Integration on Manifolds

Manifolds

A manifold is a generalization of a surface. We shall give the definition shortly. These
notes are intended to provide a lightning fast introduction to integration on manifolds. For
a more thorough, but still elementary discussion, see

> M.P. do Carmo, Differential forms and applications
Barrett O’Neill, Elementary Differential Geometry, Chapter 4
Walter Rudin, Principles of Mathematical Analysis, Chapter 10
Michael Spivak, Calculus on Manifolds; A Modern Approach to the Classical Theorems
of Advanced Calculus

Roughly speaking, an n—dimensional manifold is a set that looks locally like IR". It is a

v Vv Vv

union of subsets each of which may be equipped with a coordinate system with coordinates
running over an open subset of R". By way of preliminaries, we’ll first generalize the
concept of an “open interval” of IR to an “open subset of IR"” and then to an “open
subset of a subset W’ of IR".

Definition M.1 Let n > 1 be an integer.
(a) Let a € IR™ and € > 0. The open ball of radius ¢ centred on a is

B.(a)={xeR"||x—a]<¢e}

Note the strict inequality in |x — a| < .

(b) A subset O C IR" is said to be an “open subset of IR"” if, for each point a € O, there
is an £(a) > 0 such that B.(,)(a) C O. Equivalently, O is open if and only if it is a
union of open balls, like, for example, O = |J,cx Be(a)(a).

(c¢) Fix any W C IR". A subset V C W is said to be an “open subset of W” if V = ONW
for some open subet O of IR"™. We’ll usually use this definition with W being some

curve or surface of interest.

Example M.2

(a) The “open rectangle” O = { (z,y) € R* |0 <2 <1, 0 <y < 1 } is an open
subset of IR? because any point a = (x0,y0) € O is a nonzero distance, namely
d = min {:L'o, 1—2x0,90,1 — yo} > (0 away from the boundary of O. So the open ball
Bg/2(a) is contained in O.

(b) The “closed rectangle” C = { (z,y) € R> ‘ 0<z<1,0<y<1 } is an not open
subset of IR%. For example, (0,0) is a point in C. No matter what € > 0 we pick, the
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open ball B.(0,0) is not contained in C because B(0,0) contains the point (—§,0),
which is not in C.

o

Y & ®

B, (c)

(c) Let ¢ € R™ and r > 0. The open ball B¢(r) is an open subset of R" because any
point a € B.(r) is a nonzero distance, namely d = r — |a — c| away from the boundary
of Be(r). So the open ball By/s(a) is contained in Be(r).

(d) Let W={ (z,y) € R* | y=0, 2 > 0 } be the positive z—axis in IR*. It is not an
open subset of IR? because for any point (zg,0) € W and any ¢ > 0, the ball B.(zg,0)

contains points with nonzero y—coordinates and so is not contained in . On the
other hand the intervals

{ (#,0)|2<2<4}=B1((3,0)NWand { (z,0) | 0<z <1} =5B(0,0)NW
are open subsets of YW while { (z,0) ‘ << <7 } is not an open subset of W.

e
3o

B1(0,0) B (3,0)

Definition M.3 Let 0 < n < N be integers. Let M be a subset of IR"Y. We now define
what is meant by the statement that M is an n—dimensional C'*° manifold®).
(a) A chart (or coordinate patch) on M is a pair {U, ¢} with
o U an open subset of M and
o ¢ a map from U to an open subset of IR that is 1-1, onto and continuous and
that has a continuous inverse. (Such a map is said to be a homeomorphism.)
Think of ¢ as assigning coordinates to each point of U.
(b) Two charts {U, ¢} and {V, 9} are said to be compatible if the transition functions

pop i oUNV)CR" - UNY) CR"
oyt YUNV)CR" = UNV) CR”

! poyp~Y

1

are C*. That is, all partial derivatives of all orders of 1) o =1 and p o ~! exist and

(1) Actually, the standard definition is more general than the definition that I am about to give.
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are continuous.

(¢) An atlas for M is a family A = { {U4;,;} | i € T } of charts on M such that {ui}iez
is an open cover of M (i.e. the union U;ezU; = M) and such that every pair of charts
in A are compatible. The index set Z is completely arbitrary. It could consist of just
a single index. It could consist of uncountably many indices. An atlas A is called
maximal if every chart {U, ¢} on M that is compatible with every chart of A is itself
in A.

(d) An n-dimensional manifold consists of a metric space M together with a maximal
atlas A.

Problem M.1 Let A be an atlas for the metric space M. Prove that there is a unique
maximal atlas for M that contains A.

Problem M.2 Let U and V be open subsets of a metric space M. Let ¢ be a homeo-
morphism from U/ to an open subset of IR™ and ¢ be a homeomorphism from V to an open
subset of IR". Prove that if &/ NV is nonempty and

Yot pUNV)CR® = pUNV) CR™
poyLl: YUNV)CR™ - pUNYV) C R

are C'°, then m = n.

Thanks to Problem M.1, it suffices to supply any, not necessarily maximal, atlas for a
subset M C IRY to turn it into a manifold. We do exactly that in each of the following
examples.

