Torque

Newton’s law of motion says that the position r(¢) of a single particle moving under
the influence of a force F obeys mr”(¢) = F. Similarly, the positions r;(t), 1 < i < n, of
a set of particles moving under the influence of forces F; obey mr/(t) = F;, 1 < i < n.
Often systems of interest consist of some small number of rigid bodies. Suppose that we
are interested in the motion of a single rigid body, say a piece of wood. The piece of wood
is made up of a huge number of atoms. So the system of equations determining the motion
of all of the individual atoms in the piece of wood is huge. On the other hand, because the
piece of wood is rigid, its configuration is completely determined by the position of, for
example, its centre of mass and its orientation (I don’t want to get into what is precisely
meant by “orientation”, but it is certainly determined by, for example, the positions of a
few of the corners of the piece of wood). It is possible to extract from the huge system
of equations that determine the motion of all of the individual atoms, a small system of
equations that determine the motion of the centre of mass and the orientation.

So, imagine a piece of wood moving in IR®. Furthermore, imagine that the piece of

wood consists of a huge number of particles joined by a huge number of weightless but
very strong steel rods. The steel rod joining particle number one to particle number two
just represents a force acting between particles number one and two. Suppose that
o there are n particles, with particle number ¢ having mass m;
o at time ¢, particle number i has position r;(t)
o at time ¢, the external force (gravity and the like) acting on particle number i is F;(¢).
o at time ¢, the force acting on particle number i, due to the steel rod joining particle
number ¢ to particle number j is F; ;(¢). If there is no steel rod joining particles
number ¢ and j, just set F; ;(¢) = 0. In particular, F; ;(t) = 0.
The only assumptions that we shall make about the steel rod forces are
(A1) for each i # j, F; ;(t) = —F; ;(t). In words, the steel rod joining particles ¢ and j
applies equal and opposite forces to particles ¢ and j.
(A2) for each i # j, there is a function M; ;(t) such that F; ;(t) = M; ;(t) [r;(t) —r;(t)].
In words, the force due to the rod joining particles ¢ and j acts parallel to the line
joining particles ¢ and j. For (A1) to be true, we need M; ;(t) = M;;(t).
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Newton’s law of motion, applied to particle number ¢, now tells us that
mﬂ‘;’(t) = Fi (t) + Z Fi,j (t) (12>
j=1
Adding up all of the equations (1;), for i =1, 2, 3, -+, n gives

Zmir;’(t) = Z Fi(t) + Z Fi;(t) 2i(1;)
i1 i1

1<ij<n

The sum >, _; -, Fi ;j(t) contains F1 2(t) exactly once and it also contains Fy 1 (t) exactly
once and these two terms cancel exactly, by assumption (Al). In this way, all terms in
> 1<ij<n Fij(t) with ¢ # j exactly cancel. All terms with i = j are assumed to be zero.
S0 > 1<ij<n Fi,j(t) = 0 and the equation ¥;(1;) simplifies to

Z m;r (1) = Z F;(t) i (15)

Denote by M = Y m; the total mass of the system, by R(t) = 5; >_ m;r;(t) the centre of
i=1 i=1

mass of the system and by F(t) = >  F;(¢) the total external force acting on the system.
i=1
In this notation, equation 3;(1;) is

MR (t) = F(t) (2)

So the centre of mass of the system moves just like a single particle of mass M subject to
the total external force.
Now take the cross product of r;(¢) and equation (1;) and sum over i. This gives the

equation ). r;(t) x (1;):

n

S omiri(t) xxf(t) = ri(t) x Fi(t)+ Y ri(t) x Fij(t)
=1 ;

i=1 1<4,5<n

By the assumption (A2)

r1(t) X Fi(t) = My o(t) r(t) x [r1(t) — r2(t)]
ro(t) X Fo1(t) = M1 (t) ra(t) x [ra(t) — r1(t)]
= —Mio(t) ra(t) x [r1(t) — ra(t)]
r1(t) X Fi(t) + ra(t) x Fao1(t) = M 2(t) [r1(t) — ra(t)] x [r1(t) —ra(t)] =0
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because the cross product of any two parallel vectors is zero. The last equation say that
thei=1j=2termin )  r;(t) xF;;(t) exactly cancels the i = 2, j = 1 term. In

1<i,5<n
this way all of the termsin ) r;(¢) x F; ;(¢) with i # j cancel. Each term with i = j
1<ij<n
is exactly zero. So > r;(t) x F; ;(t) =0 and
1<i,j<n

n

Z m; Ti(t) x o) () =) ri(t) x Fy(t) (3)

=1
Define
L(t) =) m; ri(t) x rj(t)
=1

n

T(t) = > ri(t) x Fi(t)

i=1

In this notation, (3) becomes
@ L(t) = T(t) (4)

Equation (4) plays the role of Newton’s law of motion for rotational motion. T(¢) is called
the torque and plays the role of “rotational force”. L(t) is called the angular momentum
(about the origin) and is a measure of the rate at which the piece of wood is rotating. For
example, if a particle of mass m is traveling in a circle of radius p in the zy—plane at w
radians per unit time, then r(t) = p cos(wt)i + psin(wt)j and

~

mr(t) x ¥'(t) = m[pcos(wt)i + psin(wt)j] x [ — wpsin(wt)i + wp cos(wt)j] = mp® w k

is proportional to w, which is the rate of rotation about the origin and is in the direction
k, which is normal to the plane containing the circle. In any event, in order for the piece
of wood to remain stationary, equations (2) and (4) force F(t) = T(t) = 0.

Now suppose that the piece of wood is a seesaw that is supported on a fulcrum at p.
The forces consist of gravity, —m; gR, acting on particle number ¢, for each 1 <7 < n and
the force ® imposed by the fulcrum that is pushing up on the particle at p. The total
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n A A
external force is F = ® — > m;gk = ® — Mgk. If the seesaw is to remain stationary, this

=1
must be zero so that ® = Mgk. The total torque (about the origin) is

T:px@—imigri><1A<:g<Mp—imiri> x k
i=1

=1

If the seesaw is to remain stationary, this must also be zero. This will be the case if the

n
1
P=17 E m;r;
i=1

which is the centre of mass of the piece of wood.

fulcrum is placed at

More generally, suppose that the external forces acting on the piece of wood consist
of F';, acting on particle number ¢, for each 1 <17 < n, and a “fulcrum force” ® acting on a

n
particle at p. The total external force is F = ® + > F;. If the piece of wood is to remain
i=1

n
stationary, this must be zero so that ® = — > F;. The total torque (about the origin) is
i=1

n

T:px@—l—zn:rixFi:Z(ri—p)xFi
i=1 i=1

If the piece of wood is to remain stationary, this must also be zero. That is, the torque
about point p due to all of the forces F;, 1 < i < n, must be zero.
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