to make the z component of n positive. Since

fo% cos™ 0 df = fo% sin™ 0 df =0 for all odd integers m

/2

w/2 27
/F-ﬁdS:/ do | dO 6sin¢>cos2¢>:127r/ d¢ sin ¢ cos? gb—127r[ COS gb} /2
s 0 0 0
=
Solution 2. Parametrize the half-ellipsoid
x(r,0) = 2rcosf y(r,0) = 3rsind z2(r,0) =1 —1r2

with (r,6) running over 0 < 0 < 27, 0 <r < 1. Then

(%2, 8—?;/ 92) = (—2rsind,3rcos,0)
(%2, % 92) = (2cos0,3sin, ﬁ)
adS = —(55. 5. 55) x (55 ov- 52)dr df
2
= (- fpeeed _ 2&15“19 —6r)dr df

F =2%%cos* 01+ 2 x 3%r%sin? 03+ V1 — r2k

F-ndS = [3><24\/Lcos 9+2232\/ism 9—1—67’\/1—7‘2} dr df
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The extra minus sign in ndS was put there to make the z component of n positive. Since

fo% cos™ 0 df = fo% sin™ @df = 0 for all odd integers m

1
/F nds = /dr/ do 6r 1—7“2—127r/ drr\/l—rz:127r[—%(1—r2)3/2}(1)
0

Solution 3. The surface is of the form G(x,y, z) = 0 with G(z,y, 2) = %xz + %yz +22-1.
Hence

VG 2i+ 25+ 22k :
NdS = ~dx dy = drdy = (2i1+ L3+ k)dxd
ndS Vkay 5, rdy = (—l—gz_y—i—)xy

z

= F-adS=(Z 4+ 4 2)dedy

z

On S, z = z(x,y) = 1—%—%2 and%—l—y#: <1, so
F-ﬁdS:// 2y 20 + 2(z,y) da:dy:// z(x,y) dxdy
/S 2,02 (Z(r,y) 92(w,y) ) 2402
since both Z(‘fy) and gz(;y) are odd under x — —z, y — —y and the domain of integration

is even under x — —x, y — —y. So

/F nds = // 42 dxdy
-|-y <1

To evaluate this integral, make the change of variables

x = 2rcosf y = 3rsinf

Then the domain of integration, % + %2 < 1 becomes r? < 1, the integrand /1 — T %2
becomes v/1 — 72 and dx dy becomes

aet | 3 9 || aras = |aet [20050 20| o 6 as
© % % TV =19  36ing 3rcosf rav = orar

So

1
/F nds = /dr/ do 6r 1—7“2—127r/ drr\/l—r2:127r[—%(1—r2)3/2}(1)
0
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S = | - 3o~ 55+ k|dzdy =
12
4 9
m5 23
_+_
=  F-adS=|—2—9 4 \/1-Z L ldrdy
22y
=% %

Now continue as in Solution 3.

February 24, 2016 Flux Integral Example