Example M.4 (Open Subset of IRY) Let I be the identity map on IRY. Then
{{]RN , ]lN}} is an atlas for RY. Indeed, if I/ is any nonempty, open subset of R, then
{{Z/{ , ]lN}} is an atlas for U. So every open subset of IRY is naturally a C'>° manifold.

Example M.5 (The Circle) The circle S* = { (z,y) € R” | #2+y? =1 } is a manifold
of dimension one when equipped with, for example, the atlas A = {(U1,p1), (Usz,p2)}
where

U, =8\ {(-1,0)} ¢1(r,y) = arctan ¥ with —7 < p1(z,y) <7 | ‘A

U = S\ {(1,0)} oz, y) = arctan £ with 0 < po(z,y) < 27 N

My use of arctan ¥ here is pretty sloppy. To define, ¢, carefully, we can say that ¢ (z,y)
is the unique —7 < 6 < 7 such that (x,y) = (cos#,sinf). To verify that these two charts
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are compatible, we first determine the domain intersection U; NU; = S*\ {(—1,0),(1,0)}
and then the ranges @1 (Uy NUz) = (—m,0) U (0, 7) and @a(Us NUz) = (0,7) U (7, 27) and
finally, we check that

1 [0 if0<fd<m —1gy_ [0 ito<d<mw
2% (9>_{9+27r if—7r<0<0} ¥12P2 (9)_{9—% if7r<9<27r}

are indeed C°.

Example M.6 (The n—Sphere) Let 1 <n and N =n + 1 be integers. The n—sphere
S"={x=(1,, Tpp1) ER" | 2T+ 2l =1}
is a manifold of dimension n when equipped with the atlas
Av={ Ui, i), Vi i) |[1<i<n+1}
where, for each 1 <i<n+1,

U = { (T1,-+, Tpy1) € 5" ‘ x; >0 } ©i(T1, - Tpy1) = (T1, -+, Ti1, Tig1s - Tog1)

Vi = { (3717"'755n+1) es” ‘ z; <0 } wi(wl,"',wnﬂ) = (3317'"7$i—17$i+17"'75€n+1)

So both ¢; and ; just discard the coordinate x;. They project onto IR", viewed as the
hyperplane x; = 0. Another possible atlas, compatible with A1, is Ay = { (U, gp) , (V, @D) }
where the domains & = S™ \ {(0,---,0,1)} and V = 5™\ {(0,---,0,—1)} and

(0’...’0’1)

(,0(331,' . ',xn—|—1) — (1_2mmi+17. ) 1—2mm:+1)
V@1, Tpg1) = (1+2§nl+1 T 14-2§S+1)

p(x)
are the stereographic projections from the north and south poles, respectively. Both ¢
and v have range IR"™. So we can think of S™ as IR"™ plus an additional single “point at
infinity”.
Problem M.3 In this problem we use the notation of Example M.6.
(a) Prove that A, is an atlas for S™.

(b) Prove that Ay is an atlas for S™.
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Example M.7 (Surfaces) Let m,n > 1 be integers and set N = n + m. Any smooth
n—dimensional surface in IR™*" is an n—dimensional manifold. Roughly speaking, a subset
of R"™™ is an n-dimensional surface if, locally, m of the m + n coordinates of points on
the surface are determined by the other n coordinates in a C*° way. For example, the unit
circle S' is a one dimensional surface in IR®. Near (0,1) a point (z,y) € IR? is on S* if
and only if y = v/1 — 22, and near (—1,0), (z,y) is on S if and only if z = —/1 — y2.
The precise definition is that M is an n—dimensional surface in R" ™" if M is a subset

of R™"™ with the property that for each z = (21, -, Zpym) € M, there are

o an open subset U, of R™™" that contains z,

onintegers 1 < j1 <jo < - <Jp<n+m

o and m C* functions fx(x;,,---,z;,), k€ {l,---,n+m}\{j1, -, jn}
such that the point x = (21, -, Zp4m) € Uy, is in M if and only if z, = fr(xj,, -+, 2;,)
for all K € {1,---,n+m} \ {j1, -, 7n}. That is, we may express the part of M that is

near z as U
z
Ty :fil (lev Ljas "7 xjn)
Lo :fiz(lev Loy "y xjn)
X4, = fim (asjl, Tjoy ", l’jn) (lea""7$jn>

where {11772m}:{177n+m}\{jl77]71}

for some C*° functions f1, ---, f,. We may use z;,, zj,, ---, x;, as coordinates for M in
MNU,. Of course, an atlas is A = { (U,NM,¢,) | z € M }, with p,(x) = (zj,,- -, z;j,).

