A Lightning Fast Review of Determinants

Let A be an n x n matrix. Then, det A is the number given by

detA = Z Aij(—l)H—j det M,’j

7j=1
= Z Aij (—1)i+j det Mij
i=1

In the upper formula 1 < i < n is any fixed row. The upper formula is called expansion along the
it row. In the lower formula 1 < j < n is any fixed column. The lower formula is called expansion
along the j*"" column. The sign (—1)*7 is given by the checkerboard pattern

In both formulae M;; is the (n — 1) x (n — 1) matrix formed by deleting the i*" row and ;' column
from A. So the above formulae express n xn determinants in terms of (n—1) x (n—1) determinants.
Applying them n — 1 times reduces the problem of computing an n x n determinant to the problem
of computing many 1 x 1 determinants. Of course det (a1 ) = ai;.

2 x 2 case: Expanding along the first column
det <CL11 012 > = all det ( aso ) — Q921 det ( a2 )
az1 A22

= @G11022 — 012021
3 x 3 case: Expanding along the first row

ai; G122 ai3
det a21 a22 a23
a31 a32 33

a a a a a a
= qq1 det 272 a1o det S aq3 det 2 T2

a3z G33 a31 a33 az1 a32
=dail (G22G33 - a32a23) — a2 (CL21CL33 - a31a23) + ais (a21a32 - a316622)

= (11022033 + 012023031 + 413021032 — Q11023032 — Q12021033 — A13022031

Properties
1.

det(c_il +a51,52,"',5n) :det(al7627"'7an)+adet(517627"'75n)

and similarly for other rows and columns. That is, the determinant is linear in each row and

column. Linearity in the first row is an immediate consequence of the formula for expansion
along the first row.
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2. If A has a zero row or column, then det A = 0. To see this, just expand along the zero row or
column.

3. If any row of A is a multiple of another row of A then det A = 0. Similarly for columns. To
see this use linearity, i.e. property 1, to replace one row (or column) by zero and then apply
property 2.

det (-, @, dj,--) =det (-, &, -, d; + ady, )

and similarly for rows. This is immediate from property 1 followed by property 3.
5. Exchanging two rows or columns changes the sign of a determinant. This may be seen as

follows:
det(aalaaaja):det(ac_iua(_i]_c_iza) (property4)
=det(---,d;+d; —ad;,---,d; —d;, ) (property 4)
:det(" ,5], ac_ij a;, )
:det(---,&’j,---,d’j,---)—det("',d’j,---,&’i,---)
(property 1)
=—det(---,d;, --,d;,- ) (property 3)

6. The determinant of any triangular matrix is the product of its diagonal entries.

ai; G122 ai3
0 ax a3
0 0 asz --- | = @11022033 """

To see this, repeatedly expand along the first column.

7.
det AB = det Adet B
8.
detA=0 < A~! does not exist
— A% = 0 has a nonzero solution
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Example

0 1 -2 3 0 1 -2 3
-2 0 2 4 1 0 -1 -2
det s 1 0 117 —2det 5 1 0 1 (property 1)
-3 -2 -1 0 -3 -2 -1 0
o 1 -2 3
1 0 -1 -2
= —2det 0 -1 2 5 [|row3 —2xrow?2 (ppty 4)
0 -2 —4 —6/ row4 4+ 3 X row 2
1 -2 3
=2det| -1 2 5 (expand on column 1)
-2 -4 —6
1 -2 3
=4det| -1 2 5 (property 1)
-1 -2 -3
1 -2 3
=4det{ 0O 0 8 | row2 +rowl (property 4)
-1 -2 -3
1 -2
= —32det <_1 _2> (expand on row 2)
— _32det L 2 (property 4)
N “\o —4) row2 +row 1 property
=(—32) x1x(—4) (property 6)
=128
Applications

1. Testing for invertibility. In the eigenvalue problem one must find A so that AE = )\E has a
nonzero solution E , i.e. so that (A — I )f has a nonzero solution. By property 8, this is the
case if and only if det(A — AI) = 0. This gives a polynomial equation for the eigenvalue A.

2. Concise formulae.

_ i det M,
a) (A 1)ij = (-1 detAJ

- A with column i repl b
) If det A £0, then A7 —F :Ei:det( with column i replaced by b)

det A
ik
c) @xb=det| a, as as
by by b3

In the formula for the inverse, M;; is the matrix constructed from A by deleting the i*" row
and j*" column. Formulae a) and b) are good for getting properties of inverses and solutions
of linear equations. But they are horrendously inefficient for computing with.

4. The volume of a parallelepiped with edges dy,---,d, is |[det(dy; --- d,)|. This is why,
when you make the change of variables # = AZ’ in an integral, you replace dx; - --dx, by
|det A|da - - dxl,.
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