
Problem: Evaluate
ť

S F ¨ n̂ dS where

F(x, y, z) = ̂ + (x + z) k̂

and S is the boundary of V =
 

(x, y, z)
ˇ

ˇ 0 ď x2 + y2 ď 9, 0 ď z ď 5
(

,
and n̂ is the outward normal to S.

Solution. The volume V looks like a tin can of radius 3 and height 5. It is natural to

n̂ “ k̂
St

n̂ “ ´k̂
Sb

n̂
Ss

decompose its surface S into three parts

St =
 

(x, y, z)
ˇ

ˇ 0 ď x2 + y2 ď 9, z = 5
(

= the top

Sb =
 

(x, y, z)
ˇ

ˇ 0 ď x2 + y2 ď 9, z = 0
(

= the bottom

Ss =
 

(x, y, z)
ˇ

ˇ x2 + y2 = 9, 0 ď z ď 5
(

= the side

We’ll compute the flux through each of the three parts separately and then add them
together.
The Bottom: On Sb, n̂ = ´k̂ and dS = dxdy. So

ĳ

Sb

F ¨
=´k̂

n̂ dS = ´
ĳ

x2+y2ď9
z=0

(x +
=0

z ) dxdy = ´
ĳ

x2+y2ď9

odd

x dxdy = 0

The Top: On St, n̂ = k̂ and dS = dxdy. So

ĳ

St

F ¨
=k̂

n̂ dS =

ĳ

x2+y2ď9
z=5

(
odd

x +
5

z) dxdy =

ĳ

x2+y2ď9

5 dxdy = 5π(3)2 = 45π

The Side: We can parametrize the side by using cylindrical coordinates.

r(θ, z) = 3 cos θ ı̂ıı + 3 sin θ ̂ + z k̂ 0 ď θ ă 2π, 0 ď z ď 5

Then,
Br
Bθ

= ´3 sin θ ı̂ıı + 3 cos θ ̂

Br
Bz

= k̂

n̂ dS =
Br
Bθ
ˆ Br
Bz

dθ dz

θ

top view

r

n̂

= (3 cos θ ı̂ıı + 3 sin θ ̂) dθ dz

1



So

F
(
x(θ, z) , y(θ, z) , z(θ, z)

)
= ̂ + (3 cos θ + z) k̂

F ¨ n̂ dS = 3 sin θ dθ dz
ĳ

Ss

F ¨ n̂ dS = 3
ż 2π

0
dθ

ż 5

0
dz sin θ = 15

ż 2π

0
dθ sin θ

= 0

and the total flux is
ĳ

S

F ¨ n̂ dS =

ĳ

St

F ¨ n̂ dS +

ĳ

Sb

F ¨ n̂ dS +

ĳ

Ss

F ¨ n̂ dS = 0 + 45π + 0 = 45π
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