Equivalently, M is an n-dimensional surface in IR" ™™ if, for each z € M, there are
o an open subset U, of R™™" that contains z,
o and m C* functions g : U, — IR, with the vectors { Vi (z) ‘ 1<k<m } linearly
independent
such that the point x € U, is in M if and only if gi(x) = 0 for all 1 < k < m. To get
from the implicit equations for M given by the g;’s to the explicit equations for M given
by the fi’s one need only invoke (possibly after renumbering the components of x) the

Implicit Function Theorem

Let m,n € IN and let U C IR"™™ be an open set. Let g : U — IR™ be C™
with g(x0,y0) = 0 for some x3 € R", yo € IR™ with (x0,y0) € U. Assume that
det [g;’; (Xo’yo)]1§i,j§m # 0. Then there exist open sets V C R"™™ and W c IR"
with xg € W and (x¢,y0) € V such that

for each x € W, there is a unique (x,y) € V with g(x,y) = 0.
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If the y above is denoted f(x), then £ : W — IR™ is C, f(x¢) = yo and g(x,f(x)) =0
for all x € W.
y € R™A

: 9(x,y) =0

[ ] —_—
X W Xo x € R"
The n-sphere S™ is the n—dimensional surface in IR™™! given implicitly by the equa-

tion g(z1, -+, &p41) = 2§ + -+ 22, —1 = 0. In a neighbourhood of the north
pole (for example, the northern hemisphere), S™ is given explicitly by the equation

Tpt1 = /23 + -+ 2.
If you think of the set of all 3 x 3 real matrices as IR (because a 3 x 3 matrix has 9 matrix
elements) then

SO(3) ={ 3 x 3real matrices R | R'R=1, detR=1 }

is a 3-dimensional surface in IR®. We shall look at it more closely in Example M.9,
below. SO(3) is the group of all rotations about the origin in IR? and is also the set of all
orientations of a rigid body with one point held fixed.

Example M.8 (A Torus) The torus 77 is the two dimensional surface

T ={ (r.y.2) e R® | (V22— 1) + 2 =1}

in IR®. In cylindrical coordinates z = rcosf, y = rsinf, z = z, the equation of the

torus is (r — 1)> + 22 = 1. Fix any 0, say 6. Recall that the set of all points in

IR3 that have § = 6 is like one page in an open book. It is a half-plane that starts
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at the z axis. The intersection of the torus with that half plane is a circle of radius %
centred on r =1, z = 0. As ¢ runs from 0 to 27, the point r = 1 + %cos P, z = %Sin v,
0 = Oy runs over that circle. If we now run 6 from 0 to 27, the circle on the page sweeps
out the whole torus. So, as ¢ runs from 0 to 27 and 6 runs from 0 to 27, the point
(z,y,2) = ((1+ 5 cos ) cos B, (1 + 3 cos ) sinf, 1 sin ¢) runs over the whole torus. So we
may build coordinate patches for T2 using § and ¢ (with ranges (0,27) or (—m,7)) as

coordinates.

Example M.9 (O(3), SO(3)) As a special case of Example M.7 we have the groups

SO(3) ={ 3 x 3real matrices R | R'"R =13, detR=1 }
O(3) ={ 3 x 3 real matrices R | R'R =13 }

of rotations and rotations/reflections in IR*. (Rotations and reflections are the angle and
length preserving linear maps. In classical mechanics, SO(3) is the set of all possible
configurations of rigid body with one point held fixed.) We can identify the set of all 3 x 3
real matrices with IR?, because a 3 x 3 matrix has 9 matrix elements. The restriction that

al bl C1
R=1]as by co]| € O (3)
az bz c3

is given implicitly by the following six equations.

(RtR)L1 =a?+a3+ai=1 ie |a|=1

(R'R),,=bi +b3+b3=1 ie [b|=1

(thR)&3 =c+ct+a=1 ie. |c| = LD
(RtR)1 y = (RtR)2 L = a1br tagby +azbs =0 ie.alb
(RtR)1:3 = (RtR)?’:1 =ajc] +asca +ascs =0 ie alc
(RtR)Z3 = (RtR)&2 =bic; +bacog +b3c3=0 1ie blc

We can verify the independence conditions of Example M.7 (that the gradients of the left
hand sides are independent) directly. See Problems M.5 and M.6, below. Or we can argue
geometrically. In a neighbourhood of any fixed element, R, of SO(3), we may use two of
the three a—components as coordinates. (In fact we may use any two a—coordinates whose
magnitude at R is not one.) Once two components of a have been chosen, the third a—
component is determined up to a sign by the requirement that |a] = 1. The sign is chosen
so as to remain in the neighbourhood. Once a has been chosen, the set { b e R’ ‘ bla }
is a plane through the origin so that { b € R? ‘ bLla, |bj=1 } is the intersection of
that plane with the unit sphere. So b lies on a great circle of the unit sphere. Thus b
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is determined up to a single rotation angle by the requirements that b 1 a and |b| = 1.
That rotation angle is the third coordinate. Once a and b have been chosen, the set
{ ceR? ‘ cla clb } is a line through the origin. So c is determined up to a sign by
the requirements that ¢ L a,b and |c| = 1. Again, the sign is chosen so as to remain in the
neighbourhood. So O(3) is a manifold of dimension 3. Any element of O(3) automatically
obeys

(det R)® = det R'R = det I3 = 1 —> det R = +1

So SO(3) is just one of the two connected components of O(3). It is an important example
of a Lie group, which is, by definition, a C'*® manifold that is also a group with the
operations of multiplication and taking inverses continuous.

Problem M.4 Let R € O(3).

(a) Prove that if A is an eigenvalue of R, then |[A\| = 1 and ) is an eigenvalue of R.

(b) Prove that at least one eigenvalue of R is either +1 or —1.

(c) Prove that the columns of R are mutually perpendicular and are each of unit length.

(d) Prove that R is either a rotation, a reflection or a composition of a rotation and a
reflection.

Problem M.5 Denote by g1, - - -, ge the left hand sides of (M.1). Prove that the gradients
of g1, -, gs, evaluated at any R € O(3), are linearly independent.

Problem M.6 Use the implicit function theorem to prove that for each 1 < 4,5 < 3, the
1<ij<3 DA neighbourhood of 1 in SO(3),
is a C*° function of the matrix elements as1, az; and ass.

(i, j) matrix element, a;;, of matrices R = [a;]

Example M.10 (The Cartesian Product) If M is a manifold of dimension m with
atlas A and N is a manifold of dimension n with atlas B then

MxN={(z,y)|[zeM, yeN }
is an (m + n)—dimensional manifold with atlas

{(UxVipay) | (Up)eA (Viy)eB}  where o @9 ((z,y) = ((z), ¥(y))

For example, R™ x R™ = IR™"™", S' x IR is a cylinder, S! x S' is a torus and the config-
uration space of a rigid body is IR* x SO(3) (with the IR® components giving the location
of the centre of mass of the body and the SO(3) components giving the orientation).
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Definition M.11

(a) A function f from a manifold M to a manifold A (it is traditional to omit the atlas
from the notation) is said to be C*> at m € M if there exists a chart {U, ¢} for M
and a chart {V, ¢} for N such that m € U, f(m) € V and oo fop~!is C™ at p(m).

(b) Two manifolds M and N are diffeomorphic if there exists a function f : M — N that
is 1-1 and onto with f and f~! C° everywhere. Then you should think of M and N
as the same manifold with m and f(m) being two different names for the same point,
for each m € M.

Problem M.7 Let M and N be manifolds. Prove that f: M — N is O at m € M if
and only if 1o fo ¢~ is C* at ¢(m) for every chart (U, ¢) for M with m € U and every
chart (V,4) for N with f(m) € V.

Problem M.8 Prove that IR" is diffeomorphic to { x e R" | 31 2? <1 }.
Problem M.9 Prove that IR" is not diffeomorphic to S™.

Problem M.10 Outline an argument to prove that the disk { x € IR? ‘ 2?2 +y? <2 } is
not diffeomorphic to the annulus { x € IR? } l<a2?+y?<?2 }

Problem M.11 In this problem G = SO(3).

a) Fix any a € G. Denote by I = { (i, 7) e IN? ‘ 1<i<3,1<5<3 } the set of indices
for the matrix elements of the matrices in G. Prove that there exist «, 8,7 € I such
that every matrix element g5, 6 € I is a C°° function of g, gg, g, for matrices g € G
in a neighbourhood of a.

b) Prove that a curve ¢ : (¢,d) — G is C* if and only if every matrix element ¢(t); ; is
.

c) Prove that matrix multiplication (a,b) — ab is a C'*° function from G x G to G.

d) Prove that the inverse function a — a~! is a C*° function from G to G.
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Integration

We now move onto integration. I shall explicitly define integrals over 0—, 1- and 2—
dimensional regions of a two dimensional manifold and prove a generalization of Stokes’
theorem. I am restricting to low dimensions purely for pedagogical reasons. The same
ideas also work for higher dimensions. Before getting into the details, here is a little
motivational discussion.

A curve, i.e. a region that can be parametrized by a function of one real variable,
is a 1-dimensional region. We shall allow as a domain of integration for a 1-dimensional
integral any finite union of, possibly disconnected, curves. We shall call this a 1-chain.
You have considered two types of integrals over curves.

The first was used to compute, for example, the lengths of curves. You took a curve,
cut it up into a union of “infinitesimal pieces”, computed the length of each infinitesimal
piece by viewing it as a line segment, and added up the lengths of all of the different pieces
using an integral. There is a class of manifolds, called Riemannian manifolds, on which
this construction can be implemented. But we shall not consider that type of integral here.

The second type of line integral is a “work—type” integral. Here is one way such an
integral can arise. Suppose we have a particle moving in a force field (for example, a
gravitational field) in IR®. A force field is just a function F : R® — IR® with F(r) being
the force felt by the particle when it is at r. If the particle has mass m and is at r(t) at
time ¢, then according to Newton’s law of motion, the acceleration a(t) = %(t) of the
particle at time t is determined by

mEE(t) = F(r(t))

Dot both sides of this equation with the velocity vector v(t) = %(t) and observe that
the resulting left hand side m%(t) cdr (1) = L (dmv(t)?) is a perfect derivative. If we
integrate both sides of

i (zmv(®)?) =F(x(t)) - F(®)

with respect to t from an initial time ¢; to a final time ¢, and apply the fundamental
theorem of calculus, we get

Imv(t)? — Smv(t)? = / 2 F(r(t)) - 9(t) dt

t1

The quantity %mv(t)2 is called the kinetic energy of the particle at time ¢. So the change
in kinetic energy between time ¢; and time t5 is given by the, so called, work integral
fttf F(r(t)) - &(¢) dt. If we call C the path followed by the particle, this integral is
often denoted [, F -dr = [, Fidz 4+ Fody + F3dz, where F = (Fy, F, F3). This is the
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type of integral that we shall define on general manifolds. The object being integrated,
Fidx + Fydy + Fszdz will be called a 1-form.

Similarly a O—dimensional domain of integration will consist of a finite union of points
and will be called a 0—chain. A 2—-dimensional domain of integration will consist of a finite
union of surfaces, i.e. regions that we can parametrize by functions of two real variables,
and will be called a 2—chain. The object integrated in an n—dimensional integral will be
called an n—form. The definitions will be chosen so that (a) we can use local coordinate
systems to express our integrals in terms of ordinary first and second year calculus integrals
for evaluation, but at the same time (b) the answer to the integral so obtained does not
depend on which coordinate systems are used.

We now move on to formulating the definitions associated with integration on man-
ifolds. The formulations I have chosen are far from the most elegant ones available. But
they are what you actually use when you compute integrals and they get us to integration
and to Stokes’ theorem relatively quickly. For the rest of these notes, assume that M is
a two dimensional C°° manifold with maximal atlas A. Except where explicitly stated
otherwise, all functions are assumed to be C'*°.

0O—dimensional Integrals

Definition M.12

(a) A O—form is a function F' : M — C.

(b) A O—chain is an expression of the form nyP; + -+ + ng Py with Py,---, Py distinct
points of M and nq,---n; € Z.

(c) If F is a O—form and ny P, + - -+ 4+ ng Py is a O—chain, then we define the integral

nyP1+-+ng Py

The definition of a chain given in part (b) is somewhat casual. Under a more formal
definition, a O—chain is a function o : M — Z for which o(P) is zero for all but finitely
many P € M. The function o : M — Z which corresponds to n1 P, + - -+ + ng P has
o(P) =n; when P = P, for some 1 <i <k and o(P)=0if P ¢ {Py,---, P,}. Addition
of O—chains and multiplication of a O—chain by an integer are defined by

(o +0")(P) = o(P) + o' (P) (no)(P) = no(P)
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1-dimensional Integrals

Definition M.13

(a) A 1-form w is a rule which assigns to each coordinate chart {U , ( = (z,y)} a pair
(f,g) of functions on ((U) in a coordinate invariant manner (to be defined in one
sentence). We write

w}{U’C} = fdr+gdy

to indicate that w assigns the pair (f, g) to the chart {U,(}. That w is coordinate
invariant means that
o if {U, ¢} and {U,(} are two charts with U N U # § and
o if w assigns to {U, ¢} the pair of functions (f, g) and assigns to {U,(} the pair of
functions (f,§) and
o if the transition function ¢ o (™1 (from ¢(U N U) c R to {(UNU) C ]RQ) is
(Z(x, ), 9(2,9)),
then

Motivation, and a memory aid, for the above coordinate transformation rule is pro-
vided in Remark M.14, below.
(b) A path is a map C': [0, 1] - M.
A 1-chain is an expression of the form n;Cy + --- 4+ niCyr with C1,- -, Cy distinct
paths and nq,---n; € Z.
(c) Let {U,¢ = (z,y)} be a coordinate chart for M and let w‘{U’C} = fdx +gdy. If
c(t) 1 [0,1] - U C M is a path with range in U, then we define the integral
N Gl
Jo= [ [HEC0) ) dranlett) + o(Ce®) dvcele)] at
c 0 ?/\,/-l/

—_——
eC

If ¢ does not have range in a single chart, split it up into a finite number of pieces, each
with range in a single chart. The answer is independent of choice of chart(s), because
w is invariant under coordinate transformations. See part (b) of Remark M.14 and
Problem M.12.

(d) If wis a 1-form and n;C; + - - - niCy is a 1—chain, then we define the integral

/ w:nl/ w-l—----l—nk/ w
n1C14npCy C Ch
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(e) Addition of 1-forms and multiplication of a 1-form by a function on M are defined
as follows. Let v : M — C and let {U ¢ = (x y)} be a coordinate chart for M. If
wl‘{Uc} f1dx 4+ g1 dy and wg‘{UC} fadx + g2 dy, then

(w1 + w2) ‘{U,{} = (fi + f2)dz + (g1 + g2) dy
(awr) ‘{U,g} = (o ¢ fi) dz+ (o (" lg1) dy

Remark M.14

(a) For now think of f dx+g dy just as a piece of notation which specifies the two functions
(f, g) that w assigns to the chart {U, { = (x,y)}. We will later define an operator d that
maps n—forms to (n + 1)—forms. In particular, it will map the coordinate function x,
which is a zero form (but which is only defined on part of the manifold) to the 1-form
ldz + 0dy.

(b) The integral of part (c) is a generalization of the calculus definition of a “work—type”
integral along a parametrized line.

(¢) The motivation for the definition of a 1-form is the ordinary change of variables
rule for an integral along a curve. Suppose that ( (z,y), y(az,y)) expresses (Z,7)—
coordinates as a function of (z,y)—coordinates. If (X(¢),Y(t)) is a parametrized
curve in (z,y)-coordinates, then X (t) = (X (1),Y (1)), Y(t) = J(X(¢),Y(t)) provides
a parametrization of the same curve in (Z, §) coordinates. Substituting

X(t)=#(X(t),Y(t)) Y(t)=g5(X(t),Y(t))

and

into the definition
/f 7)dz + §(7 dy—/{f (X (1), Y (£)) X (8) + g(X (), V(1)) 2 (8)) dt
of the line integral gives
[ 70 dz+ gt ) ds
— [{[F .00, 560.)) B (2.0) + 30l 3 )32 )],y v FO
+[F (@), 5 1) L (2,9) + 320 9), 50 9) 2 (@ 9)] gy oy (1)} dt

@ Joel Feldman. 2016. April 4, 2016 Integration on Manifolds 13



with
fl@y) = f(@(2,y), (2, y) (2, y) + §(E(z,y), ¥z, y)) 3L (2, y)

0
g(x,y) = f(#(z,v),5(z,9)) (@, y) + §(E(2, ), §(=, ) 3 (x, y)

This is exactly the coordinate transformation rule of part (a) of Definition M.13.

+
+

@z

(d) To remember the coordinate transformation rule, just remember

dz = 3&(z,y) de + GE(x,y) dy
@Z%@ym+%@yy
Substituting this into
fdi + gdy = fO% dx + f92 dy+gagdx+g I dy

= {fam "‘gaz}dw"‘{fay "‘gaz}dy

and matching the result with f dx + g dy gives
F=7%+agt  9=7% +35

Putting in the only arguments that make sense, gives the detailed coordinate trans-

formation rule.

Problem M.12 Let M be a manifold, w be a 1-form on M and ¢(t) : [0,1] — M
be a path in M. Prove that the definition of [ w given in part (c) of Definition M.13
is independent of the decomposition of ¢ into finitely many pieces and of the choice of

coordinate charts.

2—dimensional Integrals

Definition M.15
(a) A 2-form 2 is a rule which assigns to each chart {U,(} a function f on ((U) such
that Q‘ ey = fdx A dy is invariant under coordinate transformations. This means
that
o if {U, ¢} and {U,(} are two charts with U N U # § and
o if  assigns {U, ¢} the function f and assigns {U,(} the function f and
o if the transition function ¢ o (™1 (from ¢(U N U) c R? to {(UNU) C IRQ) is
(#(z,9), 9(z,y)),

then

&

Fwyy) = F(@lw,9), 3, 9) |32 (0, 9) S ) — 52 @,9) 3, y)
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(b)

(d)

The standard 2—-simplex is
Q*={(r,y) e R |2,y>0,0+y<1}

A surface is a map D : Q% — M.

A 2-chain is an expression of the form nyDq + - - -ng Dy, with D1, ---, Dy surfaces and
ny,---ng € Z.

Let {U,{ = (x,y)} be a chart and let Q}U,( = f(z,y)dx ANdy. If D : Q% - U C M is
a surface with range in U, then we define the integral

[ o= [ #eDes.0) 5D 0)50(D.0)
— Z2(D(s,t)) Ly(D(s,t))] dsdt
If D does not have range in a single chart, split it up into a finite number of pieces,
each with range in a single chart. This can always be done, since the range of D is

always compact. The answer is independent of choice of chart(s).
If Qis a 2—form and ni D7 + - - -ni Dy is a 2—chain, then we define the integral

/ Q:m/ Q+---+nk/ Q
ni1Di+-ng Dy, D1 Dy,

Remark M.16

(a)

()

Once again think, for now, of fdz A dy as just a piece of notation which specifies the
function f that 2 assigns to the chart {U,{ = (z,y)}. We will later define a wedge
product A. Then dz A dy will really be the wedge product of the 1-forms dx and dy
and fdx A dy will be the wedge product of the O—form f and the 2—form dz A dy.
Under the normal notation convention, the wedge product of a O—form f and any form
w is written fw, rather than f A w.

The motivation for the coordinate transformation rule of a 2—form given in Definition
M.15.a is the ordinary change of variables rule

05 (1 ) 20 (p
w[Een B,

o
5, (@ y) 5o (z,y)

[ F@.0) dadi = [ (@), 56.0)

_ £ |9z Oy oz 0%
= [ 1325 - 5252 avay

for an integral on a region in IR?, except for the absolute value signs. So we are dealing
with oriented (i.e. signed) areas.
The integral over @Q? in part (c) of Definition M.15 is the standard multivariable

calculus expression for an integral over a parametrized region in IR?.
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The Wedge Product

We now define a multiplication rule on the space of forms. If w is a k—form and ' is
a k'~form then the product will be a (k + k')—form (zero if k + &k’ is strictly larger than
the dimension of the manifold, which in our case is 2) and will be denoted w A w’ (read
“omega wedge omega prime”). It will have the following properties.
(a) wAw islinear in w and in w’. That is, if w = aywy + asws (where ay,a2 are complex
valued functions on M and wq,ws are forms, then

(ozlwl + OéQCUQ) VAN w/ = al(wl N w’) + Oég(wl VAN w’)

Similarly, w A (@jw] + ahwh) = of (w A w)) + ah(w A wh).
(b) The product is graded anticommutative. This means that if w is a k—form and w’ is a

k'—form then w A w’ = (—1)"*'w’ Aw (so that w A w’ = w’ Aw if at least one of k and

k' is even and w A w’ = —w’ A w if both k and k" are odd). In particular w A w = 0.
(¢) The wedge product is associative. That is (w Aw') Aw” = w A (W' Aw”).
Linearity almost determines the product completely. Pick a patch {L{ ,C = (z, y)} Then
every O-form is a function f multiplying the O0—form 1 (whose value at every point of the
manifold is 1). On U, every 1-form, w}{u,g} = fdx + gdy, is a linear combination of the
two 1-forms dx and dy and every 2-form is a function times the 2—form dx A dy. So, on
the coordinate patch, the wedge product is completely determined by the wedge products
of 1, dx, dy or dx A dy with 1, dx, dy or dx A dy.

Since our manifold has dimension 2, the wedge product (in either order) of dx, dy or
dx A\ dy with dz A dy is zero. And of course we define 1 Aw = w A1 = w for all forms w, so
that for all 0—forms f we have f Aw = wA f = fw . By property (b), drAdx = dyNdy = 0.
So that leaves only the wedge product of dr with dy, which (surprise!) we define to be
dz A dy and the wedge product of dy with dz, which must be —dz A dy, by property (b).
By way of summary, we have

Definition M.17 If w is a k—form and ' is a k’~form then w A w’ is the (k + k')—form
that is determined by w A w’ = (=1)**'w’ A w and

(a) if k=K =0and (wAwW)(P) =w(P)w'(P).

(b) if k=0 and w"U’C = fdx + gdy then

WAW |, =(wo (T fdr+ (wo()gdy

(c¢) if k=0 and o’

U = fdx A dy then

w/\w"UC:(wOC_l)fdx/\dy
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(d) ifk:k'zlandw‘ngfdx-i-gdy andw'}UC:f'dx-l-gdy’ then

wAW |, = 1fg —gfdx Ady

In particular dx A dx = dy AN dy = 0 and dx A dy = —dy A dz.
(e) HE+E >2, wAw =0.

Problem M.13 Let M be a manifold of dimension n € IN (not necessarily 2) and suppose
that we have defined a wedge product for M that is bilinear, graded anticommutative and
associative (i.e. is satisfies properties (a), (b) and (c) above). Let, for each < j < n, w; be
a 1-form on M and, for each 1 <4,7 <n, f;; be a function on M. Prove that

<]§1 fljwj> /\ <J§1 fszJj) /\/\ <]§ fnjwj) = det [fij}lgi,jgn Wi Aws A Aw,

The Differential Operator d

We now define a differential operator which unifies and generalizes gradient, curl and
divergence (see Problem M.16, below). If w is a k—form, then dw will be a k + 1-form (and
will be zero if k is greater than or equal to the dimension of the manifold). It is the unique
such operator that obeys
(a) d is linear. That is, if wy,ws are k—forms and «y,as € C, then d(alwl + agwg) =

a1dwi + aows.

(b) d obeys a graded product rule. That is, if w” is a kform and w’ is an ¢/ form, then
d(wh Awt) = (dwF) Awt + (—1)kwk A (dot).

(c) If Fis a Oform and {U,{ = (x!,---,2™)} (those are superscripts, not powers) is a
coordinate chart on M, then

dF‘{U(} - %(Foc—l)(f) dat + ..+ gmn (FO<_1)<f) da™

(d) For any differential form w, d(dw) = 0.
For two dimensions, this forces

Definition M.18 Let M be a two dimensional manifold. If {U, (} is a coordinate chart
on M and
(a) if F: M — C is a 0—form, then
dF |, o = 3 (Fo ¢ (@,y) do + G5 (F o ¢ (,y) dy
(b) if w is a 1-form with w‘{UC} = f(z,y)dx + g(z,y) dy, then
dW\{U,g} = [%(z,y) — §—§<x, y)] dx A dy
(c) if Q is a 2—form, then d2 =0
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Lemma M.19 The differential operator d maps k—forms to k + 1 forms and obeys
d? =0

Proof: In the case k = 0, (writing f = F o (1)
PF = d(8L du+ 9L dy) = §- 8 dy ndw + 3. 5 de ndy = [ - 2L + 2L

}das/\dy:O

The cases k = 1,2 are trivial, since d applied to any 2—form is zero. [ |

Problem M.14 Prove that Definition M.18 is independent of the choice of coordinate
chart.

Problem M.15 Prove the graded product rule that if w is a k—form and w’ is a k’—form,
then
dwAw) = (dw) A + (=1)kw A (dw)

Problem M.16 (Vector analysis in IR*) Let M be IR® with atlas (U = R?, ((%) =& =
(z,y,2)). Let f: IR® — IR be any C* function on IR® and a(z) = (a'(Z) , a*(2) , a3(2))
and b(Z) = (b'(Z) , b*(Z) , b3(Z)) be any two vector fields (i.e. vector valued functions)
on IR*. We can associate to a(Z) a 1-form w] and a 2-form w? by

wi = a'(Z) dx + o*(Z) dy + a® (%) dz

w2 = a' (%) dy A dz + a*(Z) dz A dx + o®(Z) dx A dy
Prove that
(a) wa Awp =wayp
(b) wlAwd =a(Z) b(T) dz AdyAdz
(c) df = wl S/
(@) dul =2,
(e) dw2 =V -a(Z) dz Ady A dz

Observe that

o d’f =0 says that 0 = dwl =w

2 : VAYAVA
cy ENEPRRS that Vx Vf =0.

o d*w! = 0 says that O:dw%Xa:V~V x a(Z) dz Ady Adz ie. that V-V x a = 0.
The Boundary Operator o

In preparation for Stokes’ theorem, we now define an operator § that maps n—chains
to (n — 1)—chains. You should think of §C as the oriented boundary of the chain C. The
definition of ¢ (still assuming that the manifold M is of dimension two) is
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Definition M.20
(a) For any O—chain 6(n1P1 + .- -nkPk) =0.
(b) For a path C':[0,1] — M, 6C is the O—chain C(1) — C(0).
For a 1-chain 5(n101 + .- -nka) =n10(C1) + - - nkd(Ck).
(c) For a surface D : Q? — M, 6C is the 1-chain C; + Cy + C5 where, for 0 <t < 1,

C4(t) = D(t,0) D

Ca(t) = D(1 —t,t) B'%

G -D01-1)  efp

For a 2—chain (5(n1D1 4. -nka) =n16(D1) + - - -nkd(Dy).
Lemma M.21 The boundary operator obeys

52 =0

Proof: For a surface D,

8%D = (5(01 + Cy + Cg)
= [C1(1) = C1(0)] + [C2(1) — C2(0)] + [C5(1) — C5(0)]
— [D(1,0) = D(0,0)] + [D(0,1) — D(1,0)] + [D(0,0) — D(0,1)] = 0

The case n = 2 follows from this. The cases n = 0,1 are trivial, because ¢ applied to any
O—chain is zero. [

Stokes’ Theorem

Theorem M.22 (Stokes’ Theorem) If w is a k—form and D is a (k + 1)—chain, then
/ w = / dw
§D D
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Proof: We give the proof for a manifold of dimension two. For £ = 0 and D being the
path C, this is the fundamental theorem of calculus.

For Kk =1 and D a surface, this is Green’s Theorem.

/ fda:—i—gdy—// d:c/\dy

For k > 2, both sides are zero. [ |

Here are two consequences of Stokes’ Theorem. Firstly, if w is a compactly supported
1-form, ffM dw = 0. To see this, let S be a surface in M that contains the support of
w. Then [[,, dw = [[gdw = [;ow =0, since w vanishes on 9S. Secondly, if w is a closed
1-form (meaning that dw = 0) and if Cy and Cs are two 1—chains with C; — Cy = §D for
some 2-chain D, then fCl W= fc2 w, since

/w—/ w:/ w:/dw:O Ci
C Cs C1—-C> D C12

Problem M.17 Let Q be an open connected, simply connected subset of IR?. Think
of Q as a two dimensional manifold as in Example M.4. Let Fy(x,y), Fa(z,y) € C™(Q)
obey the compatibility condition that g—zl = %. The goal of this problem is to prove

that there exists a function ¢(z,y) € C*°(2) such that
Fi(z,y) = $5(z,y)  and  Fa(z,y) = §2(z,y)

This is the analog in two dimensions of the statement that, if 2 is a simply connected
region in R® and F(Z) is a vector field in Q that obeys V x F(&) = 0, then there is a
“potential” ¢ (&) such that F(Z) = V(7).

(a) Define the 1-form w = Fy(z,y) dx + Fs(x,y) dy. Prove that w is closed.

(b) Let Ci(t),Ca(t) : [0,1] — Q be any two paths in  with C1(0) = C5(0) and
C1(1) = C5(1). That is, the two paths have the same initial and final points. Prove

that fCl W = fC2 w
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(c) Fix any point (z¢,yo) € 2. For each point (x,y) € €, select a path C; ,(t) : [0,1] = Q
such that Cy ,(0) = (z0,y0) and Cy (1) = (z,y). Define p(z,y) = me L@ Prove that

%('ZC?y):Fl(x?y) and %('ZC?y):FZ(;C?y)

(d) Let ¢(x,y) and ¥ (x,y) be any two functions on 2 that obey

%(%y):%(%y):Fl(%y) and g—i(x,y):g—z(az,y):FQ(x,y)

Prove that ¢(z,y) — ¥ (x,y) is a constant independent of = and y.
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